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PREFACE. 



f I ^HIS book is intended for teachers, and for them only. The pub- 
lishers will sell it to no persons except teachers of Wentworth's 
Geometry. Every teacher must consider himself in honor bound not 
to leave his copy where pupils can have access to it, and not to sell 
his copy except to the publishers, Messrs. Ginn & Company. 

It is hoped that young teachers will derive great help from study- 
ing the systematic solutions of the exercises, and that every teacher 
who is pressed for time will find great relief by not being obliged to 

work oat every problem himself. 

G. A. WENTWORTH. 

Exeter, N. H., 
1888. 
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Six. 1. Find the value of an angle if it is double its complement ; if 
fit is one-fourth its complement. 

(1) Let x = the angle ; then x + - <= 90° ; whence x = 60°. 

(2) Let x = the angle ; then x + 4 a; = 90° ; whence x = 18°. 

Ex. 2. Find the value of an angle if it is double its supplement ; if it 
is one-third its supplement. 

(1) Let x = the angle ; then x + - = 180° ; whence x = 120°. 

A 

(2) Let x = the angle ; then x + Sx = 180° ; whence x = 45°. 

Ex. 3. How many degrees in the angle formed by the hands of a 
^ clock at 2 o'clock ? 3 o'clock ? 4 o'clock ? 6 o'clock ? 

Am. 60°, 90°, 120°, 180°. 

Ex. 4. If an angle is bisected, and if a line is drawn through the 
vertex perpendicular to the bisector, this line forms equal angles with 
the sides of the given angle. 

Let BAC be the given angle, AD the bisector. 
Through A draw EF JL to AD ; then Z. CAE 
= Z£AF. 
Pboof. /. CAE = 90° - Z. DAC, 
£ BAF = 90° ^Z DAB. 
But ZDAC-ZDAB. 

.-.ZCAE-ZBAF 
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Ex. 5. If the bisectors of two adjacent angles are perpendicular to 
each other, the adjacent angles are supplementary. 

Let A BAC, CAD, be two adj. A, AE bisect Z BAC, AF bisect Z CAD, 
andZ.EAF=90 o . 

Then ZBAC+Z CAD - 180°. 

Proof. \ / JBs 

Since ZEAC+ZCAF- 90°, 
.-. 2Z EAC+ 2Z CAF= 180° ; 
or Z BAC + Z CAD - 180°. IT 

Ex. 6. The bisector of one of two vertical angles bisects the other. 




Let AF bisect Z BAC. Pro- 




Q 



Let A BAC, DAE, be two vertical A. 
duce FA to G. 
Then ZDAG = ZEAG. 

Proof. ZDAG = ZBAF, (J 95) 

ZEAG-ZCAF. 
But ZBAF=ZCAF. 

;.ZDAG = ZEAG.{kx.\) 

Ex. 7. The bisectors of the two pairs of vertical angles formed by 
two intersecting lines are perpendicular to each other. 

Let AB and CD intersect at 0, and let MN 
and PQ be the bisectors of the A. 
Then MN is _L to PQ. 
Proof. ZAOM-ZMOC, 

and Z AOQ = Z BOP - ^ COP. 

.-.^JfOQ-ZJfOP. 
But ^ ifOQ + Z MOP - 180°. 
.\ZMOQ= 90°. 
.-. JtfJVisXtoPQ. 

Ex. 8. If the angle A2££ is an angle of 135°, 
find the number of degrees in each of the other 
angles formed at the points 5" and K. 
An*.ZBHE= 45°, ZAHK- 45°, 
Z KHB = 135°, Z CKH = 135°, 
Z HKD - 45°, Z CKF - 45°, 
ZFKD-135°. 
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Ex. 9. Find the angle between the bisectors of adjacent complemen- 
tary angles. 

Let A ABC, CBD, be the adj. complementary D 
A. Let MB bisect Z ABC, PB bisect Z CBD. 
To find the Z MBP. By the given conditions, 
2ZMBC+2ZCBP=W°. 
;.ZMBC+ZCBP = 45>°. 
But Z MBC+ ZCBP-Z MBP. 

.'.ZMBP=45°. 

Ex. 10. It has been shown that if two parallels are cut by a trans- 
versal, the alternate-interior angles are equal, the exterior-interior angles 
are equal, the two interior angles on the same side of the transversal 
are supplementary. State the opposite theorems. State the converse 
theorems. 

The opposite theorems are as follows : 

If two lines not parallel are cut by a transversal, the alternate-interior 
angles are not equal, the exterior-interior angles are not equal, the two 
interior angles on the same side of the transversal are not supplementary. 
The converse theorems are stated on pp. 25, 27, 29, of the Geometry. 
r That is, BD and BC are unequal. 

Ex. 19. The sum of the lines which join a point within a triangle to 
the three vertices is less than the perimeter, but greater than half the 
perimeter. C 

Let be a point within A ABC. 

Then OA + OB + OC< AB + BC+ CA, 
and OA + OB + OC>i(AB + BC+CA). A4 

Puoof OA + OB < AC + BC (J 118), but > AB _ ^ 331 

Ex. 12. Show that the bisectors of two vertical angles form one 
straight line. 

Let AB cut CD at 0, forming the vertical A 
AOC, BOD. Let OM bisect ZAOQ and ON bi- 
sect Z BOD. Then MON is a straight line. 
Proof. ZAOC=ZBOD. (J 95) 

.-. ZAOM=ZBON(Ax-.l) 
Now ZAOM+Z MOB - 180°. (J 90) 

.-. Z BON + Z MOB = 1S0°. fi 

/. MON ia a straight line. (j 93) 





ta 



PLANE GEOMETRY. — BOOK I. 



3 



> 
^ 




Ex. 13. Find the complement, and the supplement, of an angle con- 
taining 26° 52' 37". 
Complement = 63° V 23" ; supplement =- 153° 7' 23". 

VEx. 14. The bisector of the vertical angle of an isosceles triangle 
bisects die base, and is perpendicular to the base. 
In A ABC, let AC= BC, and CD bisect Z C. 
Then AD - £Z>, and CD is JL to ii£. 
Proof. In &ADC, BDC % 

AC= BC % (Hyp.) 

ZACD-ZBCD, (Hyp.) 

and CD is common. 

/. AADC= A 5DC (?150) 

/. 4Z> = BD, and 2 ili)(7= Z BDC= 90°. (J 45) 

/. CD is ± to AB. 

Ex. 15. The. perpendicular bisector of the base of an isosceles triangle 
passes through the vertex and bisects the angle at the vertex. 
In A ABC, let AC= BC, and let DE be drawn ± to A B through D, 
Ex. 7. The bisectors of the two pairs of vertical angles formed by 
two intersecting lines are perpendicular to each other. 

Let AB and CD intersect at 0, and let MN 
and PQ be the bisectors of the z£. 
Then MN ib± to PQ. 
Proof. ZAOM=ZMOC t 
and Z AOQ = Z BOP - Z COP. 
.\ZMOQ = ZMOP. 
/.M0Q + <i¥QP=]W 




Ex. 16. The perpendicular from the vertex to the base of an isosceles 
triangle bisects the base and the angle at the vertex. 

In A ABC, let AC = BC, and let CD be drawn through C ± to AB, 
meeting AB at D. 
Then AD = BD, and Z ACD - Z J?CD. 

Proof. In rt. A 40D, BCD, 

AC= BC, and ^ &1Z> = Z CBD. (§ 154) 

/. A ACD = A BCD. (j 148) 

/. 4Z> - BD, and Z 4CZ) = Z BCD. 
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Ex. 17. If the angles ABC and ACB, at the base of an isosceles tri- 
angle, be bisected by the straight lines BD, CD, show that DBC will 
be an isosceles triangle. 

In A ABC, let AB = AC, BD bisect /. ABQ and CD bisect Z ACB. 

Then A DBC is isosceles. A 



Proof. 



and 



Z ABC -Z ACB. (8154) 

.ZDBC-ZDCB. (Ax. 7) 

.-. CD-BD, 

A DBC is isosceles. (§ 156) 





Ex. 18. ABC and iii?D are two triangles on the same base AB, and 
on the same side of it, the vertex of each triangle being without the 
other. If AC equal AD t show that BC cannot x> 
equal BD. 

Proof. Since AC and AD do not coincide, one 
of these lines must make with AB an angle greater 
than the other. 

Suppose jL DAB greater than Z CAB ; then BD 
is greater than BC (2 152) 

That is, BD and BC are unequal. 

Ex. 19. The sum of the lines which join a point within a triangle to 
the three vertices is less than the perimeter, but greater than half the 
perimeter. C 

Let be a point within A ABC. 

Then OA + OB + OC< AB + BC+ CA, 
and OA + OB + OC>i{AB + BC+CA). a j^ ^ n 

Proof. OA + OB < AC + BC (? 118), but > AB (§ 33) 

OB + OC < BA+CA, but > BC 

OC+OA<AB + BC, but > AC 

.-. 2(OA + OB+ OC)<2(AB+BC+AC)Mt > AB + BC+ AC, 
or OA + OB + OC < AB + BC+AC, but > i(AB+BC+ AC). 

Ex. 20. What is the locus of a point at a given distance from a fixed 
point ? 

Am. The jpyrcumference of a circle having the fixed point for centre 
l and the giveri^djstance for radius. 
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Ex. 21. What is the locus of a point equidistant from two fixed points ? 
Am. The perpendicular bisector of the line joining the two points. 

Ex. 22. What is the locos of a point at a given distance from a fixed 
straight line of indefinite length ? 

Am. The two parallels drawn at the given distance from the fixed 
straight line. 

Ex. 23. What is the locos of a point eqoidistant from two given par- 
allel lines ? 

Am. The straight line parallel to the given lines and drawn equi- 
jistant from them. 

Ex. 24. What is the locos of a point eqoidistant from the extremities 
of a given line ? 
Am. The perpendicular which bisects the line. 

Ex. 25. I f the diago nals of % qoadrilateral bisect each other, the figure 
is a pa rallelogram. 

Let the diagonals AC } BD of the quadrilateral ABCD meet at 0, and 
let A0= CO, B0 = DO. 
Then the figure ABCD is a parallelogram. 
Proof. In A ABO, DCO, 

AO=CO, (Hyp.) 

BO = DO, (Hyp.) 

ZAOB-ZCOD. (J 95) 

/. A ABO = A DCO. 

.-. AB = DC, and Z BAO = Z DCO. 

.-. AB is II to DC. 

:. figure ABCD is a parallelogram. 

Ex. 26. The diagonals of a rectangle a re equal. 
Let ABCD be a rectangle. Then AC= BD. 
Proof. In A ABD % DCA f AD is common. 

AB-DC, (§179) 

and Z BAD - Z CD A. (J 169) 

.-. A ABD - A DCA % (J 150) 

and AC= BD, 




«105) 
« 182) 
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In A ABC, let AE bisect Z CAD formed by producing BA to any 
point D, and let A E be II to BC. D/ 

Then AB =» AC, or A ABC is isosceles. 
Pboof. Z 2U£ = Z ABC, (? 106) 

and Z CjLE = ^ ACB. (? 104) 

Now ^ DAE = Z CAE. (Hyp.) 

.\ZABC =ZACB. 

AB = AC, and A ABC is isosceles. 
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Ex. 38. The altitudes upon the legs of an isosceles triangle are equal. 
In A ABC, let AB = AC, and let BD be ± to AC, ^ 



Let il^CZ) be a rhombus, and let AC meet BD at 
_L to BD, and Z £AO = Z DAO, etc. 

Peoop. In A 0-45, AD, the side OA is common 



Then AC is 



AB-AD, . 
and OB=OD. 

.\&OAB = AOAD, 
and ^#40 = ^2)40. 

Also, ZAOB-ZAOD, 

and /.^ 405 = 90°. 



(2 172) 
(1184) 
(1160) 



(i«) 




. iiCis _L to 52). Similarly, we may prove that ABO = CBO, etc. 

.\&BCD = ABCE. (§161) .\ Z ACB = Z ABC. 
AB = AC, (§ 156), and A is isosceles. 



Ex. 40. The medians drawn to the legs of an isosceles triangle are 
equal. 

In A ABC, let AB = AC, D be the middle point of AC, E the middle 
point of AB. Join BD, CE. 
ThenBD=CE. A 

Pboof. In A BCD, BCE, BC'w common, 

CD-BE, (Ax. 7) 

Z ACB ^Z ABC (J154) 

m \ABCD = ABCE t (J150) 

and BD - C£ 
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Ex. 21. What is the locus of a point equidistant from two fixed points ? 
Am. The perpendicular bisector of the line joining the two points. 

Ex. 22. What is the locus of a point at a given distance from a fixed 
straight line of indefinite length ? 

Arts. The two parallels drawn at the given distance from the fixed 
straight line. 

Ex. 23. What is the locus of a point equidistant from two given par- 
allel lines ? 

Ans. The straight line parallel to the given lines and drawn equi- 
distant from them. 



Ex. 35. 



If the median from the vertex to the base of a triangle is perpendicu- 
*^ , lar to the base, the triangle is isosceles. 

\ In the A ABC, let D be the middle point of BC, and let AD be _L to 

<\ BC. Then AB - AC, or A ABC is isosceles. 

Pboof. In A BAD, CAD, 

AD is common, BD = CD, and A ADB - A ADC= 90°. (Hyp.) 
.\ A BAD - A CAD. ( j 150) 

^ .:AB = AC. 

Ex. 36. The bisector of an exterior angle of an isosceles triangle, 
formed by producing one of the legs through the vertex, is parallel to 

th* W ^ AQB = ^ QQjy (? 95) 

.-. A ABO = A DCO. 

.-. AB = DC, and A BAO - A DCO. 

.-. AB is II to DC 

.*. figure ABCD is a parallelogram. 

Ex. 26. The diagonals of a rectangle a re equal. 
Let ABCD be a rectangle. Then AC= BD. 
Proof. In A ABD % DCA t AD is common. 

AB-DC, (§179) 

and A BAD - A CD A. (§ 169) 

.-. A ABD - A DCA % (§ 160) 

and AC= BD. 



'\ 



M 



«150) 

(|106) 
(3 182) 




B 



C 
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In A ABC, let AE bisect Z CAD formed by producing BA to any 
point D, and let AE be II to BC. 
Then AB = AC, or A ABC is isosceles. 
Peoop. Z D4-E = Z 45(7, (i 106) 

and Z (74£ = Z ACB. (? 104) 

Now Z DAE = Z CAE. (Hyp.) 

.\Z .45(7 =Z 4(75. 

.45 = AC and A .45(7 is isosceles. 




Ex. 38. The altitudes upon the legs of an isosceles triangle are equal. 



In A ABC, let AB = AC, and let BD be ± to -4(7, 
(7#JLto45. Then BD=CE. 

Pboof. In rt. & 5(7#, 5CZ), 5(7 is common, 
and Z (75^ = Z 5GZ>. (§ 154) 

.\ A BCE -A BCD. (J 149) 

/. BD=CE. 




Ex. 39. State and prove the converse. 

If the altitudes upon two sides of a triangle are equal, the triangle is 
isosceles. 

In A ABC, let BD be _L to AC, CE ± to AB, and BD-CE. 
Then .45 = .4(7, and A -4.5(7 is isosceles. 

Proof. In rt. & BCD, BCE, BC is common, and BD = OS. (Hyp.) 
/. A BCD = A BCE. (§ 161) /. Z ACB = Z .45(7. 
-45 = AC, (| 156), and A is isosceles. 



Ex. 40. The medians drawn to the legs of an isosceles triangle are 
equal. 

In A ABC, let AB = A C, D be the middle point of AC, E the middle 
point of -45. Join BD, CE. 
Then BD =- CE. A 

Proof. In A 5(7Z>, BCE, BC is common, 

CD-BE, (Ax. 7) 

Z ACB ^Z ABC. (i 154) 

:. A BCD- A BCE, (§150) 

and BD=CE. 
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^Jjf A -45C, let BD, CE be two medians meeting at 0, and BD = CE 
Then A2? = AC, and A «45C is isosceles. 
Peoof. In & BOE and COD 



-BO -CO, and OE=OD. 
ZBOE = ZCOD. 
.\ A BOE = A COD. 
.-. 5^= CD. 
.\AB-ACL 



(Ex. 33) 

(§95) 

(2150) 



<v> 



<^e 



JVV> 




Ex. 42. The bisectors of the base angles of an isosceles triangle are 
equal. fV/S 

In A ABC, let AB = AC, and let BD bisect the Z iLBC, and CE the 
ZjICB. Then BD = CE. 

Peoof. In A 5CD, BCE, BCis common, 



and 



and 



A BCD = Z ABC, 

ZCBD = ZBCE. 

.ABCD = ABCE t 

BD- 



«164) 

(Ax. 7) 
(§147) 




Ex. 43. State the ienvorin and the opposite theorems. 

Converse Theorem. If the bisectors of two angles of a triangle are 
equal, the triangle is isosceles. 

Opposite Theorem. The bisectors of two angles of a scalene triangle 
are unequal. 

Ex. 44. The perpendiculars dropped from the middle point of the base 
of an isosceles triangle upon the legs are equal. 

In A ABC, let AB - AC, D be the middle point of BC, DE± to AB, 
DFX to AC. Then DE=DF. 
Peoof. In rt. A BDE, CDF, 

BD=CD t (Hyp.) 

ZEBD = ZFCD. (§154) 

,\ABDE=ACDF t (J 149) 

and DE=DF. 

Ex. 45. State and prove the converse. 

If the perpendiculars dropped from the middle point of one side of a 
triangle to the other two sides are equal, the triangle is isosceles. 




TEACHERS* EDITION. 11 

Let ABC be any A, D the middle point of BQ DE± to AB, DF± to 
AC,a,ndDE=DF 
Then AB =- AC, or A ABC is isosceles. 
Proof. In rt. & BDE, CDF t 

BD = DC, and Z>#= Dtf (Hyp.) 

.-. A BDE=A CDF (J 161), and Z ABC= Z ACB. 
AB = AC (§ 156), or A ABC is isosceles. 

Ex. 46. If one of the legs of an isosceles triangle is produced through 
the vertex by its own length, the line joining the end of the leg produced 
to the nearer end of the base is perpendicular to the base. 

In A ABC, let AC^BC; produce AC, making CD = AC, and join DB. 
Then BD is _L to AB. 
Peoof. In A BCD, CD = CB (since each = AC) 
:.ZCBD = ZCDB; (§154) 

also Z CBA = Z CAB. 

.'. by addition, 

Z ABD = Z CDB + Z CAB. 
But sum of these A = 180°. (J 138) 

.\ZABD~ 90°. .\ BD is JL to AB. 

Ex. 47. Show that the sum of the interior angles of a hexagon is 
equal to eight right angles. 
Let x denote the sum ; then, by J 205, 

x = (6 - 2) X 2 rt. A = 4 X 2 rt. A = 8 rt. A 

Ex. 48. Show that each angle of an equiangular pentagon is f of a 
right angle. 

Sum of A of a pentagon = 3 X 2 rt. A = 6 rt. A. (§ 205) 

.\ each angle = J of 6 rt. A = f of a rt. Z. 

Ex. 49. How many sides has an equiangular polygon, four of whose 
angles are together equal to seven right angles ? 
Let x denote the number of sides ; then, by { 205, 
Sum of the A =- (x - 2)180°. 

.-.each^(*- 2 ) 180 °. .:*(*- 2 ) 180 °-630°. 
x x 

720a - 1440 - 630* ; 90a? =■ 1440 ; x = 16. 
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Ex. 60. How many sides has a polygon, the sum of whose interior 
angles is eqnal to the sum of its exterior angles ? 
Let x denote the number of sides. 

Then sum of interior A = (x - 2) 180°. (§ 205) 

And sum of exterior A = 360°. ^ ($ 207) 

.'.(x -2) 180° = 360°; whence x = 4. 

Ex. 51. How many sides has a polygon, the sum of whose interior 
angles is double that of its exterior angles ? 
Let x denote the number of sides. 

Then proceeding as in the last exercise, we have the equation, 
(x - 2) 180° = 720° ; whence x = 6. 

Ex. 52. How many sides has a polygon, the sum of whose exterior 
angles is double that of its interior angles ? 
Let x denote the number of sides. 
Then 360° = 2 (x - 2) 180° ; whence x = 3. 

Ex. 53. BAG is a triangle having the angle B double the angle A. 
If BD bisect the angle B, and meet AC in D, show 
that BD is equal to AD. 

In A ABC, \etZB = 2ZA, and BD bisect Z B. 

Then BD - AD. 

Proof. ZA = \Z ABC=ZABD. (Hyp.) 

.-. BD = AD. (§ 156) 

B O 

Ex. 54. If from any point in the base of an isosceles triangle paral- 
lels to the legs are drawn, show that a parallelogram is formed whose 
perimeter is constant, and equal to the sum of the legs of the triangle. 

In A ABC, let AB = AC, let D be any point in BC, DJE be II to CA, 
DF II to BA. Then AEDF is a O, and its perimeter is equal to 
AB+AC. 

Proof. AEDF is a O by definition. (J 168) 

ZEDB-ZC, (§106) 

and ZB-ZC. (fl54) 

.'.ZEDB-ZB. 

ED = EB. (J 156) 

Similarly it can be proved that FD = FC. 

.-. AE+ED + DF+ AF = AB + AC. 
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Ex. 55. The lines joining the middle poio 
divide the triangle into four equal triangles. 

In /I ABC let D, E, Fbe the middle points 
of the sides AB, BC t CA, respectively. 
Then A ADF, DFE, DEB, C!EF*re equal. 
Proof. In & ADF, DEF, DFib common, 

AD - FE, and AF= DE. (§ 189) 
/. A ADF- A DEF. (? 160) 

Similarly, A DEB = A DFE = A CEF. 

Ex. 56. The lines joining the middle points of the sides of a square, 
taken in order, enclose a square. 

Let ABCD be a square, and E, F t G, H the middle points of its sides, 
taken in order. Then the figure EFOH is also a square. 

Proof. The rt. A AEH, BEF t CFG, DQH t 
are isosceles because their legs are each half of a 
side of the square. 

And these four & are also equal. ({ 151) 

,;EF=FG=GH=HE. 

Also in each A the A at the base are equal 

« 154). 

.-. each of the base A - 45°. (J 143) 

.\ Z FEH- 180° - * AEH- A BEF- 90°. 
Similarly, the other A of EFGHztq rt A. 

.-. the figure EFGHw a square. (J 171) 





Ex. 57. The lines joining the middle points of the sides of a rectangle, 
taken in order, enclose a rhombus. 

Let ABCD be a rectangle, and E t F, G, H 
be the middle points of its sides, taken in B 
order. Then the figure EFGH is a rhombus. 
Proof. In rt A AEH, BEF, 

AE-BE, 
and AH- BF. 

.% A AEH - A BEF, 
and EH- EF. 

Similarly, we may prove that EH— HG — GF. 

.'. EFGH is a square or a rhombus. ({{ 171, 172) 



(Hyp.) 
0179) 
« 151) 
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If it were a square, then 
-D O C 




Now the figure EFGH cannot be a square. 

ZHEF-W*. 
.\ZAEH+ZBEF= 90°. ({92) 
But Z AEH= Z BEF. (equal A) 

/. Z AEH= 45°. .-. Z AHE = 45°. (§ 143) 

:.AE=AH (J 156) 

But this conclusion contradicts the hypothesis that the figure ABCD 
is any rectangle. 
.*. the figure EFGH must be a rhombus. 

Ex. 58. The lines joining the middle points of the sides of a rhombus, 
taken in order, enclose a rectangle. 

Let ABCD be a rhombus, E, F, G, H the middle points of its sides, 
taken in order. 

Then the figure EFGH is a rectangle. 

Peoop. Draw the diagonals AC, BD, 
meeting at 0. 

EF is II to 40 and equal to \AC{\ 189). 

HG is II to -AC and equal to \AC. 

.-. EF is II to HG (i 111), and EF= HG 
(Ax. 1). .\ figure EFGHi* a O ({ 182). 

The A formed at O are rt. A (Ex. 28). 

.-. the A of the O EFGH are rt. A (\ 112). 

Also BD is not equal to AC. .'. EFis not equal to FG. 

/. the figure EFGH muBt be a rectangle. 

Ex. 59. The lines joining the middle points of the sides of an isosceles 
trapezoid, taken in order, enclose a rhombus or a square. 

Let ABCD be an isosceles trapezoid, and let EF, FG t GH, HE join 
the middle points of its sides. SJD_ 

Then the figure EFGH is a rhombus or a 
square. 

Peoof. Through the middle points F, H 
of the legs draw PQ, BS ± to the bases, FQ 
meeting AB at P and DC produced at Q, 
BS meeting AB at B and CD produced at 8. 
Then PQ is II to B8(i 100). 

Also RP is II to SQ (hyp.). .\ figure PQSB is a O (J 168). 

And, by construction, PQSB is a rectangle or a square. 

,*. the figure EFGH is a rhombus (Ex. 57) or a square (Ex. 56). 





AB 



PB 



put- *• i c ^ ^ 



s 
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Ex. 60. The lines joining the middle points of the sides of any quad- 
rilateral, taken in order, enclose a parallelogram. 

Let ABCD be a quadrilateral, E } F t (?, H the middle points of the 
sides, taken in order. 

Then the figure EFGffis a O. 

Proof. Draw the diagonals AC, BD. 

EF&ad HGzreUtoAC. 

.-. EF is \\ to HG. 

Similarly, EH is proved II to FG. 

/. figure EFQH\& a O. 



(I 189) 
« HI) 





(I 168) 

Ex. 61. The median of a trapezoid passes through the middle points 
of the two diagonals. 

Let ABCD be a trapezoid, AB, DC the II sides, AC, BD the diagonals, 
EF the median. 
Then EF bisects 4(7 and BD. 
Pboof. Let G, Hbe the middle points of AC, BD. 
EF is II to AB and CD. (J 191) 

E is the middle point of AD. (Hyp.) 

.-. EF passes through H. (§ 188) 

For a similar reason EF passes through G. 
/. EF bisects the two diagonals. 

Ex. 62. The line joining the middle points of the diagonals of a trap- 
ezoid is equal to half the difference of the bases. 

Let ABCD be a trapezoid, AB,DC the II sides, AC, BD its diagonals, 
E % F their middle points. 
Then EF=\(AB-DC). 

Proof. Draw CF, and produce it to meet AB at G. 
In the A BFG t CFD % 

BF= DF. (Hyp.) 

£BFG = /.CFD % (J 95) 

Z GBF= Z CDF (1 104) 

.-. &BFG = ACFD, (§147) 

and CF-FG, DC=BG. 

/. AG = AB-BG = AB-DC. 
But EF= I AG ({ 189). .\ EF= \{AB - DC). 
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Ex. 63. In an isosceles trapezoid each base makes equal angles with 
the legs. 

Let ABCD be a trapezoid with leg AC = leg BD. 

Then ZA = ZB, and ZC=ZD. 

Pboof. Draw CE \\ to DB. C- n 

CE=DB. ({180) A \ 

.\ CE=AC. I \ \ 

:.ZA=ZCEA. (J154) A E B 

But Z CEA - Z B (i 106). .\ZA = ZB. 

Also ZG=lS(P-ZA{il09% ZD = W0°-ZB. 

/. ZC=ZD. 

Ex. 64. In an isosceles trapezoid the opposite angles are supplemen- 
tary. 

Let ABCD be an isosceles trapezoid, 
and let AB be II to DC. 

Then Z A + Z C = 180° - Z B + Z D. 

Proof. Z A + Z D = 180°, (J 109) _ _ 

ZC=ZD. (Ex.63) 

.\ ZA + Z 0=180°. 
Similarly, we may prove that Z B + Z D — 180°. 

Ex. 65. If the angles at the base of a trapezoid are equal, the other 
angles are equal, and the trapezoid is isosceles. 

Let ABCD be a trapezoid having AB II DC&ndZA=*Z B. 

Then ZD = ZC, and AD = BC. 

Proof. The A D and C are equal, because 
they are the supplements of the equal A A and 
B, respectively. 



Draw 


DE \\ to CB. 




Then 


ZDEA-ZB. 


(J 106) 


But 


ZB = ZA. 

.-. ZDEA = ZA. 

/. AD - DE. 


(Hyp.) 
(i 156) 




But DE= BC(i 180). /. 4i) - BCL 
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Ex. 66. The diagonals of an isosceles trapezoid are equal. 
Let ABCD be an isosceles trapezoid, and A B\ CD the II sides, AC, BD 
the diagonals. Then AC= BD. 
Peoop. In the & ADC, BCD, DCib common. 
AD = BC, (Hyp.) 

ZADC=ZBCD. (Ex.63) 

,\ A ADC = A BCD, (§ 150) 

and . AC=BD. 





Ex. 67. If the diagonals of a trapezoid are equal, the trapezoid is 
isosceles. 

Let ABCD be a trapezoid, AB, DC the II sides, and let the diagonals 
AD, BCbe equal. 

Then AC= BD, and the trapezoid is isosceles. 
Peoop. From C, D drop the I? CE, DF to AB. 
CE is II to DR (§100) 

/. GE- DF. (§ 180) 

In the rt. A ADF, BCE, 
DF=CE, and AD = BC. (Hyp.) A E F B 

,\ A ADF= A BCE (§ 161). .-. Z DAF= Z CBA. 
In & ABC and ABD, AB is common. 

BC = AD (hyp.), and ZCBA = Z DAF. 
/. A ABC - A 4£i>, and AC= BD. 

Ex. 68. ABCD is a^araJJalogran^, i£ and -Pthe_ midd§4ioiiitaj?f AD 
and i?C, respectively ; J5pw that BE&TLtOTDF will trisect the diagonal^*?. 
^-£ef£& cut iCat M, and 27) cut AC at N. 

Then 4if= -WiV= NO. 

Peoop. In the figure EBFD, 

ED is II to BR (§ 168) 

Also since AD = 5C, (§ 179) 

.\ ED = £2? (Ax. 7) 

.-. figure EBFD is a O, (§ 182), and J9-F is II to ^^. 

In the A ADN, AM= MN. (§ 188) 

And in the A CMB, CN=MN. (§188) 

.-. am = itfiv= jra 
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Ex. 69. If from the diagonal BD of a square ABCD, BE\&cxit off 
equal to BC, and EF is drawn perpendicular to BD to meet DC at F, 
show that DE is equal to EF t and also to FC. 

Proof. In the A BCD, 

ZD-ZB. (J 154) 

But ZD + ZB = W°. .-. ZJ)-45°. 

InADEF, Z^+ZZ>»90° + 45 o = 135 o . 

.-. ZJF=180°-135 o »45°. 
.-. A iXEF is isosceles, and DE = -EF. (J 156) 
Join BF. In rt. A 5JEF, £CF, £Fis common, and BE= BC. (Hyp.) 
.-. &BEF=ABCF$ 161), and EF-FC. 
.-. DE=EF=FC. 




Ex. 70. The bisector of the vertical angle it of a triangle ABC, and 
the bisectors of the exterior angles at the base formed by producing the 
sides AB and AC, meet in a point which is equidistant from the base 
and the sides produced. 

Let ABC be a A, and produce AB to any point 
M, AC to any point N. Let also the bisectors BE, 
OF of the A MBC, NCB meet at the point D. 

Then bisector of ZA passes through D, and D 
is equidistant from AM, -AiVJand BC. 

Proof. Every point in BE is equidistant from 
BM and BC$ 162). 

And every point in OF is equidistant from CN 
and BC(i 162). 

.-. the point D, which is common to BE and CF, is equidistant from 
BM, BC, and Off! 

.-. the bisector of the Z A passes through D ({ 163). 




Ex. 71. If the two angles at the base of a triangle are bisected, and 
through the point of meeting of the bisectors a line is drawn parallel to 
the base, the length of this parallel between the sides is equal to the sum 
of the segments of the sides between the parallel and the base. 

Let ED be drawn II to the base BC of the A ABC through O, the in- 
tersection of the bisectors OB, OCof the A ABC, ACB. 

Then ED = EB+DC. 
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Proof. 



<Y 



€ 



(Hyp.) 
« 104) 
(Ax.l) 



(J 156) 




ZEBO = ZOBC t 
ZEOB-ZOBC. 
/. ZEBO = ZEOB. 
.*. A OEB is isosceles, 
and EO = EB. 

Similarly, we can prove that OD = DC. 
Adding these two equations, ED = EB + DC. 

/Ex. 72. If one of the acute angles of a right triangle is double the. 
/other, the hypotenuse is double the shortest side. 

Let ABC be a rt. A, right-angled at B % and let Z ACB = 2/ CAB. 
Then AC=2BC. 

Proof. Produce CB to D t making BD equal to CB, and join AD. 
In the rt. A ABD % ABC, AB is common, and BD =- BC. (Cons.) 



« 151) 



and 
But 



(Hyp.) 



\ 



AABD-AABC. 

ZADC = ZACD, 

Z DAB ^Z CAB. 

2ZCAB = ZACD. 

:. ZDAC=ZACD. 

,\ A ACD is equilateral. (J 157) 

.-. AC=CD=>2BC 

Another Proof. Since ZA-\-ZC= 90°, 
and ZC-2ZA. 

.\ZA = 30° t *ndZC=60: 
Suppose BE drawn, making the Z CBE= 60°. 
Then, since the A C and CBE&re each 60°, 

the Z GEB = 60°, and A CBE is equilateral ; 

that is, the sides CB, CE t and BE are equal 

Z ABC= 90°, and Z CBE= 60°. 

.-. Z ABE = 90° - 60° = 30°. 

ZA = 30°. 

the sides AE&nd BE are equal (2 156). 




(§ 143) 



« 157) 
(1) 



Also, 

But 

Hence 

From (1) and (2), 

That is, 



(2) 
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Ex. 73. The sum of the perpendiculars dropped from any point in the 
base of an isosceles triangle to the legs is constant, and equal to the alti- 
tude upon one of the legs. 

Let ABC be an isosceles A, AB the base, P any point in AB, PD ± 
to BC, PE± to AC, and draw BF± to the leg AC. 
Then PD + PE-BF. 

Pboof. Draw PG ± to BF; PE is II to BF, 
and PG is II to AC (J 100). 

/. ZBAC=ZBPG; (J 106) 

also Z ABC= Z BAC. (§ 154) 

.-. ZABC=ZBPG. (Ax. 1) 

Also in the rt. A PBD, PBG, PB is common. 
.\ APBD-APBG. 
.'. PD-BG. 
Also PE- GF 

.-. PD + PE= BG + GF- BF. 




« 148) 
« 180) 



Ex. 74. The sum of the perpendiculars dropped from any point within 
an equilateral triangle to the three sides is constant, and equal to the 
altitude. 

Let ABC be an equilateral A, BC the base, AD the altitude, P any 
point within the A, PE, PF, PG _!• dropped from P to the sides BC, 
AC, AB, respectively. Then PE+PF+PG = AD. 

Proof. Through P draw HK II to BC, meeting 
AD at M. 

From ildrop the JL HL to AC. 

ZAHK=ZABC=GO°. (J 106) 
ZAKH=ZACB = 60°. 
/. A AHK is isosceles. (§ 156) 

.:PF+PG = HL. (Ex.73) 

In the rt. A AHL, AHM, the hypotenuse AHia common 
ZAHL = ZHAM. 
.\ A AHL = A AHM, and HL - AM. 
Also PE r MD. 

.\ PE+HL-MD + AM= AD, 
or PE + PF+PG-AD. 




(Ax. 7) 

« 1«) 
(J8 100, 180) 
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Ex. 75. What is the locus of all points equidistant from a pair of in- 
tersecting lines ? 

The locns consists of the two bisectors of the angles formed at the 
intersection of the given lines (j 164). 
These two bisectors are ± to each other (Ex. 7). 



Ex. 76. In the triangle CAB the bisector of the angle makes with 
the perpendicular from C to AB an angle equal to half the difference of 
the angles A and B. \ / B^> / A 

In the A ABO, let CD bisect Z C, and let CE be ± to AB, and let 
Then Z DCE = \(ZB-ZA). 

Proof. Z DCE= Z ACE -A ACD. 

Now ZACE-W-ZA. (J 143) 

And ZACD = iZC. (Hyp.) 

.-. ZDCE=90°-ZA-iZC. 
Also ZC=180°-ZA-ZB. 

.-. iZC=90°-iZA-iZB. 
/. ZDCE=dO°-ZA-(90°-lZA-iZB) 
= 90-ZA-90° + lZA + lZB 
~\ZB-\ZA. 



Ex. 77. If one angle of an isosceles triangle is equal to 60°, the tri- 
angle is equilateral. 
Let ABC be an isosceles A, and let AB = AC. 
Case I. Let Z A = 60°. 

Then A ABC'ib equilateral. 
Peoop. ZA + Z B + ZC- 180°. (§138) 

/. Z B + Z C= 180° - Z A = 120°. 
Z£ = Z<7. (J 154) 

r.ZB = 60°, andZC=60°. 
/. A ABC is equilateral. (§ 155) 
Case II. Let a base Z,*&ZB % be 60°. Then A ABC ia equilateral. 
Pboop. Z C= 60°. (J 154) 

.-. Z A = 180°- (Z5 + Z C) = 60°. 
/. A -45(7 is equilateral. (J 155) 




But 




\ 
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Book II. 



Ex. 78. Describe the relative position of two circles if the line of 
centres : 

(i.) is greater than the sum of the radii ; 

(ii.) is equal to the sum of the radii ; 

(iii.) is less than the sum but greater than the difference of the radii ; 
(iv.) is equal to the difference of the radii ; 

(v.) is less than the difference of the radii. 
Illustrate each case by a figure. 
These five cases are illustrated by the following figures : 

(ID 




(i.) The two © are exterior to one another, 
(ii.) The two © touch each other externally, 
(iii.) The two ® intersect each other, 
(iv.) The two © touch each other internally, 
(v.) The two © lie one wholly within the other. 

Ex. 79. The line joining the centre of a circle to the middle of a 
chord is perpendicular to the chord. J& 

Let OM join the centre to the middle point Mot 
the chord AB. 
Then OM is JL to AB. 

Pboof. In the A A OM % BOM, OM\% common, 
AM= BM (hyp.), and OA = OB (radii). 
.\AAOM=ABOM, 
and ZAMO-ZBMO. 

.\OMia ± to AB. ({§45, 47) 




(2 160) 
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Ex. 80. The tangents drawn through the extremities of a diameter 
are parallel. 

Let AB be a diameter of a circle, AC and BD 
tangents at A and B, respectively. 
Then AOb II to BD. 





Pboop. AO and BD are each _L to AB. (j 240) 
.-. AO is II to BD. (j 100) 

Ex. 81. The perimeter of an inscribed equilateral triangle is equal to 
half the perimeter of the circumscribed equilateral triangle. 

Let A EDF be a circumscribed equilateral A, touching the circumfer- 
ence at B, A, 0. 

Draw AB, AC, and OB. 

Then perimeter of A ABO equals J perimeter 
of A EDF. 

Proof. Now each Z of A EDF= 60°, (J 156) 
and EB = EC, DB = DA, FA = FC. (J 246) 

.-. A EBO, DBA, FACatq equilateral. (Ex. 77) _ 

Also, since each of the A of the A ABC is the 
difference between a straight Z and the sum of two A of equilateral &, 
each Z of A ABC is 60°. 

.*. A ABC is equiangular and equilateral (? 157) ; and since A ABC 
has a side in common with each of the A EBQ DBA, and FAC, those 
four & are equal (§ 147), and a side of A ABC= J a side of A EDF 

Hence the perimeter of A ABC= J the perimeter of A EDF. 

Ex. 82. The sum of two opposite sides of a circumscribed quadrilat- 
eral is equal to the sum of the other two sides. 

Let ABCD be a circumscribed quadrilateral, and let E t F t O, H, be 
the points of contact. 
Then AB + DC= AD + BC. 

Proof. AE=AH, (J 246) 

BE= BF t 
CG-CF, 
DQ-DH. 
Adding, AB + DC= AD + BC. 
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Ex. 83. The opposite angles of an inscribed quadrilateral are supple- 
ments of each other. 

Let A BCD be an inscribed quadrilateral. 

Then ZA+ZC-ZB +ZD- 180°. 

Proof. Join BD. 

Then Z A is measured by J arc DCB t 

and Z C is measured by £ arc DAB. 

.*. the sum, Zi+ZC, is measured by J (arc DOB + arc DAB), or 
J the circumference. 
.'. Z A + Z 0- } (360°) - 180°. 
Similarly, we can prove that ZB + ZD = 180°. 

\ r 

* ., / Ex. 84. If through a point within a circle two perpendicular chords 
% ^ /are drawn, the sum of the opposite arcs which they intercept is equal to 
I jysemi-circumference. 

Let AB and CD be two J- chords meeting 
at/> 

Then arc AG+ arc BD =» a semi-circumfer- 
ence. 

Proof. } (arc AC+ arc BD) measures Z APC 
« 268): 
But ZAPC- 90°. 

,\ i (arc AC + arc BD)= 90°. 
/. arc AC+ arc 5i) = 180° (measured in degrees) 
-__— — - =» a semi-circumference. 

Ex. 86. The line joining the centre of the square described upon the 
hypotenuse of a right triangle to the vertex of the right angle, bisects 
the right angle. 

Let ABC be a rt. A, and Z C= 90° ; also let M be the centre of the 
square ABED constructed upon the hypotenuse AB; in other words, 
let if be the intersection of the two diagonals. 

Then ZACM-ZBCM. 

Proof. Describe a O upon AB as diameter. 
ZACB -90°, (Hyp.) 

and ZAMB = 90°. (Ex.29) 

.-. the O will pass through Cand M. (j| 264) 





■^ 



y 
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Now ZMAB-ZMBA. (Ex.29.) .\AM=BM (J 156) 

.\ arc AM - arc BM. (§ 230.) .-. Z ACM= Z £Cif. (J 263) 
And since ZACB = 90°, Z 4Cif - Z BCM = 45°. 



Ex. 86. If two circles touch each other and two secants are drawn 
through the point of contact, the chords joining their extremities are 
parallel. 

Let the ® touch at P, and let AB and CD 
be the two secants. 

Then A is II to DB. 

Proof. Draw through P the common tan- 
gent MN 

Then ZA-ZMPC, 

and Z B = Z NPD. ({J 263, 269) 

But Z ifPC= Z iVPZ). ({ 95) 

.-. ZA = ZB. .-.AC is \\ bo DR (J 105) 



Ex. 87. To find in a given line a point X which shall be equidistant 
from two given points. 

Let AB be the given line, P t Q the given 
points. Join PQ, and erect the perpendicu- 
lar bisector, cutting AB at X. ({j 273) 

Then X will be the point required. 

Proof. PX- QX. (j 122) 

Ex. 88. To find a point X which shall be equidistant from two given 
points and at a given distance from a third given point 

Let P, Q be the given points, d the given distance, R the third point . 

Join PQ, and erect the perpendicular bi- 
sector MN 

With centre B and radius d t describe an 
arc cutting MN&t X. 

Then X will be the point required. 

Proof. X is equidistant from P and Q, by 
1 122, and at the distance d from B t by con- 
struction. 

Discussion. Let d' denote the distance from B to MN. Then the 
number of solutions will be 2, 1, or 0, according as d is >, =», or 
< d'. In the figure there are two solutions, X and Y. 







d' 



M 



X-- 
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Ex. 89. To find a point X which shall be at given distances from two 
given points. 

Let P, Q be the given points, and let a, b be a \X^ 

the given distances. ^ X 

With centre P and radins a, describe an arc. *~"^ ' !\ 

With centre Q and radius 5, describe another P V V Q 

arc cutting the first arc at X. ^ 

Then X is the point required. 'STs, 

Proof. X is, by construction, at the distance a from P, and at the 
distance b from Q. 

Discussion. If PQ = a + b t there is one solution ; namely, a point in 
the line PQ where the two arcs touch each other. If PQ is > a + 5, or 
< a — b, the problem is impossible ; for the arcs cannot cut each other 
and cannot touch each other. (See Ex. 78.) If PQ has any value 
between a + b and a — 5, there are two solutions (as in the figure). 

Ex. 90. To find a point X which shall be equidistant from three 

given points. 
Let A, B, C be the given points. fi 

Join AB, AC, and erect upon each line the /' 

perpendicular bisector. Let these perpendicular *<v i 

bisectors meet at X. / ^-1? 

Then X is equidistant from A, B, and C. / j **• 

Proof. Join XA, XB, XO. A " lb 

Then XA = XB - XO. (g 1Z2) 

Discussion. The problem is impossible if the points A, B, C are in a 

straight line. 

Ex. 91. To construct a circle having a given radius and passing 
through two given points. r 

Let P, Q be the given points, r the given ^ ^^ 

radius. Join PQ, and draw the perpendicular /' -^i >, 
bisector MN. j \q \ 

With centre P and radius r, cut MN at O. \ /V\ ' 

With centre and radius r, describe a 0. p\ c \m"'/Q 

This will be the O required. s% ^_ S ' 

Proof. The O has r for radius, and passes through P, Q, by g 122. 
Discussion. The arc described with centre P and radius r will also cut 
MN in a point below PQ ; hence two (D answering the conditions may 
be described. These (D, however, are equal, and differ merely in posi- 
tion, This problem is impossible if r is < J PQ. 
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Ex. 92. To construct a circle having its centre in a given line and 
passing through two given points. 

Let AB be the given line, P and Q the 
given points. 

Join PQ, and draw the perpendicular bi- 
sector MN. Let ifiVmeet AB at 0. - ^ 

With centre O and radius OF, describe a O. 
This O will be the O required. 

Proof. The O passes through P and Q, by g 122. 

Ex. 93. To divide a right angle into three equal parts. 

Let Z AOB be a right angle. 

With centre and any radius, describe an 
arc cutting OA at C, and OB at D. 

With centres C and D, and the same radius 
as before, cut arc DC&t E and F respectively . 

Then will Z COF=ZFOE=* ZEOD=S0°. 

Pboof. & OCE, OFD, are equilateral by 
construction. 

/. Z COE - 60° ( j 155). .-. A EOD = 90° - A OOE= 30°. 

Similarly, Z. COF - 30°. /. Z FOE = 90° - 60° - 30°. 

Ex. 94. To construct an equilateral triangle, having given one side. 
Let AB be the given side. 

With centres A and B and radius AB t , A 

describe arcs intersecting in O. / 

Join AG, BC. / 

Then A ABC is the triangle required, as is / 

obvious from the construction. A 1 

Ex. 95. To find a point X which shall be equidistant from two given 
points, and also equidistant from two given JV 

intersecting lines. 

Let P, Q be the given points, and let AB, 
CD be the given lines intersecting at E. 

Join PQ, and erect £he perpendicular bi- 
sector MN (j 273). 

Draw EF bisecting Z DEB (J 275), and 
meeting MNat X, Then X is the point required. 

Pboof. X is equidistant from P and Q (J 122), and also equidistant 
from AB and CD ({ 162). 
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Discussion*. By bisecting the ZBEC t another solution Y may be 
obtained. Therefore, in general there are two solutions. If, however, 
EF happens to coincide with PQ, the other bisector 2? F will be II to MN 
($ 100), and there will be only one solution ; namely, the point M. If 
EF coincides with MN t every point in MN is a solution. 

Ex. 96. In a triangle ABC, to draw DE parallel to the base BC t cut- 
ting the sides of the triangle in D and E % so that DE shall equal 
DB + EC. 

Bisect A B and C ( j 275), and let the bi- £ 

sectors meet at F. 

Draw through F a line II to BC t meeting 
AB at D t and AC at K -7— 

Then DE=BD+ EC. J^""" 

Pboop. In&BDF, B ° 

Z DFB = Z FBC. (I 104) Also Z DBF= Z FBC. (Cons.) 

.\ Z DBF= Z DFB. .-. DF- DB. (J 156) 

Similarly, FE=EC. .\ DF+ FE or DE= DB + Ed 

Ex. 97. If an interior point of a triangle ABC is joined to the 
vertices B and C, the angle BOCia greater than the angle BAG of the 
triangle. 

Let be any point within the A ABC. 

Then ZBOOZBAC. 





Pboop. Z OBC < Z ABC. 

ZOCB<ZACB. £- 

/. Z OBC+ Z OCB < Z ABC+ Z ACB. 
Now Z = 180° - Z OBC - Z OCB. ({ 139) 

And Z A = 180° - Z ABC- Z ACB. 

:.ZO>ZA. 

Ex. 98. In a triangle ABC, given angles A and B t equal respectively 
to 37° iy 32" and 41° 17' 56". Find the value of Z C. 

Am. Z C= 180° - (37° 13' 32" + 41° 17' 56") - 101° 28' 32". 

Ex. 99. To find a point X equidistant from two given points anc( 
also equidistant from two given parallel lines. 
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Let P, Q be the points, AB and CD the parallels. Join PQ t and erect 
the perpendicular bisector MN 

Draw EFX to AB (? 271), bisect EF*X Q (J 273), and draw QH II to 
AB(i 278), meeting MN at X 

Then X is the point required. 

Peoof. Every point in MN is equi- 
distant from P and Q (§ 122), and every 
point in QH is equidistant from AB 
and CZ). (J 181) 

.*. X, the point common to MN and 
QH y is equidistant from P, Q, -45, and CD. 

Discussion. In general, there is one solution. If AB is JL to PQ, 
there is no solution, unless GLH" coincides with MN\ and then every point 
in MN ia a solution. 

Ex. 100. To find a point X equidistant from two given intersecting 
lines, and also equidistant from two given parallels. 

Let AB, CD be the intersecting lines, P the point of intersection* , EF 
and QH the two parallel lines. 

Draw MNW to JEPand QH, and mid- 
way between them (JJ 271, 273, 278). 

Also draw the bisectors of the angles 
formed at P ({ 275). Let these bisectors 
meet 2fZV at X and Y. 

Then Xand Y satisfy the conditions. 

Proof. Xand Fare equidistant from 
EF and QH because they are in MN t 

and equidistant from AB and CD because they are in the bisectors of 
the angles formed by AB and CD (J 162). 

Discussion. If MN passes through P, there is only one solution ; 
namely, the point P. If MN is II to one of the bisectors, there is but one 
solution. If MN coincides with one of the bisectors, every point in MN 
is a solution. 

Ex. 101. To divide a line into four equal parts by two different 
methods. 

Let AB be the given line. 

First Method. Draw AF t and proceed 
as in | 279. 

Second Method. Bisect the line at Q 
(J 273), and then bisect AQ at P, BQ at B. 
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Bx. 102. To find a point X in one side of a given triangle and equi- 
distant from the other two sides. ^ 

Let ABC be the given triangle. 

Bisect the ZA (j 275), and let the bisector 
meet jBCat X I>/ 

Then X is equidistant from AB and AC. 

Proof. See § 162. 

Ex. 103. Through a given point to draw a line which shall make 
equal angles with the two sides of a given angle. 

Let Pbe the point, BAG the angle. 
Draw AD bisecting the Z BAG ({ 275) 
Through P draw EF ± to AD, and meet- 
ing AB at E, AC at F (J 272) ' 
EFis the line required. 

Proof. Let EF meet AD at G. 
In A AEG, AFG, AG is common, and Z EAG -ZFAG. (Cons.) 
.:AAEG = AAFG(IU9). .*. Z AEG = Z AFG. 

Ex. 104. To construct an angle of 45°. 
Construct a rt. Z BAG. (J 271) 

Draw AD bisecting the Z BAG. (| 275) 
Then Z BAD ~ Z DAC- 45°. 
Proof. A rt. Z - 90°, and 90° + 2 = 45°. 

Ex. 105. To find a point X which shall be equidistant from two given 
intersecting lines and at a given distance from a given point. 

Let AB, CD be the given lines, intersecting at E, d the given distance, 
P the given point ^} 

Draw the bisectora XT, TZ of the angles ' " 

formed by the two lines AB, CD. (J 275) ' 

With centre P and radius d, describe an 
arc cutting the bisectora in X, Y, Z, T. 

Then each of the points X, Y t Z, T satis- 
fies the conditions. 

J?roof. Each of the points is equidistant from the given-lines, by { 162, 
and at the distance d from P by construction. 

Discussio*. If (as in the figure) d is greater than the distance from 
P to each bisector, there are four solutions. If d is less than the distance 
from P to each bisector, there is no solution. Between these extremes 
there may be one, two, or three solutions. 
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Ex. 106. To draw through two sides of a triangle a line parallel to 
the third side so that the part intercepted between the sides shall have a 
given length. 

Let ABC be the given A, d the given length. 
Upon BC take BD equal to d. fI~ 

Draw DE II to BA t meeting AC at K ( j 278) 

Draw EF II to CB t meeting AB at F. £ ■£- 

Then EF is the line required. 

Peoof. EF ia \\ to CB. (Cons.) The figure BDEF\& a O. (J 168) 
EF=BD. (J 179). ButBD = d. (Cons.) .\EF=d. 

Ex. 107. To construct an angle of 150°. 

Draw a straight line ABC, and with two points in it B, Q as centres, 
and BC for radius, describe arcs intersecting 

*2>. % ** 

With centres D and C, and the same radius, / \^ 

describe arcs intersecting at E. L^ \ 

Join BE. Z. ABE = 150°. ABC 

Pboof. Join BD, CD. A BCD is equilateral. (Cons.) 

.\ZDBC= 60°. (J 155) 

/. Z ABD - 180° - 60° = 120°. (J 90) 

ZDBE-tZDBC - 30°. (J 275) 

.\ Z ABE - 120° + 30° ~ 150°. 

Ex. 106. A straight railway passes two miles from a town. A place 
is four miles from the town and one mile from the railway. To find by 
construction how many places answer this description. 

Let A represent the town. With centre A and any radius describe a 
circle. i A t 

Draw a radius AB; and take this J 
length to represent 4 miles. """ \ 

Construct the perpendicular bisector ** 
DE to the line AB, bisecting it at C. 

Then DE will represent the railroad. B 

Draw parallels to DE on either side, at a distance from DE equal 
to I AC (l mile). 

Let these parallels cut the circle in the points X, Y % Z t T. Then 
any one of these four points satisfies the conditions. 

Therefore there are four solutions. 
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Ex. 109. If in a circle two equal chords intersect, the segments of the 
one made by the point of intersection are equal respectively to those of 
the other. 

Let AB, CD be the equal chords intersecting x<r^>? 

at the point E. //i^^^*3\ 

Then AE-DE, and BE = CE A&-- -^ *> 

Peoof. Join AC, AD, BD. \ J 

In the A, ABD, ACD, AD is common. n^^^ ^^r 

Also, AB - CD. (Hyp.) 

/. arc ACB - arc CBD. ({ 230) 

Subtract, arc BC= arc BC. 

Then arc AC= arc BD. 

.-. AC= BD. (I 230) 

/. A ABD =*AACD(l 160), and A BAD - Z CDA. 
/. in the A AED, AE = DE. (J 156) 

Also AB-AE=CD- DE, or BE= CE. 

Ex. 110. AB is any chord and .4(7 is tangent to a circle at A, CDE 
a line cutting the circumference in D and E and parallel to AB ; show 
that the triangles ACD and EAB are mutually equiangular. 

Peoof. Z 2Lii£ is measured by J arc ^^ 
({ 263). 

Z. CAD is measured by \ arc AD. ( j 269) 

And arc BE= arc 4Z>. (J 243) 

.\Z£Atf=Z(M2>. 

Also Z AEB is measured by J arc AB. ( j 263) -^ ~~0 

And ZACDla measured by J (arc iLS- arc 4Z>) ({ 270) 

Or (since arc BE=* arc AD), by } (arc AE- arc 2?j£), or J arc AB. 
.\ZAEB = ZACD. .\ZABE=ZADC. ({ 140) 




Ex. 111. The base, the altitude, and an angle at the base, of a tri- 
angle being given, to construct the triangle. p ft 

Let b be the given base, h the given altitude, — 

and If the given angle at the base. S K. 
Draw a line AB equal to 5. Jf^_ 
MakeanZA4J?equalto2f. (J 276) /' 
Erect at B a _L BD equal to h. ({ 271) /' \ 
Draw through D a line DFW to jBjI. ({ 278) X" ~B 
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Let this parallel cat -42? at C. Join BC. AABCib the triangle required. 
Peoof. A ABO has the parts b and Mby direct construction, and its 
altitude equals h by construction and { 181. 

Ex. 112. Show that the bisectors of the angles contained by the . 
opposite sides (produced) of an inscribed quadrilateral intersect at right 
angles. 

Let ABCD be the inscribed quadrilateral, 
and let AB and DC meet at E t and AD and 
BC meet at G. Also let the bisectors EF, 
GH of the A at E and G meet at J. Then 
-EFiaXto GH. 

Proof. Let the bisector of Z E cut the O 
at if and F t and the bisector of the Z G cut 
the O at N and H Then, since Z AEF= Z DEF t 

i (arc AF- arc BM ) =» J (arc DF- arc CM). 
/. arc AF- arc BM - arc 2)2?- arc CJ£ 
arc AH- arc 2>iV= arc £#- arc CN. 
arc JP2T- arc BM- arc 2)2V= arc DjP + arc BH- arc 2fZV. 
arc FH+ arc if2V= arc HM+ arc jF2£ 




(Hyp.) 
« 270) 



Similarly, 

Adding, 

Or 

Hence the measure of the A FIH, HIM is the same. ($ 268) 

.\ Z FIH= Z HIM* 90°, and EF is ± to GH. 

Ex. 113. Given two perpendiculars, AB and CD, intersecting in 0, 
and a straight line intersecting these perpen- 
diculars in E and F\ to construct a square, 
one of whose angles shall coincide with one 
of the right angles at 0, and the vertex of 
the opposite angle of the square shall lie in 
EF (Two solutions.) 

Bisect the A at O, and let one bisector 
meet EF at G, and the other meet EF pro- 
duced at H. Through G draw GM II to CD % 
and GNW to BA. Through H draw -HP II 
to DC, and 1TQ II to BA. The figures OMGN % OPHQ are squares satis- 
fying the given conditions. 

Proof. In the figure OMGN, ZO = 90° (hyp.), A at M and 2V each 
- 90° (J 102) ; Z MGN= Z MON (| 112). .\ Z 2/GW- 90°. 

Also GN= GM(i 162), and GN=> OM, and 0if = ON (| 180). 

.-. the figure OMGN is a square (J 171). 

Similarly, the figure OPHQ is proved to be a square. 
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Ex. 114. The shortest line and the longest line which can be drawn 
from an exterior point to a given circumference pass through the centre. 

Let be the centre of the given 0, Pthe given point, PAB a secant 
passing through 0, PCD any other secant. 

Then PA < PC and P£>PD. 



Peoop. Join OC, OD. 



Since 


PA + AO<PC+00, (1 33) 


and 


A0 = C0, 




:. PA < PC. 


Also, since 


PO+OD>PD t 


and 


OD - OB, 




.'.PO + OB or PB>PD. 





(Ax. 5) 
«33) 



Ex. 115. If through a point within a circle a diameter and a chord 
_L to the diameter are drawn, the chord is the shortest chord that can 
be drawn through the given point. 

Let P be the given point, the centre, 1 AB a 
chord passing through P and ± to OP, CD any 
other chord drawn through P. 

Then AB < CD. 

Proof. Draw OQ ± to CD, meeting CD at Q. 

Then in the rt. A OPQ, OP > OQ. (J 159) 

/. AB < CD. (i 238) 

Ex. 116. In the same circle, or in equal circles, if two arcs are each 
greater than a semi-circumference, the greater arc subtends the less chord, 
and conversely. 

Let be the centre, AMB the smaller arc, AMBC the larger arc, and 

let each arc be greater than the semi-circumfer- ^* *Jlf 

ence AMD. Then AC< AB. 

Proof. AC is also the chord of the arc ANC, 
and AB the chord of the arc ANB. 

And arcs ANC, ANB, are each less than a 
semi-circumference. 

Also, since arc ANC = circumference — arc AMBC, 

and arc ANB = circumference — arc AMB ; 

/. arc ANC< arc ANB. 

.\AC<A£. (I 231) 
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Ex. 117. If ABO is an insoribed equilateral triangle, and P is any 
point in the arc BO t then PA ^ PB -fc PC. 
Pboof. Upon PA take PM equal to PB. 
Join BM. 
ZBPM=60°. (§283) 

.-. A BPM is equilateral. (Ex. 77) 
In the A ABM, BCP t *^ * ~&° 

AB = BC,9.ndBM-BP. 
Also Z ABM= Z ABP- Z MBP=* Z ABP- 60°. 

Z PBC = Z ABP- Z ABO = Z ABP- 60°. 
.\ZABM=ZPBC. 

/. AABM= A BCP ({ 150), and AM - PC. 
.\ PA = PM+ MA = PB + PC. 

Ex. 118. In, what kinds of parallelograms can a circle be inscribed? 
Prove your answer correct. n 

Am. The square and the rhombus. 

Pboof. In the square ABCD draw the diag- 
onals AC, BD, and let them meet at O. 

-4(7 and BD bisect the A of the square. (Ex. 29) 

/. the point is equidistant from the sides of 
the square. (J 162) 

.'. a O with centre and radius equal to the distance from O to one 
side will touch all the Bides, and be inscribed in the square. 

Similarly, it may be proved that a O can be inscribed in a rhombus. 
(See Ex. 28.) 

Ex. 119. The radius of the circle inscribed in an equilateral triangle 
is equal to one-third of the altitude of the triangle. 

Let ABC be an equilateral A, the centre of the inscribed O, AOD 
the altitude of the A. Then OD = J AD. 

Proof. Let AB touch the O at E, and AD 
cut the O at F. Join OE t EF. 

Z OEA - 90° ({ 240), and Z OAE= 30° (J 246). 
.-. Z EOF - 60° (J 143). And OE = OF. 

.-. A OEF is equilateral. (Ex. 77) 

In A AEF, Z AEF= 30°. (g 269) 

.-. AF= EF (| 156). .-. OE=EF=> AF. 

Let x denote the radius of the O ; then 

*~ i FD- t(AD-x\ whence x = J AD. 
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Ex. 120. A circle can be circumscribed about a rectangle. 

Let ABCD be a rectangle. Then a O can be described which will 
pass through the points A, B, (7, and D. 

Proof. Let the diagonals AC, BD intersect 
at 0. AC and BD are equal. (Ex. 26) 

They also bisect each other. (§ 184) 

.*. O is equidistant from A, B, C, and D. 

.'. a with centre O and radius OA will 
pass through the vertices and be circumscribed about the rectangle. 

Ex. 121. A circle can be circumscribed about an isosceles trapezoid. 

Let ABCD be an isosceles trapezoid, and AD = BC. Then a O can 
be described which will pass through the points 
A, B, C, and D. 

Proof. Erect the ± bisectors of AB and 
AD % and let them meet at the point O. 

Then is equidistant from A t B, and D 
« 122). 

HowAM=.BM,AD~BC, &n&ZA = ZB 
(Ex. 63). 

.*. if the figure AMPD be folded over PM as an axis, it will fall on 
and coincide with the figure MBCP. 

.:PD = PC. Also PJfisJL to DC. (J 102) 

/. OC = 0D t and is equidistant from A, B, C, and D. 

.'. a O with centre and radius OA will pass through the vertices, 
and be circumscribed about the trapezoid. 

Ex. 122. The tangents drawn through the vertices of an inscribed 
rectangle enclose a rhombus. 

Let be the centre, ABCD the inscribed rectangle, and let the tan- 
gents drawn through A, B, C, and D meet in 
the points J21 F t 0, and H. 

Then the figure EFQH is a rhombus. 

Proof. The four A in the figure are isos- b< 
celes. (i 246) 

Since AD = BC t (8 179) 

arc AD = arc BC. (? 230) 

And ZA=-ZD-ZB = ZC. ({269) 

/. A AHD = A BFC. (| 147) 
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Similarly, AAEB = ADGC. 

Hence by addition, EF=* FG = GH=> HE. 

Now the figure EFGH cannot be a square. 

For, suppose it to be a square, and draw AC, BD 9 intersecting at the 

centre 0. (Ex. 120) 

Z G - 90°, and also Z ODG - Z OCG - 90°. ({ 240) 

,\Z DOQ = 90°. (J206). .\ Z AOD = 90°. (J 90) 

.\ A 04Z> - A OCD ( j 150), and AD - Z)G 

This contradicts the hypothesis that ABOD is a rectangle. 

.\ the figure EFGHmust be a rhombus. 

Ex. 123. The diameter of the circle inscribed in a right triangle is # 
equal to the difference between the sum of the legs and the hypotenuse. 

Let ABO be a rt. A, Z B - 90°, O the centre 
of the inscribed O, D, E, F the points of con- 
tact Then diameter of O - AB + BO- AC. 
Proof. Draw the radii OD, OE, 
OD is X to AB t and O-Eis JL to BO. (| 240) 
.-. OD is II to OB, and OE is II to AB. ({ 100) 
/. OD - BE, and OE= BD. 
,\OD+OE=BE+BD 

- (BO- EC) + (AB - AD) 
-BC-FC+AB-AF (8 246) 

-AB + BC-(AF+FC) __ .. ., 
-4£ + <BC-4G ^^ 

/. diameter of - 45 + BO- AC. 

Ex. 124. From a point A without a circle, a line -402? is drawn 
through the centre, and also a secant A CD, so that the part A C without 
the circle is equal to the radius. Prove that the A DAB equals one- 
third of the Z DOB. 

Proof. AC =00. (Hyp.) 

.-. Z CAO = Z COA. (? 154) 

And OC -OD. .-. ZODC=ZOCD. 

But Z OCD - 2 Z CAO. ({ 145) 

,\ZODO = 2ZCAO. 

Now ZDOB-ZCAO + ZODC-3ZCAO. (| 145) 
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Ex. 126. All chords of a circle which touch an interior concentric 
circle are equal, and are bisected at the points of contact. 

Let be the common centre of the (§>, 4& @P **▼ too ohords of the 

outer O, touching the inner circle at the points 

E, F. Then AB = CD, and AE= BE, CF= DF. 

Peoof. Join OE, OF. 

OEia±to AB, smdOFis ± to CD. (j 240) 

AB=CD. (}236> 

AE= BE, and CF= DF. (| 232) 

Ex. 126. If two circles intersect and a secant is drawn through each 
point of intersection, the chords which join the extremities of the secants 
are parallel. 

Let the © intersect in the points A, B, and let CAD, EBF be any 
two chords drawn through A, B, respectively. 

ThenOEisllto-ZXF. 

Peoof. Join AB. The figures ACEB, ADFB 
are inscribed quadrilaterals. 

/. Z E= 180° - Z BAG, (Ex. 83) 
ZF=1$0°-ZBAD. 
But Z BAC= 180° - Z BAD. ({ 90) 

.\ZBAC=ZF, and ZE=180°-ZF. 
.\ZE+ZF= 180°, and CE is II to DF, (J 110) 

Ex. 127. If an equilateral triangle is inscribed in a circle, the dis- 
tance of each side from the centre of the circle is equal to half the radius 
of the circle. 

Let ABC be an inscribed equilateral A, O the 
centre of the 0, OE a radius ± to AB, and 
meeting the side AB at D. 
Then OD = J OE. 

Proof. Join OA and AE. 

arc AB = arc BC= arc AC. (J 230) 

.*. arc AB is an arc of 120°. 

.-. arc AE = J arc AB = 60°. 

And since OA = OE, A OAE is equilateral. 

.-. AE= OE. 

.\OD = iOE. 




(J 232) 
(Ex. 77) 



(Ex. 16) 
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Ex. 128. Through one of the points of intersection of two circles a 
diameter of each cirole is drawn. Prove that the straight line joining 
the ends of the diameters passes through the 
other point of intersection. 

Let 0, <y be the centres of the ®; A and B 
the points of intersection, AC, AD two diam- 
eters. C^> 

Then a straight line from <?to J) will pass through B. 
Pboof. Join AB, BC, BD. 

The A ABC, ABB are rt. A. ({ 264) 

• ,\ CBD is a straight line. (J 93) 

.*. a straight line joining C to D will pass through B. ({ 31) 

Ex. 129. A circle touches two sides of an angle BAG at B, C\ through 
any point D in the arc BC a tangent is drawn, meeting AB at E and 
AC at F. Prove (i.) that the perimeter of the triangle AEF is constant 
for all positions of D ; (ii.) that the angle EOF is also constant. 

Pboof. (i.) ED - EB, and FD = FC. (J 246) 

Adding, EF=EB + FC 

Also, AE + AF= AE + AF. 

Adding, AE+ AF+ EF=* AB + AC. 

And AB + AC \b constant for all positions 
of the point D along the arc BC. ^ E 

(ii.) Z EOD - i Z BOD, and Z FOD = } Z COD. 

.-. Z EOD + Z FOD = l(ZB0D + Z C0D\ 
or ZE0F=iZB0C. 

And Z BOC is constant for all positions of D. 

Ex. 130. Find the locus of a point 3 inches from a given point. 
Ant. The circumference of a O described with the given point for 
centre, and with a radius equal to 3 inches. 

Ex. 131. Find the locus of a point at a given distance from a given 
circumference. 

Ans. Let r denote the radius of the given circumference, its centre, 
d the given distance. Then the locus consists of the two circumferences, 
having for centre the point 0, and for radii r + d and r — d, respectively. 
If d = r, the second of these circumferences becomes the point ; if 
d > r, the second circumference does not exist. 




(2 246) 
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Ex. 132. Prove that the locus of the vertex of a right triangle, hav- 
ing a given hypotenuse as base, is the circumference described upon the 
given hypotenuse as diameter. 







Let AB be the given hypotenuse. 
With AB as diameter, describe a O. 

Proof, (i.) Join any point G of the circum- T* 
ference to A and B. 

ThenZ4CJ?=-90°. « 264) 

(ii.) Join any point D in AC to B. 

Then Z ADB > Z ACB, or 90°. (| 146) 

Produce AC to any point E, and join EB. 

Then Z AEB < Z ACB, or 90°. (J 146) 

Therefore the circumference with AB for diameter is the locus of the 
vertex of a rt. A having AB for hypotenuse. 

Ex. 133. Prove that the locus of the vertex of a triangle, having a 
given base and a given angle at the vertex, is the arc which forms with 
the base a segment capable of containing the given angle. 

Let AB be the given base. Upon AB construct a segment capable of 
containing the given angle. (J 290) 

Proof, (i.) Join any point C in the arc of 
this segment to A and B. 

Then Z ACB = the given angle. 

(ii.) Join any point D in A C to B. 

Then Z ADB > Z ACB. (J 146) 

Produce AC to any point E, and join EB. 

Then Z AEB < Z ACB. (§ 146) 

Therefore the arc of a segment constructed upon AB as base, and capa- 
ble of containing the given angle, is the locus of the vertex of a A hav- 
ing AB for base, and the given angle for the Z at the vertex. 

Ex. 134. Find the locus of the middle points of all chords of a given 
length that can be drawn in a given circle. 

Let be the centre of the given O, AB, CD 
two chords equal in length. 

Proof. Draw OE ± to AB t OF± to CD. 
Then AE - BE, CF=> DF. (§ 232) 

Also OE=OF. (J236) 
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Similarly, the middle points of all chords equal to AB are equidistant 
from O. 

Therefore the required locus is the circumference of a concentric with 
the given 0, and having for radius the distance from the centre of the 
given O to any one of the chords. 

Ex* 135. Find the locus of the middle points of all chords that can he 
drawn through a given point A in a given 
circumference. 

Let he the centre of the given O, A 

■ any point in its circumference, AB any 

chord drawn through A t C its middle point. 

Proof. Join 00. 

Then ZAOO- 90°. (Ex. 79) 

.*. Ois in the circumference described upon AO as diameter. (Ex. 132) 

Similarly, the middle point of every chord drawn from A lies in this 
circumference. 

Therefore this circumference is the required locus. 

Ex. 136. Find the locus of the middle points of all straight lines that 
can be drawn from a given exterior point A to a given circumference. 

Let be the centre of the given O, AB any one of the straight lines, 
its middle point B, 

Proof. Join OA t OB t bisect AO at M, 
and join CM. 

MO is II to OB, and =- } OB. (J 189) 

Similarly, the middle point E of any other line AD may be proved 
to be at a distance from M equal to \ OB. 

Therefore the required locus is the circumference of a having the 
middle point of AO for centre, and J OB for radius. 

Ex. 137. A straight line moves so that it remains parallel to a given 

line, and touches at one end a given circum- ^ 21 

ference. Find the locus of the other end. 

Let O be the centre of the given 0, AB 
the given line, CD the moving- line touch- 
ing the given at C and II to A B. 

Proof. Draw OM \[to_AB and equal to CD. Join OC % MD. The 
figure OCDMia a O (§ 182). .-. MD =- OC (J 179). Therefore the dis- 
tance of D from M is constant, and the locus of D is a circumference 
equal to the given circumference and having the point if for centre. 
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Ex. 138. A straight rod moves so that its ends constantly touch two 
fixed rods which are perpendicular to each other. Find the locos of its 
middle point. 

Let OA, OB be two fixed rods JL to each 
other, AB the moving rod, If its middle point. 

Proof. Join OM. Since Z AOB = 90°, the 
point M is the centre of a which passes 
through O, A, and B. (Ex. 132) 

.\OM-\AB. 

That is to say, Olf is constant in length, and the locus is the circum- 
ference of a having O for centre and OM for radius. 

Ex. 139. In a given circle let AOB be a diameter, OC any radius, CD 
the perpendicular from C to AB. Upon OC take OJf = CD. Find the 
locus of the point If as OC turns about O. 

Proof. Draw the radius OE ± to AB, 
and join EM. 
In the ▲ OEM, OCD, 

OE= OC, OM - CD, 

and Z E0M= Z OCD. (| 104) 

.\ A OEM- A OCD. (| 150) 

.\ Z OME=Z 07)0=90°. 

Therefore the required locus of the point if is the circumference of a 

described upon the radius OE as a diameter. (Ex. 132) 

Ex. 140. To construct an equilateral triangle, having given the 

perimeter. ^ ^ _ 

Let AB be the given perimeter. /* /'/V\ 

Trisect AB at the points C, D. (| 279) / '/ \\ 

With centres Cand D, and radius AC, ( (_ \_ 

describe arcs intersecting at J?. A & D B 

Proof. Join CE, DE. A CDE is the equilateral A required, as is 
obvious from the construction. 




Ex. 141. To construct an equilateral triangle, having given the radius 
of the circumscribed circle. 

Describe a O with the given radius. Draw any diameter AOB. With 
centre B and radius R cut the at C and D. 
v Join AC, AD, CD. A ACD is the A required. 
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Proof. Join OC, OD, BC, BD. 

A OBC is equilateral by construction. 

' :.ZBOC = 60°. (|155) 

/. Z COD = 120°. 

And ZAOC=ZAOD = 120°. ({ 90) 

.-. arc AC= arc AD - arc DC. (| 229) 

AC= AD- DC. (|230) 



Ex. 142. To construct an equilateral triangle, having given the 
altitude. 

Construct an Z BA C equal to 60°. 

Erect at A a X AD equal to the given alti- 
tude. Draw DE II to AB, meeting AC at F. 

With centre .Fand radius FA cut AB at G. 
Join FQ. 

A AFG is the A required. 

Proof. The altitude FH= AD = h. 
The A AFG is isosceles (Cons.), and has one Z A equal to 60° (Cons.), 
it is therefore equilateral (Ex. 77). 




(Cons, and ? 180) 



Ex. 143. To construct an equilateral triangle, having given the radius 
of the inscribed circle. 

With the given radius and centre O describe 
a O ; then describe a larger concentric 0, and 
in this last circle inscribe an equilateral A 
(Ex. 141). 

Drop from O to the sides AB, AC, BC the 
J» OD, OF, OE, respectively. (J 272) 

Through the points where these J* cut the 
smaller O draw tangents intersecting in P, Q, R. 

Then A PQR is the A required. 

Proof. The tangent PQ is _L to OD (J 240), therefore II to AB. (J 100) 
Similarly, PR is II to AC, and QR II to BC. 

s.ZQPR^Z BAG = 60°. (§112) 

Similarly, Z PQR - Z PRQ = 60°. 

,\ A PQR is equilateral. ({ 157> 
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Ex. 144. To construct an isosceles triangle, having given the base 
and the angle at the vertex. 

Draw a line AB equal to the given base. 

Construct upon AB a segment capable of con- 
taining the given AM. (J 290) 

Draw the _L bisector of AB t and let it cut the 
arc at C. Join AC, BC. A ABC is the A 
required, as is obvious from the construction. 

Ex. 145. To construct an isosceles triangle, having given the altitude 
and the angle at the vertex. 

Construct A ACB equal to the given A. 

Draw CD bisecting A ACB. (J 275) 

Take CD equal to the given altitude, and 
erect at D a J_ meeting the sides of the A at A 
and B. (| 271) 

A ABOb the A required. 

Proof. The A ABC has the given parts by the construction ; also, 
A ACD = A BCD (| 149), and AC- BC 

Ex. 146. To construct an isosceles triangle, having given the base 
and the radius of the circumscribed circle. 

Describe a O with the given radius. 

Draw a chord AB equal to the given base. 

Construct the X bisector of AB, and let it 
meet the at C and O. 

Join AC, AC, BC, BV. 

&> ABC, ABC answer the given conditions ; 
as is obvious from the construction and J 122. 

Discussion. If the given base is greater than twice the given radius, 
the problem is impossible. 

Ex. 147. To construct an isosceles triangle, having given the base 
and the radius of the inscribed circle. 

Draw a line AB equal to the given base. 

Erect the X bisector DE. (§ 273) 

On DE take DO equal to the given radius. 

With centre and radius DO describe a O. 

Draw tangents to the from A and B, and 
let them intersect at 0. (§ 287) 

A ABC is the A required. 
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Proof. Let AC met the O at F, and BC meet it at Q. 
Then AF= AD, and BO = BD. 
But AD = BD. .-. AF= BD. 

Also FC - GC. 



« 246) 



Adding, we have 



4C= BG. 



Ex. 148. To construct an isosceles triangle, having given the perim- 
eter and the altitude. 

Draw EF equal to the given perim- 
eter. Bisect EF at D t and erect a JL 
CD equal to the given altitude. 

Join EC, FC, and draw their ± bi- 
sectors. Let these bisectors cut EF at 
A and B. Join AC, BC. A ABC is the A required. 

Proof. CE= CF t CA = EA, CB = FB. 

.-. (M + AB + J?C- J&i + AB + BF= EF 

Also ZE=ZF=ZACE=ZBCF. 

.-. &ACE=&BCF(l 147), and AC= BC. 



X/fvX 

£ A V B 1 



(J 122) 



(J 154) 




Ex. 149. To construct a right triangle, having given the hypotenuse 
and one leg. 

Make a rt. Z BAC (8 271) 

Take AB equal to the given leg, and with 
centre B and radius equal to the given hypote- 
nuse cut AC at C A ABC is the A required. 

Ex. 150. To construct a right triangle, having given the hypotenuse 
and the altitude upon the hypotenuse. 

Upon a line AB equal to the given hypote- 
nuse construct a semicircle. Erect at A a JL AC 
equal to the given altitude. 

Through C draw a line II to AB, cutting the 
semicircle at' D and & 

Join DA, DB, EA, EB. The A ADB, AEB satisfy the given con- 
ditions. 

Proof. The 4 at 2) and E are rt. A ({ 264), and the altitudes of the 
A are equal each to AC{\ 181). 

Discussion. Since the & ADB, AEB are equal, there is really only 
one solution. If AC= } AB, CE will be a tangent and the A will be 
isosceles ; if A C > } AB, the problem is impossible. 
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Ex. 157. To construct a triangle, having given the base, the altitude, 
and the angle at the vertex. 

Analysis. If AB is the given base, one locus 
for the vertex is an arc forming with AB a seg- 
ment capable of containing the given angle 
d 267). Another locus for the vertex is a par- 
allel to AB } drawn at a distance from AB equal 
to the given altitude. 

Construction. Upon a line AB equal to the given base, construct a 
segment capable of containing the given /. at the vertex ({ 290). Erect 
a i. AE equal to the given altitude. Draw through E a line II to AB, 
cutting the arc at Cand D. Join AC, BC, AD, BD. 

The & ABC, ABD both satisfy the given conditions, as is evident 
from the construction and from { 181. 

Discussion. Since the & ABC, ABD are evidently equal, if AE equals 
the height of the segment there is but one A, and the A is isosceles. 
If AE is greater than the height of the segment, the problem is impos- 
sible. 

Ex. 158. To construct a triangle, having given the base, the corre- 
sponding median, and the angle at the vertex. 

Analysis. If AB is the given base, one locus >*""T~*"^x 

for the vertex is an arc forming with AB a seg- n £^~* ^\n 
ment capable of containing the given Z. (J 267) /j^ \ ^^ 

Another locus for the vertex is a circumfer- f A ><r // \ 

ence described with the middle point of AB for / X*£_J J^*' j 

centre, and the given length of the median for <&■ M B 
radius. 

Constbuction. Upon AB construct a segment capable of containing 
the given Z at the vertex. Bisect AB at M. With centre M and radius 
equal to the length of the given median, describe a cutting the arc of 
the segment at C and D. Join AC, BC, AD, BD. The A ABC, ABD 
satisfy the given conditions. 

Discussion. The two A ABC, ABD are equal and form but one solu- 
tion. In order that the problem may be possible, the given median must 
have a value between half the given base and the height ME of the 
segment constructed upon the t>ase. 

Ex. 159. To construct a triangle, having given the perimeter and the 
angles. 
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Analysis. Let ABC be the A required. Upon AB produced take 
AD = AC t and BE=BC. Then DE is - 

equal to the given perimeter. ^*>^V 

Since &ACD, BCE&re isosceles, and A <^*~~s y \ \ 

A and B of A ABC are exterior A, it is ~*z- ^ L — Ji* 

easily seen that ZADC=\ZBAC, and 

Z BEC= I Z ABC (ft 154, 145). Hence the following construction : 

Construction. Draw DE equal to the given perimeter. Construct at 
D an Z equal to J Z A, and at E an Z equal to J Z B ; this determines 
the point (7. Draw through C a line CM, making / ^4. CD equal to £ Z A, 
and a line CB, making Z BCE equal to } Z A. 

A ABC is the A required. 

Ex. 160. To construct a triangle, having given one side, an adjacent 
angle, and the sum of the other two sides. 

Analysis. Suppose the problem solved, and ABC to be the A re- 
quired. We know BC t the Z B f and the sum p 
BA+AC. Produce BA, making AD = AC, 
and join DC. A ADC\& isosceles. We now see 
that A BDC is determined ; for Z B and BC*re 
given, and we can make BD = BA + AC. After 
A BDC has been constructed, the point A may 
be found by erecting a ± at the middle point 
ofi>G g~ 

Construction. Construct A BDC (J 280). Draw the ± bisector of 
DC, cutting BD at A, and join AC. A ABCia the A required. 

Ex. 161. To construct a triangle, having given one side, an adjacent 
angle, and the difference of the other two sides. 

Analysis. Suppose the problem solved, and 
let ABC be the A required. We know BC, the 
Z B, and the difference AB — AC. If, then, we 
take upon AB a length BD = AB — AC, we 

obtain a A BDC, which we can construct from jyi 

the given parts ; then a ± erected at the middle / ^^*~ --•*"*' 
point of DC will meet BD produced, and deter- g^" 
mine the point A. 

Construction. Construct A BDC (J 280), and then draw the X- bisec- 
tor, meeting BD produced at A. Join AC. A ABC is the A required. 





\ 
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Ex. 168. To construct * triangle, having given the sum of two sides 

and the angles. 

Analysis. Let ABC be the A required. We 
know the A and the sum AB + AC. Produce 
BA t making AD = AC. The A ADC is isos- 
celes. .♦. A D - } A BAG (J| 145, 154) ; since 
also A B and BD are known, A BDC is deter- 
mined. Hence the construction. 

Construction. Construct A BDC (I 281), and ** 
draw the JL bisector of DC, meeting BD at A. Join AC. A ABC is 
the A required. 

Ex. 163. To construct a triangle, having given one side, an adjacent 
angle, and the radius of the circumscribed circle. 

With the given radius describe a 0. In this 
O draw a chord AB equal to the given side. 
Through A draw another chord AC, making 
the A B AC .equal to the given A. Join BCL 

A ABC is the A required. 

D A E~ 

Ex. 164. To construct a triangle, having given the angles and the 
radius of the circumscribed circle. (Fig. of Ex. 163.) 

With the given radius describe a O. Through any point A of the cir- 
cumference draw a tangent DAE (J 287). Through A draw the chords 
AB, AC, making the A DAB, EAC equal respectively to two of the 
given A. Join BC. A ABC is the A required. 

Peoof. A ABC-" A EAC, because each A is measured by half the arc 
AC(U 263, 269). Similarly, AACB-A DAB. 

Ex. 165. To construct a triangle, having given the angles and the 
radius of the inscribed circle. 

Ah alysis. Let ABC be the A required, OD 
the radius of the inscribed O, meeting AB at 
D. We know the A A, B, C, and the length 
OD. We also know that is the intersection 
of the bisectors of the A A, B, C\ also that its 
distance from AB is equal to OD. Finally, 
we see that if OH is a line drawn through O 
II to AB, then A BOH= A OBD = \A ABC. 

Construction. Construct the A A and its bisector. Draw QH II to 
AB at the given distance OD from AB (JJ 271, 278), and let OH meet 
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the bisector at 0. Draw OB, meeting AB at B, and making Z BOH 
equal to one-half the given Z B. Draw BC, meeting AC At C, and mak- 
ing Z Oi?C equal to one-half the given Z B. A ABC is the A required. 

Ex. 166. To construct a triangle, having given an angle, the bisector, 
and the altitude drawn from the vertex. n 

Analysis. Let ABC be the A required 
There are given £C, the altitude CD, and the 
bisector CE. Therefore the rt. A CDE is de- / \ 



As 



termined, and also the A EGA, ECB, each 
being one-half of the given Z C. 

Construction. Construct A CDE (Ex. 149). 
each equal to one-half the given Z C (j 276). 
directions. A ABC is the A required. 



/ 



A 



D E 



Draw- EGA and ECB, 
Produce DE in both 




Ex. 167. To construct a triangle, having given two sides and the 
median corresponding to the third side. 

Analysis. Let ABC be the A required. We 
know AC, BC, and the median CM Produce 
CM, making MD - CM, and join DA, DB. / 
The A AMD, BMC are equal (? 150), hence Jr 
AD «= BC. Therefore the A ACD is deter- \ 
mined, because its sides are all known ; and 
when it has been constructed, the point B is 
found by producing AM so that MB = AM. 

Construction. Construct A A CD (J 282), draw AM, and produce it to 
B, making MB =* AM. Join BC. A ABC is the A required. 

Ex. 168. To construct a triangle, having given the three medians. 

Analysis. Let ABC be the A required, AD, 
BE, CF the medians, their common point of 
intersection (Ex. 33). We know that the dis- 
tance from O to each vertex is two-thirds the 
length of the corresponding median. Therefore 
the A BOC is determined, since we know OB, ^ 
0(7, and OD (Ex. 167). By producing BO by B 
a length 0E= £ BO, and CO by a length 0F= J OC, we obtain the points 
J? and F. Finally, the lines BF, CE produced will meet %t ths point A. 

Construction. Construct the A BOC (Ex. 167). Produce BO, making 
0E=lB0, and produce CO, making OF= J OC. Draw BF and CE t 
and produce them to meet at A. A ABC is the A required. 
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Ex. 169. To construct a square, having given the diagonal. 

Analysis. Suppose the problem solved, ABCD the square, AC the 
diagonal. We know AC, and also that the 
A at B and D are rt. A. Therefore B and 
D must lie in the circumference of a O hav- 
ing AC for diameter. Also, since B and D 
are each equidistant from A and 0, B and D 
lie in the JL bisector of AC. 

Construction. Bisect AC at O ({ 273). 
With centre O and radius OA describe a 0, intersecting the _L bisector 
of A C at B and D. Join AB, BC t CD, DA. ABCD is the required 
square. 

Ex. 170. To construct a square, having given the sum of the diagonal 
and one side. 

Analysis. Let ABCD be the square re- 
quired, AC the diagonal. Produce CA to E, 
making AE=* AB, and join BE; A ABC and E. 
ABE are isosceles, and we also know that 
Z ACB = Z CAB = 45° ; whence we can find 
ZAEB (i 145); this determines AEBC; 
then D can be found as in Ex. 169. 

Construction. Draw a line EC equal to the given sum of AB and 
AC Draw CB, making Z BCE=> 45°, and EB, making Z BEC= 22J°, 
meeting CB at B. Erect BA ± to BC With centres A and O, and 
radius AB, describe arcs intersecting at D. Join DA, DC ABCD is 
the square required. 

Ex. 171. To construct a rectangle, having given one side and the 
angle formed by the diagonals. 2> Q 

Analysis, Let ABCD be the rectangle 
required, AB the given side, ZAOB the 
given Z. Since the diagonals of a rectangle 
are equal (Ex. 26), and bisect each other 
(i 184), we know that AO = BO ; hence the 
isos. A AOB is determined, and may be constructed. The points C and 
D are then found by properly producing AO and BO. 

Construction. Construct the A AOB (Ex. 144). Produce AO, mak- 
ing 00- AO, and B0 t making OD - BO. Join BC, CD, DA. ABCD 
is the rectangle required (Ex. 25). 
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Ex. 172. To construct a rectangle, having given the perimeter and 
the diagonal. 

Ahalysis. Let ABCD be the rectangle. 
In the rt. A ABC we know AC&nd AB+BC. 
To construct this A, prolong AB to E, mak- 
ing BE= BO. At E make an Z of 45°, 
and let its side meet at C the O described 
from A as centre and with ACbs radius. From Cdrop the X OB. 

Construction. Construct the rt. A A BO. Bisect A Cat 0. Join BO, 
and produce it to D, making OD = BO. Join DC and DA. 

Ex. 173. To construct a rectangle, having given the perimeter and 
the angle of the diagonals. 

Analysis. Let ABCD be the rectangle re- 
quired, Z AOB the given Z. Since A OAB is 
isosceles, the Z OAB may be easily found, and 
then its complement, the A AOB. Hence, in the 
rt. A ABC, we know the A and the sum AB + BO 
(which is equal to half the given perimeter). Therefore we construct the 
A ABC, and then proceed as in Ex. 172. 

Construction. Make Z OAB = i (180°- /.AOB). Construct the A 
ABC (Ex. 162). Bisect AC at 0. Join BO and produce it, making 
OD = OB. Join DC, DA. ABCD is the rectangle required (Ex. 25). 

Ex. 174. To construct a rectangle, having given the difference of two 
sides and the angle of the diagonals. 

Analysis. Let ABCD be the rectangle re- 
quired, and E a point in AB, such that AE 
= AD. We know EB, the Z AOB, and that 
Z B - i (180° - Z AOB). In A ADE, 

AE=AD; ..ZAED-ZADE; 
and since the A is a rt. A, 
.-. Z AED =» 45°, and Z BED** 180° - 45° - 135°. 

Therefore in A BDE, a side and the adjacent A are known. After this 
A has been constructed, drop a JL from D to meet BE produced, etc. 

Construction. Construct the A BDE (J 281). From D draw DA JL 
to BE, meeting BE produced at A. Bisect BD at O. Join AO, and 
produce it, making OC=* AO. Join CB, CD. ABCD is the rectangle 
required (Ex. 26). 
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Ex. 175. To construct a rhombus, having given the two diagonals. 

Analysis. The diagonals of a rhombus bisect 
each other (| 184), and are ± to each other (Ex. 28) : 
hence the construction is obvious. 

Construction. Draw AC equal to one diagonal. 
Draw the J_ bisector of AC t cutting AC at O; upon 
it lay off in opposite directions from C the lengths 
OB, OD, and equal to half the other diagonal. 

ABCD is the rhombus required. 

Ex. 176. To construct a rhombus, having given one side and the 
radius of the inscribed circle. 

Analysis. Since the diagonals of a rhombus bi- 
sect each other (Ex. 28), their intersection is a 
point equidistant from the sides ({ 164), and there- JE/ 
fore the centre of the inscribed 0. Hence, if we * 
draw OE ± to AB t OE will be equal to the radius ^> 
of the inscribed O. Now in the rt. A ABO we 
know the hypotenuse AB and the altitude OE. 
This A once constructed, the rest is obvious. 

Constbuction. Construct the A A OB (Ex. 150). 
Produce AO y making OC= AO y and BO, making OD = BO. Join AD, 
DC, CB. ABCD is the rhombus required. 

Ex. 177. To construct a rhombus, having given one angle and the 
radius of the inscribed circle. 

Analysis. Let ABCD be the rhombus required, 
Z ABC the given Z % the centre of the inscribed 0. 
Draw radii to the points of contact E t F, O, H. 

The Z FOG = 180° -ZGCF, (|J 206, 240) 
and Z ABC - 180° - Z QCF. (| 109) 

.\ZFOG = ZABC. 

Since also Z EOF = 180° - Z ABC t OOE is a 
straight line (§ 93). Similarly, FOH\b a straight line, 
the following construction : 

CoirsTBUCTioff. With centre O and the given radius, describe a O. 
Draw through O two diameters GOE, FOH, making with each other the 
Z GOF equal to the given Z. Through the points E t F t G, 27, draw 
tangents intersecting in A t B, (7, D. ABCD is the required rhombus. 





<A 

Hence we obtain 
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Ex. 178. To construct a rhombus, having given one angle and one 
of the diagonals. 

Analysis. Let ABCD be the rhombus re- 
quired, Z ABC the given Z, AC the given 
diagonal. The Z BAD= 180° -ZABC(i 109), 
and is therefore known. Also the diagonals of 
a rhombus bisect each other at rt. A, and bisect 
the A of the rhombus. (Ex. 28) 

Constbuction. Draw AC. Through A draw 
AB and AD t each making an Z with AC equal to J (180° - Z ABC) 
Draw the JL bisector of AC t meeting AB at B and AD at D. Join CB, 
CD. The figure ABCD is the rhombus required. 

Ex. 179. To construct a rhomboid, having given one side and the two 
diagonals. D 

Analysis. Let ABCD be the rhomboid re- 
quired, AB the given side, the intersection 

of the diagonals. Since the diagonals bisect 

each other (J 184) we know the three sides of -^ & 

the A AOB; then C and D are found by producing AO and BO. 

Construction. Construct the A AOB (J 282). Produce AO, making 
OC= AO, and BO t making OD = BO. Join BC t AD, and DC. ABCD 
is the figure required. 

Ex. 180. To construct a rhomboid, having given the diagonals and 
the angle formed by them. ^ ~ 

Analysis. Let ABCD be the rhomboid re- ^\ ^^^ 

quired, Z AOB the given Z, the intersection / -**^fZ / 

of the diagonals. In the A AOB we know two AriT ^/ 

sides OA, OB and the included Z. (J 184), A B 

Construction. Construct the A AOB, and then proceed as in Ex. 179. 

Ex. 181. To construct a rhomboid, having given one side, one angle, 
and one diagonal. 

Analysis. Let ABCD be the rhomboid, 
A A the given Z, AB the given side, AC 

the given diagonal. The ZABC= 180° 

- Z BAD. Hence the A ABCib determined. A B 

Constbuction. Construct the A ABC (J 283). Through A draw AD 
II to BC, and through C draw CD II to BA. ABCD is the figure required. 




/ 
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Ex. 182. To construct a rhomboid, having given the base, the alti 
tude, and one angle. 

Analysis. Let ABCB be the rhomboid 
required. There is given AB, the Z A t and 
the altitude BE. Therefore the Z ABE is 
known, and the rt. A ABE is determined. 

Construction. Construct the rt. A ABE 
({ 281). Produce AE t making AB equal to the given base. Through 
B draw BO II to AB, and through B draw DC II to AB. 

The figure ABCB is the rhomboid required. 

Ex. 183. To construct an isosceles trapezoid, having given the bases 
and one angle. 

Analysis. Let ABCB be the trapezoid 
required, Z A the given Z. 

Draw D-EII to C£. 

BE=BC. (i 180) 

But BC=AB. 

:.BE=AB. .\ZBEA = ZA. 

Also, since AE= AB - EB and EB=BC, AE=*AB- BC, and is 
therefore known. .*. the A ABE is determined. This A constructed, 
the rest of the construction is obvious. 

Construction. Construct the A ABE(\ 281). Produce AE, making 
AB equal to the longer base. Draw -DC equal to the shorter base and 
II to AB. Join BO. The figure ABCB is the figure required. 

Ex. 184. To construct an isosceles trapezoid, having given the bases 
and the altitude. 

Analysis. Let ABCB (see figure to last exercise) be the trapezoid 
required, BF the altitude. Draw BE II to CB. The A ABE is isosceles, 
(see last Analysis), and AE= AB - BC. Also BF bisects AE (Ex. 16). 

Construction. Draw AB equal to the longer base. Upon AB lay 
off AE= AB — BC. Draw the JL bisector to AE and lay off upon it a 
length FB equal to the given altitude. Join AD. Through B draw 
BCW to EB, and through B draw i>CII to AB. 

The figure ABCB is the figure required. 

Ex. 185. To construct an isosceles trapezoid, having given the bases 
and one diagonal. 
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Ahalysis. Let ABCD be the trapezoid required, AC the given diag- 
onal. Draw the altitude CE, and also draw CF II to DA. Then AF= DC 
(J 180), and FB = AB - DC. Also, since the A BCF is isosceles (see 
Analysis to Ex. 183), FE=\FB (Ex. 16). 

/. AE=> DC+ i (AB - DC), and is known. / —Jl 

.*. the rt. A -ACi£can be constructed. When / /'/ i \ 

this has been done, the rest is obvious. / / / ! \ 

f s* t I \ 

Construction. Construct the rt. A ACE £' l. 1 \ 

(Ex. 149). Produce AE, making AB equal A FEB 

to the longer base. Join BC. Draw DC II to AB and equal to the 
shorter base. Join AD. 

The figure ABCD is the trapezoid required. 

Ex. 186. To construct an isosceles trapezoid, having given the bases 
and the radius of the circumscribed circle. 

Analysis. Let ABCD be the trapezoid 
required, the centre of the circumscribed O. 
A diameter drawn JL to AB will also be ± to 
CD (i 102), and will bisect both AB and CD 
(J 232). Let this diameter meet AB at E t 
CD at R Draw CQ II to FE t meeting AB 
at O ; then EG~FC= J DC 

Hence we have the following construction : 

CousTEUOTioir. With any centre and the given radius describe a O. 
Place in this O a chord AB equal to the longer base. Draw a diameter 
JL to AB % meeting AB at E. Upon AB lay off EG = J the shorter base. 
Draw GC II to EO, meeting the at C. Draw CD II to BA X meeting the 
O again at D. Join BC % AD. 

ABCD is the trapezoid required. 

Ex. 187. To construct a trapezoid, having given the four sides. 

Analysis. Let ABCD be the trapezoid required. Draw CE II to AD. 
A CBE is determined, because BC is given, 
CE - AD (i 179), and EB - A B - CD. r- ^ 

Constbuction. Construct A BCE (§ 282). / / \ 
Produce BE to A, making AB equal to / / \ 
the longer base. Draw AD II to EC and / / \ 
equal to EC, and join DC. m [ [_ \^ 

ABCD is the required trapezoid. -A E B 
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Ex. 188. To construct a trapezoid, having given the bases and the 
diagonals. 

Analysis. Let ABCD be the trapezoid re- 
quired. Draw CE II to the diagonal DB, and 
produce AB to meet CE at K A AEC is deter- 
mined, since AC is given, CE= BD (which is 

given), and AE - AB + DC * B E 

Construction. Construct A AEC (J 282). Through B draw BD II and 
equal to EC Join AD, DC, BC. 

The figure ABCD is the figure required. • 

Ex. 189. To construct a trapezoid, having given the bases, one diag- 
onal, and the angle formed by the diagonals. 

Analysis. (See Fig. in Ex. 188.) Let AB, DC be the given bases, AC 
the given diagonal. The ZACE equals the angle of the diagonals. If 
this angle is acute, and AE\b greater than, or equal to, AC, the A ACE 
is determined ({ 283). 

Construction. Construct A AEC. Upon AE take AB equal to one 
of the bases. Draw CD II to EA and equal to the other base. Join BC 
and AD. The figure ABCD is the trapezoid required. 

Discussion. For other cases, see the discussion of the problem in { 283. 

Ex. 190. Find the locus of the centre of a circle which has a given 
radius r and passes through a given point P. 

The required locus is the circumference of a O having P for centre and 
r for radius. 

Ex. 191. Find the locus of the centre of a circle which has a given 
radius r and touches a given straight line AB. 

The required locus consists of the two straight lines drawn II to AB, 
one on one side of AB, the other on the other side, at the distance r from 
AB. 

Ex. 192. Find the locus of the centre of a circle which passes through 
two given points P and Q. 

The locus is the JL bisector of the line joining the given points ({ 233). 

Ex. 193. Find the locus of the centre of a circle which touches a given 
straight line AB at a given point P. 

The required locus is the JL to AB erected at P (J 241). 

Ex. 194. Find the locus of the centre of a circle which touches each 
of two given parallels. 

This locus is the straight line II to the given parallels and mid-way 
between them. 
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Ex. 195. Find the locus of the centre of a circle which touches each 
of two given intersecting lines. 

The locos consists of the two bisectors of the A formed by the given 
lines (§ 164). 

Ex. 196. To construct a circle, having a given radius r and touching 
each of two intersecting lines AB and 
CD. 

Analysis. One locus of the centre 
consists of the bisectors of the A formed 
by the lines AB and CD (Ex. 195). 
Another locus consists of the two par- 
allels to either AB or CD, drawn at a 
distance from it equal to the given 
radius. 

Construction. Draw the bisectors 
JEF, GH of the A formed by the given 
lines AB, CD. Draw Iff* and MNW to 
AB % and at a distance from AB equal to the given radius r. Let the 
parallels cut the bisectors at the points O, P, jB, 8. With these points 
as centres and r as radius, describe ® : each O will satisfy the given 
conditions. 

Ex. 197. To construct a circle, having a given radius r touching a 
given line AB and touching a given circle. 

Analysis. Let be the centre of the given O, R its radius. One locus 
of the centre of the required O consists of the parallels to AB drawn at 
the distance r from AB. Another locus 
consists of the circumferences described 
about as centre with the radii B + r 
and B — r. The points in which the 
two parallels intersect the two circum- 
ferences are the centres of ® which will 
satisfy the given conditions. 

The construction of two of these <§> is 
sufficiently evident from the figure. 

Discussion. Let d denote the dis- 
tance OiT from to AB. 

(i.) If d<U + 2r, the problem is impossible. 

(ii.) If d =» jR + 2 r, there is one solution, and the centre of the O lies 
in the line OK. 
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(hi.) If d has any value between R + 2r and R, there are two solu- 
tions, as shown in the figure. 

(iv.) If d = R % CD will pass through 
the point L and determine three cen- 
tres, one at L % the others on the O OG. 
But the other parallel EF will now be 
tangent to the O OG and determine by 
the point of contact a fourth centre. 
Therefore in this case there are four 
solutions. 

(v.) If d < R but > R - 2r, the par- 
allel CD will cut both auxiliary ® and determine four centres ; and the 
parallel EF will cut the O OG and determine two centres. Therefore 
there will be six solutions. 

(vi.) If d = R - 2 r (R being supposed > 2 r), EF will pass through L 
and determine three centres ; CD will determine four more. Therefore 
there will be seven solutions. 

(vii.) If d < R - 2r, CD and EF will cut each auxiliary O twice ; 
hence we shall have eight solutions. 




r, passing 




Ex. 198. To construct a circle having a given radius 
through a given point P, and touching a given line AB. 

Analysis. The centre of the required O must lie in the circumference 
described from P as centre with r as radius. 
It must also lie in a parallel to AB drawn 
at the distance r from AB on the same side 
of AB as the point P. The points common 
to this circumference and this parallel are 
the centres of <S> which if described with the 
radius r will satisfy the given conditions. 

Discussion. It is obvious that the parallel to AB at the distance r on 
the other side of AB is not in general a locus for the centre of the required 
O. Let d denote the distance PG from Pto AB. If d>2r % the prob- 
lem is impossible. If d = 2r, CD will be tangent to the auxiliary O, 
and there will be one solution. If rf< 2r, there are two solutions (as 
seen in the figure). If d = 0, Plies in AB, and there will be two ©, both 
touching AB at P, one touching the parallel CD, the other the corre- 
sponding parallel on the other side of AB. 

Ex. 199. To construct a circle having a given radius r, passing 
through a given point P, and touching a given circle. 




teachers' edition. 61 

Analysis. Let R denote the radius of the given O, and denote its 
centre. One locus of the required centre is a circumference described 
from Pas centre with radius r. Further, 
since the required O must touch the given 
0, and the distance between the centres of 
two © which touch each other is equal to 
the sum or the difference of their radii 
(Ex. 78), it follows that a second locus of \ 
the required centre is a circumference \ 
described from O as centre with a radius 
equal to R + r or B — r. The points com- 
mon to these loci are the centres of the © 
which satisfy the given conditions. 

Discussion. Let d denote the distance from P to O. In order that 
the O with radius R + r may cut the auxiliary O described about P, it 
is necessary that 

d<(R + r) + r t or d<R + 2r, 

and d>(R + r)-r % or d > R. 

The second condition requires that P should lie without the given O. 
Then if d < R + 2r, there are two solutions ; if d «■ R + 2r, one solution ; 
if d > R + 2 r, no solution. 

In order that the O with radius R — r may cut the auxiliary 
described about P, it is necessary that 

d<(R-r) + r, or d<R % 
and d>(R-r)-r % or d > R - 2r. 

The first condition requires P to be within the given O. Then, if 
d > R — 2r, there are two solutions ; if d =» R — 2r, one solution ; if 
d < R — 2 r, no solution. 

If d= P, P lies in the given circumference, and two ® can be described 
with radius r, both touching the given G at P, one externally, the other 
internally. 

Ex. 200. To construct a circle which shall touch two given parallels 
and pass through a given point P. 

Analysis. Let AB and CD be the given 
parallels. One locus of the required centre 
is the parallel drawn midway between AB 

and CD (Ex. 23). The radius of the re- . 

quired O is equal to half the distance be- ^ & 

tween AB and CD, Therefore another locus for the centre is a circum- 
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ference described from P as centre with half the distance between AB 
and CD for radius. 

Discussion. If P is anywhere between f ^$C ~\ 

AB and CD, there are two solutions. If 
P is on AB or CD, there is one solution. 
If P is outside the parallels, the problem 
is impossible. 

Ex. 201. To construct a circle which shall touch three given lines 
two of which are parallel. 

Analysis. Let AB and CD be the par- 
allel lines, and let the third line cut AB 
at E, and CD at F. The centres of © that 
will satisfy the conditions are the intersec- 
tions of the bisectors of the A formed at the 
points E and P(Ex. 195), and must also be 
situated between AB and CD (Ex. 194). 

Discussion. There are two solutions, one on each side of EF. It is 
easy to see that the four bisectors of the A between the parallels AB 
and CD form a rectangle. 

Ex. 202. To construct a circle which shall touch a given line AB at 
P, and pass through a given point Q. 

Analysis. One locus for the centre is 
a ± to AB erected at P (Ex. 193), and 
another locus is the ± bisector of the line 
joining Pand Q (Ex. 192). 

Discussion. If Q is in AB, the prob- 
lem is impossible. 

Ex. 203. To construct a circle which shall touch a given circle at P 
and pass through a given point Q. 

Analysis. One locus for the centre is 
the JL bisector of the line joining P and Q 
(Ex. 192); another locus is the straight 
line passing through P and the centre of 
the given O (JJ 214, 250). 

Discussion. Since two straight lines in- 
tersect in only one point, there cannot be 
more than one solution. Let 8T be the 





teachers' edition. 



63 



tangent to the given O drawn through the point P. If Q and the given 
O lie on opposite sides of ST, the required O will touch the given O 
externally. If Q and the given O lie on the same side of ST, there is 
internal contact ; and the required O will contain the given O, or vice 
versa, according as Q lies without or within the given O. If Q lies on 
ST, the problem is impossible. 



Ex. 204. To construct a which shall touch two given lines, one of 
them at a given point P. 

Analysis. Let AB, CD be the given 
lines, and let P be a point in AB. The 
centre of the required O must lie in one 
of the bisectors of the A formed by AB 
and CD ; and also in a J. to AB erected 
at P. 

Discussion. There are in general two 
© satisfying the given conditions. If P 
coincides with the intersection of AB 
and CD, the problem is impossible. If AB is II to CD, there is only one 
©, and its radius is equal to half the distance between AB and CD. 





Ex. 205. To construct a circle which shall touch a given line and 
touch a given circle at a point P. 

Analysis. Draw a tangent to the given 
O at the point P; then the required /\ \0 \i / 

must touch this tangent at P (J 214). 
This reduces the problem to Ex. 204. 

Cohstbuction. Let AB be the given 

line, the centre of the given 0. Draw A. C B 

a straight line through and P. At P erect a JL to this line, meeting 
AB at- (7; then this JL is a tangent to the given O (§ 239). Draw the 
bisectors of the A ACP, BCP t and let them meet the line OP at the points. 
D and & With centre D and radius DP describe a ; with centre E 
and radius EP describe a O : these <D satisfy the given conditions. 

Discussion. If AB is tangent to the given 0, one of the two solutions 
is a coinciding with the given ; if AB is tangent at P, there are an 
indefinite number of solutions ; if AB cuts the given 0, one solution will 
be a touching the given internally ; if AB cuts the given 0, and 
also passes through P, the problem is impossible. 
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Ex. 206. To construct a circle which shall touch a given line AB at 
P and also touch a given circle. 

Analysis. Suppose the problem solved, 
and let be the centre of the given O, X 
the centre of the required O. One locus 
for X is the JL to AB erected at P. Pro- 
duce this ±, making PC = the radius of 
the given O ; then OX= CX. Therefore 
another locus for X is the JL bisector of" 
the line joining O and C. The intersec- 
tion of the two loci determines X. 

Discussion. Another solution is obtained by laying off PC => the given 
radius upon the JL to AB and on the tame side of AB as the given O, 
joining OC, and erecting the ± bisector of OC. The O obtained by 
using C as the auxiliary point touches the given externally ; while 
the obtained by using & is touched by the given internally. If 
AB be supposed to move II to itself towards the given 0, then the 
obtained by the use of C will become larger and larger ; at the limit 
when AB touches the given 0, it is infinitely large. If AB cuts the 
given circumference, the O obtained by use of C will lie on the other 
side of AB t and will touch the given O externally. If AB cuts the 
given O, and Plies within it, then both the © will touch the given O 
internally. 

Ex. 207. To inscribe a circle in a given sector (in other words : to 
construct within a given sector a circle which shall touch the arc of the 
sector and the two radii). 

Analysis. Let AOB be the given sector, and let the bisector of the 
Z AOB meet the arc AB at C. We know 
that the centre of the required must lie 
in 0C(i 164). 

Draw a tangent to the given arc 
through C, and let it meet OA produced 
,at D and OB produced at E\ then we 
also know that the required will touch 
this tangent (J 214). 

Construction. Draw 00, the bisector of the A A OB (f 275). Through 
0draw a tangent meeting OA produced at D and OB produced at 2£_ 
Bisect the Z ODE, and let the bisector meet 0(7 at F. With centre F 
and radius FO describe a 0. This will be the required. 
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Ex. 206. To construct within a given circle three equal circles, so 
that each shall touch the other two and also the given circle/ 

Analysis. Suppose the problem solved, and let O be the centre of the 
given 0, and P, Q, B the centres of the required ®. From the equality 
of the ® it is clear that their centres must be symmetrically arranged 
around ; and hence we see that the A at formed by OP, OQ t OR, are 
each 120°. We also see that these A are bisected by the radii OA t OB, 
00, drawn tangent to the three ® (J 246) ; and therefore that OA, OB, 
00, also form at A each equal to 120°. The problem is now reduced to 
inscribing ® in sectors of 120° (Ex. 207). 
In order to construct the sectors of 
120° each, we produce one radius AO 
to D, join DC, and observe that, since 
A ODO is isosceles and Z DOC= 60°, 
therefore the A is equilateral, and 
DC- DO (Ex. 77). 

Construction. Draw a diameter 
AD. With centre D and radius DO 
=*\AD % cut the circumference at B 
and C. Draw the diameters BOE, OOF. Draw a tangent at D ({ 287), 
and produce OB to meet it at G. Bisect A OGD (§ 275), and let the 
bisector meet OD at P. With centre O and radius OP, cut BE at Q, 
OF At B. With P, Q, B as centres, and radius PO, describe @. These 
® will be the © required. 




Ex. 209. To describe circles about the vertices of a given triangle as 
centres, so that each shall touch the two others. 

Analysis. Suppose the problem solved, ABO the required A, and let 
the ® touch one another at M, N, P. Since 
AM - AN, and CN= OP, we infer that the 
three points M, N, P are the points of contact 
of the inscribed in the A ABC ({ 246), 
whence the construction is obvious. 

Construction. Inscribe a O in the A ABC 
({ 288), and mark the points of contact M, N, 
P. With centre A and radius AM describe a 
; with centre B and radius BM describe 
a ; with centre C and radius ON describe a 
0. These 9 are the ® required. 
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Ex. 210. To draw a common tangent to two given circles. 

Analysis. Suppose the problem solved, and let 0, 0' be the centres 
of the (§>, AB one of the common tangents ; also let r and r' denote the 
radii of the ®. Join OA, O'B ; then OA and O'B are JL to AB (J 240X 
therefore II to each other (j 100). From A lay off upon AO a length 
AM = O'B, and join MC • then the figure ABCM is a £7 (J 182) and 
a rectangle. And since O'M is _L to OA, and OM=r — r / , therefore 
O'M will touch a O having for centre and r — K for radius. This O 
can be described and O'M drawn ; after which the remainder of the 
construction is obvious. 




Constbuction. With centre and radius r — r* describe a 0. Draw 

to this O from 0' the tangents O'M, CN' (| 287). Join OM, ON, and 

produce them to meet the given circumference at A and C. Draw the 

radii O'B II to OA, and O'D II to 00. Draw straight lines through A 

and B, and through C and D. These lines are tangents to the given <D. 

Proof. MA is = and II to O'B. (Cons.) 

.\ AB'uWtoMO'. (| 182) 

Z OMO' - 90°. ( j 240) 

/.ZOAB =90°. (8102) 

And O'B is II to OA. 

.\ZO'BA-90 . 

,\ iii? touches each O. (j 239) 

Similarly, CD may be shown to be a tangent 

Discussion. Let d denote the distance 00' between the centres. If 
(as in the figure) d>r + r', two more common tangents EF, OH may 
be drawn by the use of an auxiliary O having for radius r + r' instead 
of r — r'. The figure shows the details of their construction. AB and 
CD are called exterior tangents, EF&nd Off interior tangents. The ex- 
terior tangents meet at a point P which lies in the line of centres 00' 
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produced. The interior tangents meet at a point Q which lies in the 
line of centres between and (X P is called the direct centre of simili- 
tude, Q the inverse centre of similitude. 

If d= r + r' % the (3) touch externally, and three common tangents can 
he drawn. 

If d < r + r* but > r — r 7 , the ® intersect, and two common tangents 
can be drawn. 

If (2 = r — r / 9 the ® touch internally, and one common tangent can be 
drawn. 

If d < r — r', one lies within the other without touching it, and the 
solution of the problem is impossible. 

Ex. 211. To bisect the angle formed by two lines, without producing 
the lines to their point of intersection. 

Construction. Let AB, CD be the lines. 
Through any point E of CD draw EFW to BA 
ii 278). 

Upon the sides of the Z FEC take equal 
lengths EH, EG, and produce OH to meet 
AB at I. 

Draw the ± bisector of 01; it will bisect the A formed by the lines 
AB, CD. 

Pboop. HheZEGH-ZEHQ. (j 154) 

Also Z EHG - Z BIH. (j 106) 

.:ZEGH~ZBIG. 

.'. the A formed by the two given lines and the line GI is isosceles 
« 156). 
/. the ± bisector of 01 bisects the Z of AB and CD (Ex. 15). 

Ex. 212. To draw a line through a given point, so that it shall form 
with the sides of a given angle an isosceles tri- . 

angle. 

Analysis. Let /.BAG be the given Z, P 
the given point, and suppose the problem 
solved, and PDE the line required. If we p 
draw AF bisecting Z DAE, then AFmosi be 
JL to PE (Ex. 14). 

Construction. Draw the bisector AF of the 
Z BAG (| 275). Draw PE JL to AF (J 272), and let it cut AB in D, 
AC in 2£ PDE is the line required. 
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Ex. 213. Given a point P between the sides of an angle BAG. 
draw through P a line terminated by the 
sides of the angle and bisected at P. 

Analysis. Suppose the problem solved, 
and EF the required line. If we draw PD 
II to BA, and meeting AC at D, then AD 
= DE(l 188). Hence the point E may be 
determined. 

Construction. Draw PD as described. 
Draw EP t and produce it to meet AB at F. 



To 




B 

Upon ^Ctake DE=AD. 
EF is the line required. 




Ex. 214. Given two points P, Q, and a line AB ; to draw lines from 
P and Q which shall meet on AB and make equal angles with AB. 

Analysis. Let PE, QE be the lines required. Draw PC ± to AB, 
and let Q2? meet PC produced at D. 

Since A QEB = A DEC, ' / Q 

we have A DEC - A PEC. * 

.\APCE=ADCE, (JH9) 
and PC- CD. 

Hence the following construction : 

Consteuotion. Draw PC ± to AB, and 
produce it, making CD = PC. Join Q2>, cutting .42? at JE 
PE and Qi? are the required lines. 

Proof. In the rt. A PCE t DCE, 

CEis common, and PC=> CD, 
.\APCE=ADCE, 
and A PEC = A DEC. 

But A DJEK7= A QEB. /. Z P#C= A QEB. 

Discussion. If the line AB passes between P and Q, the solution is 
evidently the line joining P and Q. 

Ex. 215. To find the shortest path from P to Q which shall touch a 
line AB. 

Analysis. Let E be a point in AB, such 
that Pi& and QE make equal 4 with AB 
(see Ex. 214), and let Pbe any other point 
in AB. Draw PC JL to .4P, produce it to 
D, making Ci> - PC. Join PP, QP, D^ 
DF. 



Join P& 



(Cons.) 
(8 151) 




TEACHERS EDITION. 



Then 



« 151) 



(8 33) 



A PCE- A DCE, and A PQF- A DCF. 
.-. PE= DE t and PF= DF 
.\ PE+EQ = DE+EQ = DQ, 
and PF+ FQ = DF+ FQ. 

But DQ<DF+FQ. 

.\ PE+ EQ < PF + FQ. 
Hence the shortest path from P to Q which can be drawn so as to 
touch the line AB is the broken line whose two parts form equal A 
with AB. 

216. To draw a tangent to a given circle, so that it shall be par- 
allel to a given straight line. * 

Cohstbuction. Let be the centre of the given 0, 
AB the given line. Draw OC± AB t meeting the E 
at D. Draw EDF± to OC. 

Then EF is the tangent required. 

Proof. EF'is a tangent to the 0. (J 239) 

EF is \\ to AB. (j 100) 





V 
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Book IIL 

Ex. 217. Construct x t if (1) x = ^, (2) x - £ 

c c 

Special Cases: (1) a = 2, 6=3, e = 4; (2) a - 3, 6-7, e-11; 
(3)a-2, c = 3; (4)a = 3,c = 5; (5)a-2c 

(1) —A 

c 

Solution. ex — a6. 

.\ e : a -6 : *. (J 297) 

Find £, a fourth proportional to e, a, and & ({ 352) 

(2) — ?■ 

c 

,\ c : a = a : as. (J 297) 

Find x, a third proportional to c and a. (j 353) 

Special Cases : (l)a=2, 6-3, e = 4. 
Using a convenient unit, solve like (1). 

(2) Like(l). *-lH- 

(3) * a-2, c-3. 

Find a;, a third proportional to c and a. (| 353) 

(4) Like (3). *-lf 

(5) Like (3). a? -4c 

Ex. 218. Construct x if x — VoJ. 

Special Cases : (1) a- 2, 6- 3; (2) a-1, 5-5; (3) o-3, 6-7. 

x= Va6. 
Solution. Find a;, a mean proportional between a and 6. ({ 354) 



TEACHERS EDITION. 



71 



Special Oases : (1) a ~ 2, b =- 3. 

Using a convenient unit, find x, a mean proportional between 2 and 3. 

« m) .-VBL 



(2) Like(l> 

(3) Like(l). 



V21. 



Ex. 223. If the sides of a triangle are 3, 4, and 5, what kind of an 
angle is opposite 5 ? 
A right angle. For 3* + 4 s = 5*. ( j 338) 

Ex. 224. If the sides of a triangle are 7, 9, and 12, what kind of an 
angle is opposite 12 ? 
An obtuse angle. For 12 2 > 7* + 9*. ({ 343) 

Ex. 226. If the sides of a triangle are 7, 9,. and 11, what kind of an 
angle is opposite 11 ? 
An acute angle. 11* < 7 s + 9*. (} 342) 

Ex. 226. The legs of a right triangle are 8 inches and 12 inches ; find 
the lengths of the projections of these legs upon the hypotenuse, and the 
distance of the vertex of the right angle from the Q 

hypotenuse. 

In A ABC, AC= 8 and BC~ 12. 

To find AD, DB, and DC. 



Solution. AB - VZC 2 + BC* = V8* + 12* - 14.422. 
AB:AC=AC:AD t 
14.422 : 8 = 8 : AD % 
AD = 4.438. 
DB = AB-AD = 9.984. 



(J 338) 
(I 334, II.) 



2>C= VADxDB= V4.438 X 9.984= 6.656. ({ 334, 1.) 

Ex. 227. If the sides of a triangle are 6 inches, 9 inches, and 12 inches, 
find the lengths (1) of the altitudes ; (2) of the medians ; (3) of the bisec- 
tors ; (4) of the radius of the circumscribed circle. jsJL/ 

In A ABC, a = 9, 6-6, c-12. 

(1) Let h, h', and h" be altitudes drawn to c, a, 
and o, respectively. 




72 PLANE 880METBY. — BOOK III. 

To find the lengths of A, A', and h". 
Solution. ]fc-fv«(«-a)(«-o)(«-c) /^K 




e 



- AV¥W-»)(¥-6)(¥-12) (Ex. 219) 

-4.357. 

V -^Vf(f-a)(f-ft)(f-e)-|VV(V-9)(V-6)(V-12)-5.809. 




jfe^. 



V-fV«(«-a)(«-6)(«-c)-}VV{V-9)(¥-6)(V-12)-8.714. 
o 

(2) Let m, m', and m" be medians drawn to 
e t a, and o, respectively. 

To find the lengths of m, mf t and »i". 

Solution, m - J V2(a J + 6») - c 1 - JV2(9» + 6*) - 12 1 

-4.743. (Ex.220) 

m' - }V2(o« + *)-<*- }V2(6* + 12«) - 9* - 8.361. 
m"- JV2(a f + c»)-o« - JV2(9» + 12*) -6* - 10.173. 

(3) Let e, *', and t" be the bisectors of 4 C, 4, 
and B, respectively. 

To find the lengths of t, t' % t". aI^V^^^^ 

Solution, t ?- Vato(«- c) -^-^ V9 x 6 x ¥KV - 12 ) 

o+ 6 9+6 

-4.409. (Ex.221) 

^"o^ VM '" a) "6Ti2 V6xl2xV(V " 9) 

- 7.348. 

«// ?-Va«(s-6)-- : i- 5 V9xl2xV(V-6) 

a + c w + iz 

-9.959. 

(4) Let 22 be the radius of the circumscribed O. 
To find the length of R. 

Solution. B abe (Ex.222) 

4V«(«-a)(«-6)(«-c) 

. 9x6x12 _ 6 196 

4vV(¥-9)(¥-6)(¥-i2) 
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Ex. 228. Any two altitudes of a triangle are inversely proportional 
to the corresponding bases. 

In the A ABC let AE and CD be the alti- 
tudes drawn to BC and AB respectively. 
To prove AE : CD = AB : BC. 
Proof. The rt. A A EB and BDC have 
the common acute A B. 

.'. A AEB and BDC&re similar. 
AE: CD-AB: BC. 




«323) 



Whence 




Ex. 229. Two circles touch at P. Through P three lines are drawn, 
meeting one circle in A, B, C, and the other in A', B / , C, respectively. 
Prove that the triangles ABC, A'B'CT are 
similar. 

In the © and & let AA\ BB', and 
C<y be drawn through P, the point of con- i v / -^ »\ ^7 u -^fe / 
tact, and let AC, BC, AB, A'& t B'V, and 
A'B' be drawn. 

To prove A ABC and A'B'W similar. 

Peoop. AC, BC, and AB are II to VA\ &B', and B'A', respec- 
tively. (Ex. 86) 
/. A ABC and A' B'V are similar. (J 327) 

Ex. 230. Two chords, AB, CD intersect at M, and A is the middle 
point of the arc CD. Prove that the product AB x AM remains the 
same if the chord AB is made to turn about the fixed 
point A. 

Let AB and CD be two chords intersecting at M, 
and A be the middle point of the arc CD. 

To prove that AB x AM is constant. *^ 

Pboof. Draw the diameter AE and join BE. 

AF\b±U>CD. (J 232) 

AjLREisart.A. (? 264) 




The rt. A AFM&nd ABE have the common A MAF. 
.-. A AFM&nd ABE are similar. 



Whence 



But 



AFiAB-AM:AML 
,\AFxAE=ABxAM. 

AFx AE is constant. 
.'. AB X AM is constant. 



(J323) 
«»5) 



/ 



/ 



X 
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Ex. 231. The Bum of the squares of the segments of two perpendicular 
chords is equal to the square of the diameter of the ^— -^P 

circle. 

Let the J. chords AB and CD intersect at P. Draw 
the diameter BE 

Then PT + PC* + Pff + Fff = BE 1 . 

Proof. Join AC, ED, and BD. 

arc AC+ arc BD - arc BDK 

Subtract arc BD from both sides. 

Then arc AC= arc ED. 

/. AC= ED. 

Now, Eff + B& = BE*. 

Substituting ,40 for ED, 

Atf + Btf-BE'. 

But AC* = P£ +PC*, 

and SD'-Pg' +i>5\ 

Substituting, PZ , + P^ + P5 , +P5 , » -KB*. 



(Ex.84) 

(J 230) 
«338) 



(1338) 




Ex. 232. In a parallelogram ABCD, a line DE is drawn, meeting 
X^ the diagonal ACjaF, the side BC in (7, and the side AB produced in 

^ E. Prove that DF* = FGxFE. 

Let ABCD be a O, and DE be drawn, 
meeting the diagonal AC in F t the side 5(7 in 
G, and the side -45 produced in E. 
Then DF* = FQxFE. 

Proof. In the A ^.EF and DFC t 

ZAEF-ZFDC, 
and ZFAE^ZFCD. 

/. A .AJgFand DFC&re similar. 
Whence DFiFE^FC: AF. • 

In the & 4-F2) and GLF<7, 

and ZDAF-ZFCG. 

.-. & 4JTD and GFC&re similar. 

Whence P0 : DJ 1 - -PC : AF. 

But DF:FE-FC:AF. 

.\DF: FE-FG: DF. 

.\DF*>-FGxFE. (J295) 



«104) 
« 322) 



«95) 
(J104) 
({ 322) 
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Ex. 233. The tangents to two intersecting circles drawn from any 
point in their common chord produced are equal. 

Let and & be two intersecting <§>, ABC be 
cheir common chord produced, and CD and CE 
be tangents to O and C 

Then CD - GR 

Proof. Cff=CAxCB t 

and CE* - G4 X Ctf. (? 348) 

.% C&=CE % and CD-CK (Ax. 1) 

-> 

Ex. 234. The common chord of two intersecting circles, if produced, 
will bisect their common tangents. 

Let and O* be two intersecting <8>, DC their 
common chord produced, and EF and OH their 
common tangents. 

Then DC bisects ^Fand QH. 

Proof. SC* - CB x (M, 

and FC*=CBxCA. 

.\EC* = FC* and ##= .PC. 

In the same way, it may be proved that OS is bisected at D. 

Ex* 236. If two circles touch each other, their common tangent is a 
mean proportional between their diameters. 

Let O and & be two ® touching at P t 
and AB their common tangent. 

Then ACAB-AB.BD. 

Proof. Draw AP, CP, BP, DP, OC 

Since 4(7 and BD are JL to AB (J 240), 
they are II (J 100). 

.-. Z AOP + Z BCP= 2 rt. 4. ({ 109) 

But Z PAB - i Z 40P, and Z P54 = J Z BCP. (J J 262, 269) 

/.ZPAP + ZPAA-art. Z; .*. Z 4PB - a rt. Z. (§138) 

Also Z APC= a rt. Z (J 264) ; .-. CPB is a straight line. (J 93) 

In like manner DPA is a straight line. 

Now in the rt. A ACB and ADB, 

AC-ZDAB. (jj 263, 269) 

/. A ACB and AZ)P are similar. (§ 323) 

Whence AC.AB-AB: BD. 




r- 
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Ex. 236. If three circles intersect one another, the common chords 



-i 



all pass through the same point 

Let the ® ABC, ABE, and ODE intersect one 
another, and AB and CD meet at 0. Join EO. 
Suppose that EO produced meets ABE&t Pand 
CDE&t Q. 

Then P and Q are the same point. 

Proof. In O ABC, OAxOB^OCx OD. 




(1346) 



v/ 



In O ABE, OAxOB=OEx OP 

InQCDE, OCxOD-OExOQ. 

Whence OExOP-OExOQ. 

.:OP=OQ. 

Therefore EP is the common chord of ® ABE &nd ODE, and passes 
through the point 0. 

Ex. 237. If two circles are tangent internally, all chords of the greater 
circle drawn from the point of contact are divided proportionally by the 
circumference of the smaller circle. 

Let the ® and / be tangent internally at 
P, and chords PA and PB be drawn, cutting the 
circumference of / at (7 and D. 
Then PC:PA = PD:PB. 

Peoof. Draw the tangent MN*X the point P. 

DrawPPJ.toJf.fl: 
Then PF passes through the centres O and / . 
Join EC, ED % FA, and FB. 
A PCE and PAP are rt. A. 
The rt. A PCE and PAF have the A EPC common, 
.\ A PCE&nd P4Pare similar. 
Whence PC:PA = PE: PF. 

In the same way, it may be proved that 

PD:PB = PE:PF. 
:.PC:PA-PD:PB. 




Ex. 238. In an inscribed quadrilateral, the product of the diagonals 
is equal to the sum of the products of the opposite sides. 
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Let ABCB be an inscribed quadrilateral, and A C and BB its diagonals. 
Then ACxBB = BCx AB+ABx BO. 

Proof. Draw BE, making Z CBE = Z ABB. 

Add to each Z J3ZXE; then in & ABE and BBC, 

Z ABE ^Z BBC, (Ax. 2) 

and Z BAO - Z i>J?G ({ 267) 

.-. & -<4Z)-E and BBC are similar. ({ 322) 

Whence AB: BB = AE: BC. 

;.ABxBC=BBxAE 
In ABEC&ud ABB, Z OBE= Z ABB t 
and ZBCE=ZABB. 

:. & i)^C and jt-RD are similar. 
Whence EC: AB-BC: BB. 

;. -DCx AB = BBx EC. 
Add (1) and (2) ; then 

Z)(7x -45 + -42) x 5(7= -D-BC4-E+ EC) = BBx AC. 



(1) 

(Cons.) 
(J 267) 
(! 322) 

(2) 



Ex. 239. The sum of the squares of the four sides of any quadrilateral 
is .equal to the sum of the squares of the diagonals ^ 
increased by four times the square of the line joining 
the middle points of the diagonals. 

Let ABCB be a quadrilateral, and EF the line 
joining the middle points of the diagonals AC and BB. jj~ 

Then AB i + BC* + Cff + BA* = AC* + Bff + 4: EF 2 . 
Proof. Draw BE and BE. 




Iff + BC* = 2 f^.\\2BE\ 
Cff + m 2 = 2(4?-) 2 +2BE*. 



2 ; 



and 

Adding these equalities, 

I5 2 + 5C 2 + c5* + 52 a = 4 f 4rY + 2{BE* + BE*). 



But 



{2 \ 
BE* + BE* - 2 f— V+ 2 EF 2 . 



«344) 
(| 344) 

«344) 



.X? + M , + cB 2 + M a = 4(^Y + 4^y + 4lF 2 
= 2c a ri?5 2 + 4lF a . 
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Ex. 240. The square of the bisector of an exterior angle of a triangle 
is equal to the product of the external segments determined by the bisec- 
tor upon one of the sides diminished by the r 
product of the other two sides. S NX \ 

Let ABC be a A, and CD be the bisector of f \^jfc^ 

the exterior Z BCH t meeting AB produced at D. V ^^*\/I N. 

Then Cff-ADxBD- ACx BC. "^ ^^ 

Proof. Circumscribe a O about the A ABO, produce DC to meet the 
circumference in F, and draw BF. 
In A ACD and BCF, 

ZBAC-ZBFC, (J 267) 

ZFCA-ZHCD. (J 95) 

But Z HCD = Z BCD. (Hyp.) 

/. ZFCA-ZBCD. (Ax. 1) 

Add to each Z^iOT; then 

ZFCB-ZACD. (Ax. 2) 

.\ A ACD and BCF&re similar. (J 322) 

Whence CD. BC=AC: FC. 

.:FCxCD = ACxBC. 
Now ADxBD = FDxCD ({ 347) 

= (FC+CD)CD 
= FCxCD + C&. 
But FCxCD = ACxBC. 

.-. ADxBD = ACx BC+ Off. 
Transposing, Cl? = ADxBD- ACx BC. 

Ex. 241. If a point is joined to the vertices of a triangle ABC, and 
through any point A' in OA a line parallel to AB is drawn, meeting OB 
at B' f and then through B / a line parallel to 
BC, meeting 00 at C, and C is joined to A', 
the triangle A'B'Cf will be similar to the tri- 
angle ABC. 

Let ABO be a A, any point ; let OA, 0B % 
and 00 be drawn ; from A', any point in OA, 
let A'B' be drawn II to AB ; let B'C be drawn II to BC; join <7 
and 4'. 

Then A .A.BC and A'B'V are similar. 
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Pkoof. In & ABC *ndA'B'C 

Z ABC= /L A'B'C (J 112) 

In A AOB and A'OB' t 

A OB' A' = Z OBA y and A OA'B' = A OAB. (J 106) 

.-.' A AOB and A' OB' are similar. (J 322) 

Whence OJ?' : OB =- A'J?' : AB. 

In the same way, A OB'C and OB C may be proved similar. 
Whence 0£' : OB =■ tf'Cr : 5(7. 

.\A'B' :AB = B'ViBC. 
/. A ABC and A'B'C are similar. (} 326) 

Ex. 242. If the line of centres of two circles meets the circumferences 
at the points A, B t C t D t and meets the common exterior tangent at P, 
then PA xPZ> = P£x PC. 




1- 



In the (D and / let the line of centres meet the common tangent 
PXZat Pand cnt the circumferences at A, B, C, Z>. 

Then PAxPD = PBx PC. 

Pboof. Draw the radii OX and 0' Y. 

A PXO and PYC are rt A. (} 240) 

The rt A PXO and PYC have the Z XPO common. 

/. A PXO and PFC are similar. (| 323) 

Whence PO:OX=PC:CY. 

By composition and division, 

PO+OX:PO-OX=PC + CY:PC-CY. 
But PO+OX-PB, PO-OX-PA, PC + CY-PD, 
and PC-CY=PC. 

Substituting these values, 

PB'.PA-PDzPC. 
.\PAxPD-PBxPO. 
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Ex. 243. The line of centres of two circles meets the common exterior 
tangent at P, and a secant is drawn from P, cutting the circles at the 
consecutive points E t F t G, H. Prove that PExPH= PFx PG. 



i 




In the ® and O f let the line of centres meet the common tangent 
PXY at P, and cut the circumferences at A, B, C t D ; let the secant PH 
be drawn, cutting the circumferences at E, F, O, H. 

Then PExPH = PFxPG. 

Proof. Draw the radii OX, OE, OF, / T t 0>Q, and O^H; draw OM 
and O'iV JL to Pff. 
rt. A PO -Wand PO'iVhave the common A OPM and are similar. (J 323) 
Whence PO:PO'=OM: 0*N. 

But PO : PCy^OXi 0*Y= OF: 0*K (Ex. 242) 

/. OM: 0*N=0F: 0*H. 



Suppose / H / be drawn II to OF. 



A OMF&nd / NH f are similar. 

OM: 0*N=OF: 0*H'. 

:. 0*H=* / H / and coincides with it 

,\ O'-H'islltoOP. 

PO:PO'=*PF:PH. 

In the same way, it may be proved that 

PO:PO' = PE:PG. 
.\PE:PG=*PF:PH. 
:. PEx PH= PFx PG. 



Then 
Whence 



Whence 



« 327) 



({309) 



Ex. 244. A line is drawn parallel to a side AB of a triangle ABC, 
and cutting AQ in D, BO in E. If AD : DC= 2 : 3, and AB=2Q inches, 
find DE. 
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Find the segments 




Solution. AD : 2)0= 2 : 3. 

By composition, AD + DC : DC = 2 + 3 : 3. 
Or AC;DC=b:Z. 

But AC:DC=AB:DE. 

.\AB:DE=5:3 
Or 20:Z>J£=5:3. 

/. !>.£= 12 inches. 



Ex. 246. The sides of a triangle are 9, 12, 15. 
made by bisecting the angles. 

In the A ABC let t t *', and *" be the bisectors 
of A C, A, and B, respectively. ^ 

AB = 15, PC- 12, AC = 9. 
To find the lengths of AE y EB % BF t FC t CG % and GA. 
Solution. AE:EB = AC: BC= 9 : 12. (J 313) 

.:AE=ftxl5 = Gb 
J5tt = ifXl5 = 8f 
In the same way it may be proved that 

AF=-i}xl2 = 7}, 
,TO~/ r Xl2 = 4} l 
CG-tfx 9-4, 
GA = tfx 9 = 5. 

Ex. 246. A tree casts a shadow 90 feet long! when a vertical rod 6 
feet high casts a shadow 4 feet long. How high is the tree ? 
Solution. Let x = the height of the tree. 

Then 4: 90 = 6: x. 

/.af = 135 feet. 

Ex. 247. The bases of a trapezoid are represented by a, b, and the 
altitude by A. Find the altitudes of the two tri- 
angles formed by producing the legs till they meet. 

Lef ABC be a A formed by producing the legs of 
the trapezoid ABDE y h and h' be the altitudes 
of ABDE and ABC, respectively, and a and b be 
the bases of the trapezoid. 

To find the altitudes of A ABC *nd EDO in terms of h t a, and 6. 



E A 


C 


Yd 


J 


h 


ti \ 

\n 




82 PLANE GEOMETRY. — BOOK III. 

Solution. The altitude of A EDG- K'-K. 
Since AB and ED are II, 

A'-&: A'-6:a. (J 328) 

.\aA'-aA-6A'. 

a— b 

and *_*—«*». J* 

a— 6 o— o 

Ex. 248. The sides of a triangle are 6, 7, 8. In a similar triangle the 
side homologous to 8 is equal to 40. Find the other two sides. 
Solutioh. Let x =- the side homologous to 6, 

y =- the side homologous to 7. 
Then 6:8-*: 40, ({319) 

also 7:8-y:40. 

.\x-30, andy-35. 

Ex. 249. The perimeters of two similar polygons are 200 feet and 300 
feet. If a side of the first polygon is 24 feet, find the homologous side 
of the second polygon. 

Solutioh. Let * — a side of the second polygon homologous to 24. 

Then 200 : 300 - 24 : x. (2 333) 

/. x - 36 feet 

Ex. 260. How long npst a ladder he to reach a window 24 feet high, 
if the lower end of the ladder is 10 feet from the side of the house ? 
Solution. Let x = the length of the ladder. 

Then x - V24 J + 10* - 26 feet. (J 338) 

Ex. 261. If the side of an equilateral triangle — 8, find the altitude. 

Solution. Let x - the length of the altitude. 

Then *-Va*-(4a)* = |V3. (§338) 

Ex. 262. If the altitude of the equilateral triangle =- A, find the. side. 

Let a he the side of the equilateral A. 

Solution. o» - (i a)» = tf. ({ 338) 

...a"-^?, and a=*£V5. 
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Ex. 253. Find the lengths of the longest and the shortest chord that 
can be drawn throngh a point 6 inches from the centre of a circle whose 
radius is equal to 10 inches. 

Let P be the given point, CD a diameter drawn 
through P, and AB a chord X to CD. 

Solution. Draw AO. 

CD is the longest chord and = 20 inches. (2 227) 
AP= ViiO a -OP 2 = Vl0*-6* - 8. (j 339) 

But AP=\AB. 

,\AB = 16 inches. 




A B is the shortest chord. 



(I 232) 
(Ex. 115) 



Ex. 264. The distance from the centre of a circle to a chord 10 inches 
long is 12 inches. Find the distance from the centre to a chord 24 
inches long. 

Let AB be 10 inches, CD 24 inches, OP ± to 
AB 12 inches. 

To find the length of OE ± to CD, A ^ 

Solution. Draw OA and OC. 

JT 

OA =- V0J* + XF* = Vl2* + 5* -. 13 = OQ (J 338) 




OE= -y/oC* - CE* = V13*-12* - 5 inches. 



Ex. 265. The radius of a circle is 5 inches. Through a point 3 inches 
from the centre a diameter is drawn, and also a chord perpendicular to 
the diameter. Find the length of this chord, and the distance from one 
end of the chord to the ends of the diameter. 

Let AB be a chord drawn _L to the diameter CD 
and 3 inches from the centre 0. 

To find the lengths of AB, BD t and BC. 

Solutioh. Draw OA. 



AP=VUS t -OP*=V&-& = 4. 
.AB=*2x AP=> 8 inches. 




BD - VP^ + PS 1 - V4 J + 8* = 8.944 inches. 
BC = Vi*2?+ PC* - y/V~+¥= 4.472 inches. 
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Ex. 256. The radios of a circle is 6 inches. Through a point 10 inches 
from the centre tangents are drawn. Find the lengths of the tangents, 
and also of the chord joining the points of 
contact. 

Let AB be a secant drawn through the cen- 
tre 0, BD and BC be tangents, and DC be & A \ 
chord joining D and C. 

To find the lengths of BC, BD, and DC 

Solution. AB = 16, EB = ± 




BCT = ABx EB (I MS) = 16x4. 

:. BC= 8 inches - BD. 

OB-10, OF:FB=OC*: 5C* = 36: 64. 

/. FB = AVx 10 = 6.4. 

OF- VSC^-JS*- V8»-6.4* (j 338) - 4.8. 

.-. DC= 2 x CF- 9.6 inches. 



(J246) 
(J 335) 



(1232) 



Ex. 257. If a chord 8 inches long is 3 inches distant from the centre 
of the circle, find the radius and the distances from the end of the chord 
to the ends of the diameter which bisects the 
chord. 

Let AB be a chord 8 inches long, 3 inches 
distant from 0, and CD be a diameter bisecting 
AB. 

To find the lengths of OB, BD, and BC. 




Solution. OB = VoP* + PI? - V3* + 4* - 5 inches. 



({ 338) 



BD= -VdF* + P& = V&T& - 8.944 inches. 
BC = VPZ? +PO* = V&T& - 4.472 inches. 



Ex. 258. The radius of a circle is 13 inches. Through a point 5 inches 
from the centre any chord is drawn. What is the product of the two 
segments of the chord ? What is the length of 
the shortest chord that can be drawn through 
the point ? 

Let FE be a diameter, AB be a chord ± to 
FE % and CPD be any other chord, OP =5 
inches, OA=>\3 inches. 
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To find the value of CPx PD t and the length of AB. 
Solutioh. jEP-8, PF= 18. 

.\ CPx PD = 8 x 18 = 144. (i 345) 

AB is the shortest chord drawn through P. (Ex. 115) 
APxPB-lte. But AP=PB. 
/.JDP-Ht /.ilP-12. .\AB- 24 inches. 

Ex. 359. From the end of a tangent 20 inches long a secant is drawn 
through the centre of the circle. If the exterior segment of this secant 
is 8 inches, find the radius of the circle. 
CD - 20 inches, CB~$ inches. 
To find the length of OB. 
Solutioh. AC : CD - CD: CB. (J 348) - 

AC: 20 -20 :8. 
.: AC =50. 
AB = AC-CB-\2. 
OB = i AB = 21 inches. 

Ex. 260. The radius of a circle is 9 inches ; the length of a tangent is 
12 inches. Find the length of a secant drawn ^""~^s? 
from the extremity of the tangent to the centre 
of the circle. 

AB — 12 inches, OB = 9 inches. 

To find the length of AO. 





Solutioh. AO - s/Iff + Off - V12 8 + 9* = 15 inches. (J 338) 

Ex. 261. The radii of two circles are 8 inches and 3 inches, and the 
distance between their centres is 15 inches. Find the lengths of their 
common tangents. 

Case I. Let AB be the exterior 
tangent. 

To find the length of AB. 
Solution. Draw CCU to BA. 
00'= 15, OC=5. 

0*0 = ^/U(P--0<?=* Vl5» - 5 s = 14.142 inches - AB. (J 338) 
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Case II. Let AB be the interior 
tangent. 
To find the length of AB. 

Solution. Make 00 equal to 
OA + / B. 

Draw &0. 
0(7=11, OC-15. 




/ C - y/00* - 00* = Vl5* - 11» - 10.18 inches = AB. (J 338) 

Ex. 262. Find the segments of a line 10 inches long divided in 
extreme and mean ratio. , 

Solution. x — the larger segment, 

10 — x = the smaller segment. 
Then 10 : x = a> : 10-x. 

<r» = 100-10x. 
Transposing, «■ + 10 x - 100. 

Completing the square, x* + 10* + 25 = 125. 
Extracting the square root, x + 5 =» ±V125. 

.\ a = 6.18. 
.-.10 -a? -3.82. 

Ex. 263. The sides of a triangle are 4, 5, 6. Is the largest angle 
acute, right, or obtuse ? 
An acute/:. For6»<4* + 5*. (J 342) 

Ex. 264. To divide one side of a given triangle into segments propor- 
tional to the adjacent sides. 

Let ABO be a A. It is required to divide AB 
into segments proportional to .AC and BO. * S i X ? 

CoNSTBtrcnoN. Draw CD bisecting Z 0. 

Proof. AD:DB = AC: BO. (i 313) 




Ex. 265. To produce a line AB to a point C so that AB : AO=* 3 : 5. 

Let AB be a straight line. It is required to pro- «* j* o 

duce AB to Cso that AB : AC=* 3 : 5. \/ ^ 

Construction. Using a convenient unit, find BO, Hr 

a fourth proportional to 3, AB, and 2. (J 352) 

Proof. AD = 3, AE=5. 

Then AB : AC -AD : iLE=3 : 6. (Cons.) 
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Ex. 266. To find in one side of a given triangle/a point whose die- J 
tances from the other sides shall he to each other in > given ratio^-^ ' 

Let ABC he a A. It is required to find a point in AB whose distances 
from AC and BC shall he propor- 
ionaltow ^-"^'jo^-i^andifu " ' 

Find BC, a t required. 

PD:PA=-PA:PC. « ~ 2L - 

OW 1 ' PA : PC = PC :PB. — 2L - 

.\PD:PA = PC:PB. 

/. AD i* II to BC. 
JJ is me poitit requiieu. ^nn a a --- 

Proof. In the rt. A OHO and DFC, * ~ 

ZGOH-ZDCF. (i 112) 

.-. A 0J5TO and DFC are similar. (J 323) 

Whence OH: DF= 00 : CD. 

In the same way it may he proved that &AGO and EDO Are similar. 

Whence AO : DE= 00 : CD. 

/. AO : DE= OH: DF. 
By alternation, AO:OH=DE:DF. 

But AG = m, and OH~n. 

,\ DE: DF = m:n. 

Wth P : n an 0D ^ U8e triangle : to draw a line from the vertex of 

A T> PA >"*° ^ e °PP 08 ^ side which shall be a mean proportional 

t>at>- i.\. Jaents of that side. 
PAB is the si 

-r, :an obtuse A. It is required to /ru«„ « \ 

Peoop. n . D ,. , Z 1 .. , (Cons., 

^ -m C to -AJ? which shall be a ,. „ . R 

mean proportional between the segments of AB. * J 

Construction. Circumscribe a O about ABC, fa <ufl J 

and draw the radius OC; upon OC as a diam- rm~ pa\ 

eter describe a semicircle intersecting AB at P. K ._ - 

Draw CP, and continue it to meet the circumference at -D. Join OP. 
CP is the liner .\AB = P 

Proof. •'. PA:AB = 4, ^. (§ 264) 

.-. AS - 4 (j 232) 

.Tie problem is impossf) : PB. (j 345) 
Substituting C - f : PB. 



-i 
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Ex. 268. Through a given rtoin> -P within a given circle to draw a 
chord AB, bo that AP: BP-t: %. 

Let P be the given point. It is required to draw a chord AB throng^ 
Pso that AP: BP~ 2:3. . . ^ uxtic \.> 

CoHSTBUCTIO 

and n equal to^ q/q 
long it to C, so Qp, _ 15 

OPr-=, ' — 

Find x, a fou-^ - Vlff-ll 1 - 10 - 18 ™ h <* - ^* (I S 38 ) 

n, and the radi| the Begment8 of i; na ln i^w w„ j;„:^ ■ 

With C as a ceuw. as a radius, cut the circumference at B. 

Draw OB, and AO II to CP. Join 4Pand BP. 
APB is a straight line, and the chord required. 
Pboop. OP : PC- m:n=OA: CB; (Cons.) 

/.AOP-/.PCB. ({104) 

A A il OP and POP are similar. (J 326) 

/. /. APO - Z. GPB. (homologous A) 

Since OPCis a straight line, iiPP is a straight line. 
Also AP : PP- OP:PC=m:n. 

Ex. 269. To draw through a given point P in the arc subtended by a 
chord AB a chord which shall be bisected by AB. 

Let Pbe a point in the arc AB. It is required to (2 342) 

draw a chord through P which shall be bisected by the - 
, , A „ B J igments propor- 

tional to the adjacent sic 

a »/> v a t v *k e radius OP intersecting 
Let ABC be a A. I ftl to Qp Draw D£ „ to BA 

nto segments proportior iord required 

. CoNSTBtrcTioH. PF : FF = CP : CD. ({ 309) 

'' Peoop - CP- CD. .-. PF= FF. 

Ex. 270. To afiraw through a point P t exterior to a given circle, a 

v secant PAB so that PA : AB 1 ~~ w H 1 " - "* 

J^ 3 * 3 : 5. m 

Let P be a point exterior to { ™\ unit » find BC > — *- 

the O ABC It is required to 
draw through P a secant PAB, 
so that P4: AB- m ; n- 4 ; 3. \AD : -4JS7- 3 ; 



nd2. 

3. AF-5. 
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Construction. Draw the tangent PC. 

Divide PC so that PD : DC=* 4:3. (J 351) 

Construction. \ mean pr0 p 0rtiona i between PD and PC. (J 364) 



ingle with A B. D 



;re with a radius equal to x, cut the circumference at 
AE : ; Join AD and PC. 
Find BC, a t required. 

PD:PA = PA:PCL (Cons.) 

?HRP F PA:PC=PC:PB. (J 348) 

.\PD:PA = PC:PB. 

/. 42) is II to £C. (3 312) 

.\ P4: jLB=PD:2)C=.4:3. 

Discussion. The problem is impossible when the distance from P to 
the nearest point of the circumference is greater than $ of the diameter 
oftheO. L^ ^~ -*v' 

is required to construct au" 
pass through P and P f and 



it *. «. . 



* point P, ogtoriog(to a given circle, a 




J>A x PB. 
Constbuction. Draw P'i , _ , „ ^ Xi 
.„ . ~ «. , .to the O 4£2). It 

45 at C. Find a mean pr< ,, , jpi 

ietween FC and PC (| SMJ 2 ** 80 that ^ 

CD equal to this meanjy/ 

r^f 00 ± to JjB^-^ - ^ tangent Pi>. ^ 

Divide Pi) so that m .. 

PC: CD-CDi PD. ~ (§ 356) 

With P as a centre with radius equal to CD, cut the circumference at 
A. Draw PAB t AC, and BD. 
PAB is the secant required. 

Proof. PC. PA- PA: PD. (Cons.) 

But PA:PD = PD: PB. (J 348) 

.\FO1PA-PD1PR 

/. AC is II to BD. (i 312) 

.\PG:PA~ CD : 4P - P4 : -A£ (since CD- PA). 
But PC:PA = PA:PD. 

;.AB = PD. 
.\PA:AB=*AB:PB. 
.:AB i = PAxPB. 

Discussion. The problem is impossible when PD is greater than the 
diameter of the 0. 



~f 
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Ex. 272. To find a point P in the arc subtended by a given chord 
AB so that PA : PB = 3-*4r 

Let AB be a chord of the O ABC. It is required » chord AB through 
f to find a point P in the arc AB so that V \> 

^ P4:PD=> 3:1. j \^" ^» T 

* Cokstbuction. Through the centre draw EC / jd C_^S 

XboAB. Take D on 45 so that AD : DB =- 3 : 1. '. 
Draw CDP t PA, and PA P is the point required. 
Pboop. arc AC=> arc 5(7. * (J 232) 

.*. £ APC~* £ BPC (being measured by halves of equal arcs). 

.\ APi PB-AD : DBS :1. « 313) 

Ex. 273. To draw through one of the points of intersection of two 

circles a secant so that the two chords that are formed shall be to each 

other in the ratio of S-t (fc— --- , \ w \ • * (j 104 

f Let and 0* be two ® intersecting at b similar. ({ 326; 

\ " ~~ im * A f ° draw trough P*B. (homologous^ 

o* r\Ttn- chords formed shall >z> . . . , . ,- ^ 
Since OPC ii m _ „ 'B is a straight line, 

ratio of 3 : 5. 
Also A *=m:n. 

-, the line of centres 

'^^Ex^^draw th* 0A:A(y _ S:bm " " ~ lA ' ( j 3 51) 

Join AP DrawtfPF ± to AP Draw OD and O'.E X to 0PP. 
Then GPP is the secant required. 
Pboop. OA : AC - DP : Ptf = 3 : 5. (J 311) 

But DP- J 0P and PE= J PP. ({ 232) 

.\0P:PP=3:5. 

Ex. 274. To divide a line into three parts proportional to 2, f, £. 
Let AB be the given straight line. It is required to divide AB into 

parte proportional to 2, f , and }. a^ » 

^ j j 

Constbuction. Divide AB into parts proper- *^*<^ 

tional to 8, 3, and 2. (J 351) ^** 4 ^i 

These are the parts required. 

Proof. 2:f : J-J: }:f = 8:3:2. 

Ex.275. Having given the greater segment of a line divided in ex- 
treme and mean ratio, to construct the line. 
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Let AB be the greater segment of a line divided in extreme and mean 

ratio. It is required to construct the line. 

^ a B o 

Construction. Draw AE at a convenient ^^ \ "~\ 



angle with AB. Divide AE so that 

AE:AD = AD:DE. ( j 356) 

Find BC, a fourth proportional to AD t AB, and BE. 
AC is the line required. 
Pboop. AC:AB = AE:AD. (J 309) 

But AE: AD = AD: DE. (Cons.) 

Also AD: DE=ABi BC. (Cons.) 

.\AC:AB = AB:BC. 

Ex. 276. To construct a circle which shall pass through two given 
points and touch a given straight line. 

Let P and P f be the two points, and AB the given straight line, 
is required to construct a O which shall 
pass through P and P f and touch AB. 

Construction. Draw P f P cutting 
AB at C Find a mean proportional 
between P f C and PC ({ 364). Cut off 
CD equal to this mean proportional, v 
Erect 02) J. to AB, and draw CO bi- ^^v^ 



It 




secting P , P at right angles. At 0, the 
point of intersection of (¥0 and OD, describe a circumference with a 
radius OP. This circumference passes through P and i*, and is tangent 
to AB at D. 

Proof. Since is equally distant from P and 2", the circumference 

passes through i*. Also, P^C: CD=CD: PC. (Cons.) 

.\ CD is tangent to the at D. (J 348) 

Discussion. By taking CE equal to CD, a second solution may be 
found. 

Ex. 277. To construct a circle which shall pass through a given point 
and touch two given 
straight lines. 

Let AB and AG be 
two straight lines inter- 
secting at A, and P be 
the given point. 
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It is required to pass a circumference through P touching AB and AG. 

Construction. Draw AD bisecting A BAG. Draw PC± to AD and 
prolong it to 2* 
making CP f equal 
to PC. Construct a 
O passing through 
Pand2* and tan- 
gent to AB (Ex. 
276). This is the x 
O required. ~** ^~ 

Proof. Since AD bisects PF, the centre must lie in AD. Since AD 
is the bisector of /. BAG, the O must touch AG. 

Discussion. As in Ex. 276, two solutions are possible. Special Case : 
when AB and AG are II. 

Ex. 278. To inscribe a square in a semicircle. 

Let EDCF be a semicircle. It is required to inscribe a square in 
EDCF. ^ 

Construction. At E draw the tangent EH equal 
to twice the radius EO. Join HO % cutting the cir- 
cumference at D. Draw DA ± to EF t DC II to 
EF, and OB J. to EF. 
A BCD is the square required. 

Proof. A BCD is a rectangle by construction. Draw OC. 
In the rt A OAD and OBC, 

OD = OC (radii), and AD - CB. 
.*. A OAD and OBC are equal. 
.\ OA - 05. 
In A OEH t AD is II to EH. 

Whence Oil : 42) = OE: EH 

But 0# - J -EIT (Cons.). .-. OA - } 42). 

.-.04 + 05 = 42). 
.'. ABCD is the square required. 

Ex. 279. To inscribe a square in a given triangle. 

Let ABC be the given A. It is required to inscribe a square in 
A ABC 

Construction. Draw the altitude OH On HB produced construct 
a square HNMC with CH as one side. Join AM, cutting BC at F. 
Construct the rectangle DEFG 




)H> 



«180) 
« 161) 

(8100) 
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(1100) 



DEFG is the square required. 
Proof. InAiiiVif, 

EFi*\\U>NM 
Whence EF:NM=AF:AM. 
Also, it may he proved in A ACM, that 
QF: CM=AF:AM 

.:EF:NM=GF: CM 
But NM~ CM (Cons.). ,\EF=GF. 





.*. DEFG is the square required. 

Ex. 280. To inscribe in a given triangle a rectangle similar to a given 
rectangle. 

Let EFG he the given A, and R the given rectangle. It is required 

to inscribe in EFG a rectangle q M 

similar to R. 

Construction. Draw the **- 

altitude GH. On HF pro- mJ 
duced construct a rectangle 3 HBr" 

similar to R. Join EM t cutting FG at C. Construct the rectangle 
ABCD. Then ABCD is the rectangle required. 

Proof. In the A ENM % BG is II to NM. (J 100) 

Whence BC : NM = EC : EM 

Also, it may be proved in A EGM % that 

DC-. GM=EC:EM 
.\BC:NM=DC: GM. 
/. ABCD is similar to HNMG, and also to R. 

Ex. 281. To inscribe in a circle a triangle similar to a given triangle. 

Let be the given O, and ABC the given A. It is required to in- 
scribe in a A similar to ABC. 

Construction. At any point in the cir- 
cumference draw the tangent DC At & 
draw a chord, making ZB'&D equal to 
/. A. At B' make the Z A'B'V equal . 
to ZB. Join A'C 

A A'B'C is the A required. 

Feoof. £A' = £ B'&D (being measured by \ the same arc). 

.\ZA'-ZA. ZB' = ZB. (Cons.) 

/. A ABC and A'B'V are similar, (§ 322) 
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Ex. 282. To inscribe in a given semicircle a rectangle similar to a 
given rectangle. * 

Let E be the given rectangle, and FDCO the given semicircle. It is 
required to inscribe in FDCO a rec- 
tangle similar to B. 

Construction. Find FE t a fourth 
proportional to J a, h t and the radius 
OF (J 352) 

At fdraw the tangent FE. Join OE t cutting the circumference at 
D. Construct the rectangle ABCD. 




Then ABCD is the rectangle required. 



OD-OC. 
AD-BC. 
.\AOAD = &OBC 
.\OA = OB. 
AD is II to FE. 
.\OA:AD=>OF:FR 
ia:h=OF:FR 
.'.OA:AD = ia :h. 

OA = iAB. 
iAB:AD = ia:h. 
, ABCD is similar to B. 



Ex. 283. To circumscribe about a circle a triangle similar to a given 
triangle. 



Proof. Draw OC. 



In A 0FE t 



But 



But 



(radii) 
(Cons.) 
(8 161) 

(|100) 

(Cons.) 





Let ABC be the given A. It is required to circumscribe a A about the 
DEF similar to ABC 

Construction. Inscribe in the a A Dissimilar to A ABC (Ex. 281 ). 
Draw radii X to the sides of A DEF. At the extremities of these radii, 
draw the tangents Off, ffM, and MO. Then A OHM is the A required 

Proof. Off, ffM t and MO are II to DE y EF % and FD, respectively 
({ 240 and { 100). /. A OffM and DEF are similar. ({ 327) 

,*, A OffM&nd ABCxre similar. 



TEACHEBS* EDITION. 95 



Ex. 284. To construct the expression, x = ^|^ ; that is, ^ X -• 

de d e 



Given the lines a, b, c, -.^r--- \ — - — \ 

d t and e. It is required to ^>^ * \ 

construct the expression 



^ 1 

6^4 




^ 



- 2abc 

Construction. Find 2, 
a fourth proportional to ^^ - v 

d, 2 a, and b. (§ 352) >^-^ 

Find x, a fourth proportional to e, z t and c. (j 352) 

Then x is the line required. 

Pboop. d:2a = b:z. .\* = ^ 

d 

cz 
e : z =» e : a. ,\ « ■■ — 
e 

Substitute for z % ^ Then a; - 25*?. 

Ex. 285. To construct two straight lines, having given their sum and 
their ratio. n ^ -^ # 

Let AB be the sum of two ^*-~ / / * 



lines, and m : n their ratio. It is m ^^' 

required to find the lines. 

Construction. Divide AB into segments proportional to m and n 
({ 351). Then .4(7 and CB are the lines required. 

Pkoop. By construction AG+CB=* AB, and AC : CB=*m:n. 

Ex. 286. To construct two straight lines, having given their differ- 
ence and their ratio. _ 

, B ~ 

Let a equal the differ- *"*\^ J ™ 

ence of two straight lines, 
and m : n their ratio. It is 
required to find the lines. 

Construction. Take AD equal to m — n. AB equal to n, and DE 
equal to a. Find BC, a fourth proportional to AD, AB, and DE 
(i 352). Take OH equal to B0+ a. Then BG and Qff are the lines 
required. 




i 
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Proof. By construction 
AD . AB =* DE . BC. * 
Also, AD = m — n % 
AB = n t 
and DE=QH-BC 
Substituting these values, 




V Ch- 



m-n GH- BO 



n 
QH 



BC 



-1. 



BC ' 
/. QH: BC-m:n. 



Ex. 287. Haying given two circles, with centres and &, and a 
point A in their plane, to draw through the point A a straight line, 
meeting the circumferences at B and C, so that AB; AC=*1:2. 

Let and / be the given ®, and A the given point. It is required 
to draw a line through A, meeting the circumferences at B and C, so 
that AB: AC=1 : 2. 

Construction. Draw OA % and 
prolong it to D, so that 

OA:AD = l:2. (J 352) 
With D as a centre, and with a 
radius double the radius of O 0, cut 
the circumference of 0' at 0. Join 
DO. Draw 05 II to CD. Join <AJ? and AC. Then AA<7 is a straight 
line and AB : AC= 1 : 2. 
Proof. In A ABO *nd ACD, 

ZD~ZO. 

0A:AD = 1:2=0B:DCL 

.*. A ABO and ilCD are similar. 

:.£OAB = jLDAC 

.*. .RACis a straight line. 

Also, A3 : 4C= OA ; AD= 1 : 2. 




(J104) 
(Cons.) 
(J326) 
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Book IV. 

Ex. 288. Find the ratio of a rectangular lawn 72 yards by 49 yards 
to a grass turf 18 inches by 14 inches. 

Solution. 18 inches = } yard, 14 inches =» ^ yard. 

Area of lawn : area of turf - 72 x 49 : J x A (2 362) 

- 18144 : 1. 

Ex. 289. Find the ratio of a rectangular courtyard 18} yards by 15} 
yards to a flagstone 31 inches by 18 inches. 

Solution. 31 inches = }J yard, 18 inches = J yard. 

Area of courtyard : area of flagstone = 18} X 15} : j£ x } (J 362) 

=JS66 : 1. 

Ex. 290. A square and a rectangle have the same perimeter, 100 
yards. The length of the rectangle is 4 times its breadth. Compare 
their areas. 
Solution. x = the breadth of the rectangle. 

Ax = the length of the rectangle. 
10a = the perimeter of the rectangle. 
But 100 = the perimeter of the rectangle. 

.-. 10a? = 100, x = 10, 4a; = 40. 
The length of the square = \ of 1&0 =- 25. 

Area of rectangle : area of square = 40 X 10 : 25 X 25 (2 362) 

- 16 : 25. 

Ex. 291. On a certain map the linear scale is 1 inch to 5 miles. How 
many acres are represented on this map by a square, the perimeter of 
which is 1 inch ? 
Solution. The length of the square is J inch, and represents J miles. 
The area = J X J = f i square miles. 
ft X 640 = 1000 acres. 
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Ex. 292. The areas of two triangles which have an angle of the one 
supplementary to an angle of the other are to each other as the products 
of the sides including the supplementary angles. 

Let the A ABC and A'B'W have the A ACS and A'V B' supple- 
ments of each other. 

To prove that A ABC : A A'B'W 
-CAxCB: WA' x V B'. 




Peoop. Place A ABC in the posi- 
tion &DE, so that A ACB and 
A'&B' are adjacent. Draw A'E. 

A' CD is a straight line. (J 93) A 

Now A£M _ 0^_ and ***E = VE. 

A A'VE VA' y A A'B'V VB' w ' 

Multiplying these equalities, 

A QBE ^ CDxCE 

AA'B'C VA'xWB'' 
Substituting, A ABC : A A'B'W -CAxCB: CM' x VB'. 

Exs. 293-295. See text-book. 

Ex. 296. If the perimeter of a rectangle is 72 feet, and the length is 
equal to twice the width, find the area. 

Solution. x = the breadth, 

2x = the length, 
6 a; = the perimeter. 
But 72 = the perimeter. 

/.6a; = 72, a; = 12, 2a? = 24. 
Area = 24 x 12 = 288 square feet. 

Ex. 297. How many tiles 9 inches long and 4 inches wide will be 
required to pave a path 8 feet wide surrounding a rectangular court 1 20 
feet long and 36 feet wide ? 

Solution. The area of the path on the longer side = 136 x 8 = 1088. 
The area of the path on the shorter side = 36 x 8 = 288. 
Area of the path = 1088 x 2 + 288 x 2 - 2752 square feet. 
9 inches = f foot, 4 inches = J foot. 
Area of a tile — f x J — 1 square foot. 
Number of tiles = 2752 + J = 1 1,008. 
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Ex. 298. The bases of a trapezoid are 16 feet and 10 feet ; each leg is 
equal to 5 feet Find the area of the trapezoid. 

Let ABCD be a trapezoid, and DE be its altitude ; a ? 

AB = 16, CD = 10, AD= 5 - BC A /\ ^ 

Find the area of the trapezoid. E B 

Solution. Since AD =- BC, AE= \(AB - CD) - i (16 - 10) - 3. 

DE-^Aff-AE* - y/W^& = 4. (J 339) 

^ Area of the trapezoid ABCD = DEx\ {AB + CD) 

= 4x}(16 + 10) 
~ 52 square feet ({ 371) 

Ex. 299. Construct a square equivalent to the sum of two squares 
whose sides are 3 inches and 4 inches. 
Solution. Construct the rt /. A. rv 

Take AB =» 4, and AC=* 3. Draw BC. 
BC is a side of the square required. (J 381) 



^ 



BC-VIS 1 + AC* = V&T& - 5 inches. (J 338) 

Ex. 300. Construct a square equivalent to the difference of two 
squares whose sides are 2} inches and 2 inches. 

Solution. Construct the rt. Z. A. Take AC= 2. 

From C as a centre, with a radius equal to 2}, 
describe an arc cutting AB at B. Draw BC 

AB is a side of the square required. (j 382) Al -^jf- 




AB =VbC*-AC*= V(iY - 2» = 1J inches. (J 339) 

Ex. 301. Find the side of a square equivalent to the sum of two 
squares whose sides are 24 feet and 32 feet. 

Solution. x = a side of the square required. 

x = V24* + 32* - 40 feet (J 381) 

Ex. 302. Find the side of a square equivalent to the difference of two 
squares whose sides are 24 feet and 40 feet 

Solution. x =- a side of the square required. 



x = V4P-24 1 = 32 feet. (J 382) 
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Ex. 303. A rhombus contains 100 square feet, and the length of one 
diagonal is 10 feet. Find the length of the other diagonal. 

Let ABCD be a rhombus containing 100 square feet, and let BD=- 10 
feet. Find the length of AC 

Solution. -AC is ± to BD. (Ex. 28) 

/. the area of the rhombus ABCD = i(ACxBD) 
[since A ADC+ A ABC= i(ACx DE) 
+ l(ACxBE)]. 

Substituting, 100 = J (ACx 10). /. 5AC= 100 ; AC~ 20 feet. 

Ex. 304. Find the area of a right triangle if the length of the hypote- 
nuse is 17 feet, and the length of one leg is 8 feet. 
In the rt. A ABC, 

AC= 8 feet, and BC= 17 feet. 
Find the length of AB. 

Solution. AB =^/~BC*-A& = V17 2 - 8* = 15. (§ 339) 

Area of A ABC= J (AB X AC) = i (15 x 8) = 60 square feet. 



Ex. 305. Compare the altitudes of two equivalent triangle 
base of one is three times that of the 
other. 

Let the equivalent & ABC and 
A'B'C have the bases b and b' t 
and the altitudes h and h', respec- 
tively. 6 = 36'. 

Find the value of the ratio h : h f . 

Solution. A ABC : A A'B'V = 6xA:6'xK 

But &ABC<*AA'B'C 





But 



.bxh = b'xh'- and b' : b - h : ft'. 
b' : b = 1 : 3 ; hence h : K' = 1 : 3. 



(| 370) 
(Hyp.) 
(I 297) 



Ex. 306. The bases of a trapezoid are 8 feet and 10 feet, and the alti- 
tude is 6 feet. Find the base of an equivalent rectangle having an equal 
altitude. 
Solution. x — the base of the rectangle. 

The area of the trapezoid = 6 X J( 8 + 10 )« 
The area of the rectangle = 6 re. 
.\6s = 6xi(8 + 10); ands = 9feet. 
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Exb. 307-309. See text-book. 

Ex. 310. In a right triangle the product of the legs is equal to the 
product of the hypotenuse and the perpendicular drawn to the hypote- 
nuse from the vertex of the right angle. c 
Let ABO be a rt. A, and AD a X to the hypotenuse. 
Then AB X AO= BCx AD. 
Pboop. The area of A ABC= i (AB x AC). A 
The area of A ABC= J (BCx AD). 
.\ABxAC=BCxAD. 




« 368) 
(Ax. 6) 



Ex. 311. If A BO is a right triangle, the vertex of the right angle, 
BD a line cutting AC in D, then 

B& + AC* = A& + DC*. 
In the rt. A ABC, let BD be drawn, cutting AC 
in D. 
Then B& + AC* = A& + DC*. ^ 

Proof. BD* = BC* + DC* and AC* - AB* -BC*. 
Add these equalities ; then 

EI? + AC*=>AE i + DC*. 




Ex. 312. Upon the sides of a right triangle as homologous sides three 
similar polygons are constructed. Prove that the polygon upon the 
hypotenuse is equivalent to the sum of the polygons 
upon the legs. 

Let ABC be art. A. 

Let P, 2*, and P" be three similar polygons con- 
structed upon BC, AB, and AC, as homologous sides. 

Then P* V + P". 

PR00P . *m 

* BC* 
Add these equalities ; then 

I* + P" A& + AC* 




and ^'-ig 
P BC* 



But 



P BC* 

AB* + AC* = BC*. 

... po/v + pv. 



« 376) 



«338) 
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Ex. 313. Two isosceles triangles are equivalent if their legs are equal 
each to each, and the altitude of one is equal to half the base of the 
other. 

In the isosceles A ABC and 
EFG t let AC and BO equal EG / j 
and FG, and let GH t the altitude A / \ \ B K ^ 
of EFG, equal \AB. D 

Then &ABC*>AEFG. 

Proof. Draw CD ± to AB ; then AD = J 4& 

In the rt. A 42)0 and EHG % 





(Ex. 16) 



40= #0 and GH= AD. (Hyp.) 

.\ A ADC= A JSJT0. (J 161) 

In the same way it may be proved that 

ABDC-AFHG. 
Add these equalities ; then 

A ADC + A BDC*> A EHG + A FHG. 
Or AABC-AEFG. 

Ex. 314. The area of a circumscribed polygon is equal to half the 
product of its perimeter by the radius of the inscribed circle. 

Let F represent the perimeter of the circumscribed polygon ABSQT, 
and OC be the radius of the inscribed circle. 

Then the area of the polygon 

ABSQT=i(FxOC). 

Proof. Draw CA, CB, CS t CQ, and CT. 

The area of A ACB - J {AB x OC). (§ 368) 

In the same way it may be proved that the area 
of each A equals half the product of OC and its base. 

Therefore the area of the polygon, which equals the sum of the areas 
of the A, is equal to J (Px 00). 




Ex. 315. Two parallelograms are equal if two adjacent sides of the 
one are equal respectively to two adja- 
cent sides of the other, and the in- 
cluded angles are supplementary. 

Let ABCD and EFGH be two iS7, * 
with AB and AD equal respectively to EF &nd EH, and the A A and 
E supplementary. Then O ABCD =- O EFGH. 



d c H g 
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Peoof. 


ZF+ZE=2rtA. 


«109) 


But 


ZA + ZE=2rtA. 
..ZF-ZA. 


(Hyp.) 


Also, 


FG-EH. 


« H9) 


But 


EH= AD. 


(Hyp.) 




,\FG = AD. 


(Ax. 1) 




/. O ABCD = a EFGH. 


« 185) 



\ 




Ex. 316. Every straight line drawn through the centre of a parallel- 
ogram divides it into two equal parts. 

Let ABCD he the given O, its centre, and 
EF any line drawn through 0. 

Then EF divides the O ABCD into two equal 
parts. 

Proof. Draw the diagonals AC and BD; AC and BD intersect 
at 0. (1 184) 

In the A AOF and EOC, AO = 00, ( j 184) 

ZOAF=ZOCE, (j 104) 

and Z AOF= Z EOC. (j 95) 

,\&A0F=A EOC. (J 147) 

In the same way it may he proved that 

AFOB^ADOE&nd AAOD^ABOC 

Therefore the quadrilateral AFED = the quadrilateral FBCE (heing 
composed of equal A similarly placed). 

Ex. 317. If the middle points of two adjacent sides of a parallelogram 
are joined, a triangle is formed which is equivalent to one-eighth of the 
entire parallelogram. 

r D E C 

Let ABCD be a O, and let EF join the middle /^^' So/J 
points of CD and BC I ^^je^]* 

Then A EFC *»\0 ABCD. J- . ^b 

Peoof. Draw the diagonal BD, and CH ± to BD. 

FE is II to BD and = J BD. 
CG - } CH. 
A DBC: A EFC=* BDxCH: EFx CG. 
But EF= i BD and CG = i CH. 

.\ADBC:AEFC=BDxCH:iBDxiCH=4: 
But ABCD^iCJABCD. 

.-. A EFC(<° J A BCD) ** J O ABCD. 



« 189) 
« 188) 
(I 370) 



1. 



(i 178) 



i 
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Ex. 318. If any point within a parallelogram is joined to the four 
vertices, the sum of either pair of triangles having parallel bases is 
equivalent to one-half the parallelogram. 

Let be any point within the CD ABCD, and let OA, OB, OC, and 
OB be drawn. 

Then A AOB + A DOC*> J O ABCD. ~^— 

Proof. Draw EOF ± to A B. 

The area of A AOB = l(ABx OF), A U ^ f ^^ fs 

and the area of A DOC = J (DCx OE). (J 368) 

Add these equalities, substituting AB for DC. 

Then the area of A AOB + the area of A DOC= J (AB X EF). 

But the area of O ABCD = ABx EF. (J 365) 

.-. A AOB + A DOC*> i O ABCD. 

In the same way it may be proved that 

A AOD + A BOC** i O ABCD. 

Ex. 319. The line which joins the middle points of the bases of a 
trapezoid divides the trapezoid into two equivalent parts. 

Let ABCD be a trapezoid, and EF * line joining the middle points of 
the bases AB and CD. D f c 

Then the trapezoid AEFD^the trapezoid EBCF. 

Proof. Draw h, the altitude of the trapezoid 

ABCD. A * 

The area of the trapezoid AEFD = J h (AE+ DF), 
and the area of the trapezoid EBCF = J h(EB + FC). (J 371) 

But AE+DF=EB+ FC. (Hyp.) 

/. the trapezoid AEFD *> the trapezoid EBCF. 

Ex. 320. The area of a trapezoid is equal to the product of one of the 
legs and the distance from this leg to the middle point of the other leg. 

In the trapezoid ABCD, let EF be drawn from the middle point of 
BC±toAD. 

Then the area of the trapezoid ABCD = ADx EF. 

Proof. Draw the median EG and the altitude g/-\-Z^. 
DH. 

In the rt. A 42)71 and EFG, 

Z EGF= ZA(i 106). .-. A ADH and EFG are similar. (§ 323) 



* rt\\ 
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Whence, AD: EG=* DH : EF. 

:. AD x EF= EQ x DH. 
But the area of the trapezoid ABCD = EQ x DH. 

.\ the area of the trapezoid ABCD = AD x EF. 



« 372) 
(Ax.l) 




Ex. 321. The lines joining the middle point of the diagonal of a quad- 
rilateral to the opposite vertices divide the quadrilateral into two equiv- 
alent parts. 

In the quadrilateral ABCD % let E be the middle 
point of the diagonal BD, and let AE and CE be 
drawn; 

Then the quadrilateral AECD o the quadrilateral a* 
ABCE. 

Pboof. A ABE** A AED, and A hEC** A CED. ({ 369) 

Add these equalities ; then 

AABE + ABEC*»AAED + ACED. 

Or the quadrilateral AECD *> the quadrilateral ABCE. 

Ex. 322. The figure whose vertices are the middle points of the 
sides of any quadrilateral is equivalent to one-half of the quadrilateral. 
In the quadrilateral ABCD, let EF t FG, GH, and HE join the mid- 
dle points of A B, BC, CD, and DA. 

Then the O EFGH** J the quadrilateral ABCD. 
Peoof. Draw the diagonal AC, and DO _L to AC. 

HG is II to AC and = J AC. (§ 189) 

PO = JDO. 
The area of O HN= HG x PO. 
The area of A ADC= J (ACx DO). 
But HQ = iAC*nd P0 = JD0. 

.\£JHN*>iAADC. 
In the same way it may be proved that 

EN** I A ABC 
Add these equalities ; then 

nHN+CJEN<*}L{AADC+AABC). 
Or a EFQH<* J the quadrilateral ABCD. 




« 188) 
«365) 
(8 368) 
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Ex. 323. ABC is a triangle, M the middle point of AB, Pany point 
in AB between A and M. If MD is drawn parallel to PC, and meeting 
PC at D t the triangle BPD is equivalent to one-half the triangle ABC 
In the A ABC, let if be the middle point of AB, and Pany point of 
AM. Let MD be drawn II to PC. Join PD. c 

Then A PPZ)*> J A ABC. 
Peoop. Draw MC. 

BM-IAB. (Hyp.) 
.-. A BMC*» i A 4P0. (J 370) 

In A PJ/Cand .BPD, A BMD is common. 

A MPD <* A ifDG ({ 369) 

/. A BMC**& BPD. (Ax. 2) 

.-. A BPD «> J A ABC. (Ax. 1) 

Ex. 324. Find the area of a rhombus, if the sum of its diagonals is 12 
feet, and their ratio 3 : 5. 
Solution. Let 5 * — one diagonal, 3 * — the other. 
Then 6* + 3a: =-12. .\ a?=-lj. 

5s = 7};3a;«4i. 

The area of a rhombus equals J the product of the diagonals (since the 
diagonals are _L to each other). 

Therefore the area - J (7} X 4}) = 16} square feet 

Ex. 325. Find the area of an isosceles right triangle if the hypotenuse 

is 20 feet. >v 

In the isosceles rt A let the hypotenuse b equal 20 / \? 

feet. Find the area of the A. ^— A 

b 

Solution. 2a* -6* (J 338). /. a - b Vj - 20 VJ. 

The area of the A - Ja* (J 368) = U^^f - 100 square feet. 

Ex. 326. In a right triangle, the hypotenuse is 13 feet, one leg is 5 
feet. Find the area. 
Solution. x =»the length of the other leg. 

/.«- Vl3 a -5* (J 339) 

= 12. 
The area = J (5x12) (8 368) 

— 30 square feet 
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Ex. 327. Find the area of an isosceles triangle if the base = o, and 
leg = c. 
Solution. Let h be the altitude. 

Then h = Vc« -(*&)* (8 339) 

»^i^! s ,}V(2c+6)(2c-6). 

The area « |(* X &) (2 368) 

-JoV(2c + o)(2c-o). 

Ex. 328. Find the area of an equilateral triangle if one side = 8 feet. 

Solution. The area = ^~3 (Ex. 307) 

4 



- 8V3 _ 16 ^g _ 27 n2 8qnare feet 
4 



Ex. 329. Find the area of an equilateral triangle if the altitude =• h. 
Solution. h - 1 VS. (Ex. 307) 

...a-^ = |W3. 
V3 * 
The area - i (h x a) (J 368) 

^i(hxihVE)-J V3. 

Ex. 330. A house is 40 feet long, 30 feet wide, 25 feet high to the 
eaves, and 35 feet high to the ridge-pole. Find the number of square 
feet in its entire exterior surface. 

Solution. The area of 4 sides = 2 (40 + 30) 25 - 3500 square feet. 

The area of the gable ends =2xJ( 10 x30)=. 300 square feet. 

The length of the rafters - VW+W = 18.027. 

<The area of the roof - 2 x 18.027 X 40 - 1442. 16 sq. ft. 

The entire area - 3500 + 300 +1442. 16 = 5242. 16 sq. ft. 

Ex. 331. The sides of a right triangle are as 3 : 4 : 5. The altitude 
upon the hypotenuse is 12 feet. Find the area. 

In the rt. A ABC, let DC, the altitude upon the 
hypotenuse, equal 12 feet, and let 

AC:BC:AB = Z:4:5. 

Find the area of A ABC. 




I 
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Solution. 



5*: 3a? = 3a;: AD. 
.9* 
5 



(I 334, II.) 



.\AD- 



... 2)5=5*-^=- 1§*. 
5 5 




^: 12 = 12: i|?.(J334,L) 



144 * 



144, a* = 25, «-5. 



(J 368) 



25 
.-.45=25. 
The area of A ABC = J(12 x 25) 

= 150 square feet. 

Ex. 332. Find the area of a right triangle if one leg - a, and the alti- 
tude upon the hypotenuse — h. a 
Solution. AD = Vo 1 — h\ 
AB:a=a:AD 

-a: ^0^(8334,11.) 

:.AB* °' 



« m A^, 



The area of A ABC= \{h x AB) 



(8 368) 



a*h 



2V(a + h)(a-h) 



Ex. 333. Find the area of a triangle if the lengths of the sides are 104 
feet, 111 feet, and 175 feet. 
Solution. The area = Vs(s-a)(s-ft)(«-o) (Ex. 308) 

- V195(195-104)(195-lll)(195-175) 

— 5460 square feet. 

Ex. 334. The area of a trapezoid is 700 square feet. The bases are 30 
feet and 40 feet respectively. Find the distance between the bases. 
Solution. Let h represent the altitude. 

The area of the trapezoid = J (40 + 30) K ( j 371) 

.-. 700 = i(40 + 30)A«35fc 
.\ *- 20 feet. 
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Ex. 336. ABCD is a trapezium ; AB = 87 feet, BC=> 119 feet, <7D= 41 
feet, DA = 169 feet, AC= 200 feet. Find the area. 
Solution. The area of A ABO 



= V203 (203 - 87) (203 - 119) (203 - 200) 
= 2436 square feet ; 
and the area of A ADO 

- V205 (205 - 200) (205 - 41)(205 - 169) (Ex. 308) 

— 2460 square feet. 

Therefore the area of ABCD - 2436 + 2460 - 4896 square feet. 

Ex. 336. What is the area of a quadrilateral circumscribed about a 
circle whose radius is 25 feet, if the perimeter of the quadrilateral is 400 
feet ? What is the area of a hexagon having an equal perimeter and cir- 
cumscribed about the same circle ? m 

Solution. By Ex. 314, the area of the quadrilateral 
= I (400 X 25) = 5000 square feet 

The hexagon has the same area. 

Ex. 337. The base of a triangle is 15 feet, and its altitude is 8 feet. 
Find the perimeter of an equivalent rhombus if the altitude is 6 feet. 
Solution. The area of the A - i (8 x 15) (J 368) 

— 60 square feet. 
One side of the rhombus = 60 ■+■ 6 =» 10 feet. 
The perimeter — 4 X 10 — 40 feet 

Ex. 338. Upon the diagonal of a rectangle 24 feet by 10 feet a tri- 
angle equivalent to the rectangle is constructed. What is its altitude ? 
Solution. The area of the rectangle = 24 x 10 = 240 square feet. 
The diagonal of the rectangle = V24* + 10* - 26 feet 

Let h represent the altitude of the A. 

Then the area of the A - i(h X 26). ({ 368) 

.-. 240-i(*x26)-13fc. .-. A-18Afeet 

Ex. 339. Find the side of a square equivalent to a trapezoid whose 
bases are 56 feet and 44 feet, and each leg is 10 feet. D c 

In the trapezoid ABCD, AB - 56, J9C= 44, and /\ \ 
AD - BC= 10. A ^—* ^ 



Find the side of a square equivalent to the trapezoid ABCD. 
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Solution. Let h represent the altitude of the trapezoid ABCD, and x 
a side of the square. 

Since the trapezoid ABCD is isosceles, jj> <? 

h = -> /Aff- (lAB-iDCy a /v X- 

=-V10 a -6* = 8feet. 
The area of the trapezoid ABCD = \ (56 + 44) 8 (J 371) 

= 400 square feet. 
.•.«* = 400, * = 20 feet 

Ex. 340. Through a point P in the side AB of a triangle ABC, a line 
is drawn parallel to BC, and so as to divide the triangle into two equiv- 
alent parts. Find the value of AP in terms of AB. 

In the A ABC, let PD be drawn II to BC t dividing 
A ABC into two equivalent parte. Find the value of 
AP in terms of AB. a4- ^ — \b 

Solution. A APD : A ABC= AP* : Iff (J 375) 

= 1:2. 

.:AP=ABVi = lABV2. 

Ex. 341. What part of a parallelogram is the triangle cut off by a 
line drawn from one vertex to the middle point of one of the opposite 

8ide8? 5 c 

In the O ABCD, let DE be drawn to the middle /^x~ 7 

point of AB. What part of O ABCD ia the A ADE ? J \X^/ 
Solution. A ADE ^ J A -ADA ({ 370) * 

But A ADB *> i O 45GD. ({ 178) 

.\A4Z>J£<>iOjLBCD. 

Ex. 342. In two similar polygons, two homologous sides are 15 feet 
and 25 feet. The area of the first polygon is 450 square feet. Find the 
area of the other polygon. 

Solution. Let 8 represent the area of the first polygon, and S' the 
area of the second. 
Then Si&^l&.W. (J 376) 

450:S'=15*:25*. 

/. & - 1250 square feet. 
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• Ex. 343. The base of a triangle is 32 feet, its altitude 20 feet. What 
is the area of the triangle cut off by drawing a line parallel to the base 
and at a distance of 15 feet from the base? 
In the A ABC, AB = 32, CP-= 20. 
Let DE be drawn II to AB, cutting off HF= 15. 
Find the area of A DEC 
Solution. The area of A ABC= i (32 x 20) 

= 320 square feet. 
CH= 20 - 15 = 5 feet. 
A DEC: AABC=* CH 2 : CF* 

= 5 a :20 2 «l: 16. 
Therefore the area of A DEC- & X 320 = 20 square feet 

Ex. 844. The sides of two equilateral triangles are 3 feet and 4 feet. 
Find the side of an equilateral triangle equivalent to their sum. 

Let P and P' be two equilateral A whose sides are 3 feet and 4 feet 
respectively. Find the side 
of an equilateral A equiva- 
lent to their sum. / \ / „, \ / p" 

Solution. Let P" be the 
required equilateral A, and let x represent one side of P f/ . 

P" *» P" a* 




«375) 



Add these equalities ; then 



3«+4« 



But 



P+pr<»P". 



P" a* 

.•.3* + 4» = 3». 



,2 — 5 feet. 



Ex. 345. If the side of one equilateral triangle is equal to the altitude 
of another, what is the ratio of their areas ? qi 

In the equilateral & ABC and A'B'W, c 

let a, a side of ABC, equal h / 1 the altitude 
of A f B f (y. Find the ratio of the areas of 
LABQviAA'B'V. a 

Solution. A ABC : A A'B'C? 




But 



ft _ M (Ex. 307), and V» - a*. 
4 

3a» 



Substituting, A ABC : A A'B'W - ^- : a» - 3 : 4. 



(i 377) 
(Hyp.) 



112 PLANE GEOMETEY. — BOOK IV. 

Ex. 346. The sides of a triangle are 10 feet, 17 feet, and 21 feet. Find' 
the areas of the parts into which the triangle is divided by bisecting the 
angle formed by the first two sides. c 

In the A ABC, AC= 10 feet, BC= 17 feet, and 
AB - 21 feet. Let CD bisect the Z C. 

Find the areas of A ADC and BDC. *L L Xb 

Solution. The area of A ABC 




= V24 (24 - 10) (24 - 17) (24 - 21) (Ex. 308) 
=» 84 square feet. 
A ADC : A BDC= 10 : 17. (Jj 313, 370) 

/. A ADC*» tf of A ABC= & of 84 - 31$ square feet, 
and A BDC*> \\ of A ABC= J| of 84 - 62f square feet 



D C 

. . At— i \b 



Ex. 347. In a trapezoid one base is 10 feet, the altitude is 4 feet, the 
area is 32 square feet. Find the length of a line drawn between the legs 

parallel to the base and distant 1 foot from it. jg g 

In the trapezoid ABCD, AB = \Q feet, DM=K 
feet, and the area =» 32 square feet. 

Let EF be the median and #iJbe a line parallel A M 
to AB and 1 foot distant from AB. Find the length of OH. 
Solution. The area of the trapezoid ABCD =*EFx DM. ({ 372) 
.-. 32 = EFx 4 ; and hence EF=* 8 feet. 

EF bisects DM (2187) 

Therefore in the trapezoid ABFE, 

OH is the median and ~ J (10 + 8) = 9 feet. 

Ex. 348. If the altitude h of a triangle is increased by a length m, 
how much must be taken from the base a in order that the area may 
remain the same ? 
Solution. x =- the amount taken from the base. 

h + m = the increased altitude. 
a — x=> the diminished base. 
J (h x a) — the area of the first A, 
J(A + m) (a — a;) =- the area of the second A. 
.\i(*Xa)«}(A + 77i)(a-*). 

ha — ha — hx + am — mx. 
Transposing, hx + mx=* am. 

" h + m 
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Ex. 349. Find the area of a right triangle, having given the segments 
p, q, into which the hypotenuse is divided by a perpendicular drawn to 
the hypoten The proof is the of the ri 8 ht an g le - 

Solution q. (§ 334, 1.) / |& 

To transform a gix q. 
The f ving the base equal + q) h _ j ( p + q )y/pZq. " 
1 K t^e vi* 7 *** A- ' 

Ex. 350. To construct a triangle equivalent to a given triangle, and 
having one side equal to a given length I. 

Let ABC be the given A, a its base, 
and I the given line. It is required 
to construct a A on I as a base equiva- 
lent to A ABC. 

Construction. Draw A, the altitude 
of A ABC. Find h\ a fourth propor- 
tional to I, a, and h. ({ 352) 

On I as a base, with an altitude h' t construct A A'B'C. Then 
A A'B'W is the A required. 

Proof. I: a *-h: K' ; and hence I X h' — a x h. 

But I X hf - twice the area of A A'B'& % 

and a X h - twice the area of A ABC (J 368) 

.\AA'B'V*>AABC 

Ex. 351. To transform a triangle into an equivalent right triangle. 

Let ABC be the given A. It is required to transform A ABC into an 
equivalent rt. A. 

Construction. Draw h, the altitude of A ABC At 
the extremity of ABC erect a JL AD — h ( g 271). Join 
DB. A ABD is the A required. 

Proof. A ABD * A ABC. (? 369) 

Ex. 352. To transform a triangle into an equivalent isosceles triangle. 
Let ABC be the given A. It is required to trans- c & 

form A ABC into an equivalent isosceles A. fyQ\ 

Construction. Draw k, the altitude of A ABC. At / ifc!,/\ 
the middle point of AB y erect a JLA'-*(§ 273). Join A f \\ \ B 
AD and BD. A ABD is the A required. 

Proof. AD =- BD (J 116) ; and hence A ABD is isosceles. 

A ABD ** A ABC ({ 369) 



D 



r x 
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Ex. 353. To transform a triangle ABC into an equivalent triangle, 
having one side equal to a given length l % and one angle equal to angle 
BAG. 

Let ABC be the given A, and I the - 1 * feet » and / 
given length. It is required to trans- * / 

form A ABC into an equivalent A — : * , 

having one side equal to I. 

Construction. Upon AB take AD = I. Join CD. Draw BE II to 
DC, meeting A C produced at E. Join DE. 
A ADE is the A required. 

Proof. In A ABC and ADE t A ADC is common. 

ADBC*>ADCE. ( j 369) 

.-. A ABC*> A ADE. (Ax. 2) 

Ex. 354. To transform a given triangle into an equivalent right tri- 
angle, having one leg equal to a given length. 

Let ABC be the given A, a its base, and a' the given length. It is 
required to transform A ABC into g 

an equivalent rt. A having one A 

leg equal to a'. / \h \ 

Construction. Draw h t the al- A a cP ^ 

titude of A ABC Find h', a fourth proportional to a' t a, and h (J 352). 
Take4'£'-a'. At A' erect a JL A'W = A' (J 271> Jaw B'V. 

A A'B'W is the rt. A required. 

Proof. a f : a — h : hf ; and hence a' x hf «=■ a X K 

But a' X A' - twice the area of A A'B'(y % 

and a x A = twice the area of A <A2?0. (2 368) 

/. AA'B'&oAABC. 

Ex. 355. To transform a given triangle into an equivalent right tri- 
angle, having the hypotenuse equal to a given length. 

Let ABC be the given A, a its base, and a' the given length. It is 
required to transform A q 

A BC in to an equivalent rt. /\\ Cj^L- -T^i^ 

A, having its hypotenuse / j \ {/T^"^^ \ 

equal to a', / \ V '^^laf 

Construction. Draw h t a B A * <& 

the altitude of A ABC Find h' t a fourth proportional to a', a, and h 




teachers' edition. 115 

(2 362). Construct a rt. A A'B'C, with the hypotenuse, c/, and the alti- 
tude upon the hypotenuse = A' (Ex. 160). A A' B'C is the A required. 
Proof. The proof is the same as in Ex. 364. 

Ex. 356. To transform a given triangle into an equivalent isosceles 
triangle, having the base equal to a given length. 

Let ABC be the given A, a its base, and a/ the given length. It is 
required to transform A ABC into an <y 

equivalent isosceles A having a base 
equal to a'. 

Construction. Draw A, the altitude 
of A ABC. Find A', a fourth propor- 
tional to a', a, and A (J 362). Take A / B / = a'. At the middle point of 
A / B / erect a JL equal to A'. Join A'W and B'C 

A A' B'C is the A required. 

Peoof. A'V - B'V (J 116) ; and hence A A'B'V is isosceles. 

The remainder of the proof is the same as in Ex. 364. 

Ex. 367. To construct a triangle equivalent to the sum of two given 
triangles. 





*b 

Let ABC and A'B'O? be the given A, and a and a/ their bases. It is 
required to construct a A equivalent to the sum of A ABC and A' B'C 

Construction. Draw A and A', the altitudes of A ABC and A' B'C 
Find c, a mean proportional between a and £ A, and c', a mean propor- 
tional between a' and \ A' (J 354). Find b so that b* = c* + c" ({ 381). 
Construct A DEF with a base equal to 2 6, and an altitude equal to b. 

A DEF is the A required. 

Proof. The area of A DEF - J (2 b x b) ({ 368) 

-o'-ca + c'^Jfaxty + JKx*'). (Cons.) 
But the area of A ABC= I (ax A), 

and the area of A A' B'C = J (<*' X A'). (? 368) 

/. A DEF*> A ABC+ A 4'tf'C. 
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Ex. 358. To construct a triangle equivalent to the difference of two 
given triangles. 

/i\ 

F 

Let ABC a.nd A'B'C be the given A, and a and a' their bases. It 
is required to construct a A equivalent to the difference of A A'B'C 
and ABO. 

Construction. Draw ft and ft', the altitudes of A -A2?Cand A'B'C; 
find c, a mean proportional between a and £ ft, and (/, a mean propor- 
tional between a' and } ft' (J 354). Find b so that ft* » c" - c* (J 382). 
Construct A DEF with a base equal to 26, and an altitude equal to b. 

A DEFis the A required. 

Psoor. The area of A DEF= \{2 b x b) (J 368) 

= &«=c'«-c» = i(a'xft')-H<*X&). (Cons.) 

But the area of A A'B'C - J (a' X ft'), 

and the area of A ABC= J(aX ft). (J 368) 

.\ A 2)J£F~ A A'B'C -A ^£0. 

Ex. 359. To transform a given triangle into an equivalent equilateral 
triangle. 

Let ABC be the given A. It is required to transform A ABC into an 
equivalent equilateral A. an 

Construction. Draw AD t mak- /KA A 

ing the Z BAD equal to } of a / ,\ \ / \ 

rt Z (Ex. 93), and meeting CD, 1/ \\ / \ 

drawn II to AB t at D. Join BD. \/ ^ / \ 

Find EF, a mean proportional be- A B * l X * 

tween AD and AB (J 354). On EF construct an equilateral A EFQ 
(J 282). A EFO is the A required. 
Peoop. In the A ABD and EFG, 

Z BAD -ZE. (J 144) 

A ABD : A EFG^ADxAB • J£0x -EF. (J 374) 

But EG X EF=* EF* = ADx AB. (Cons.) 

.\AABD*>AEFG. 
Also A ABD «<> A 4£C. (j 369) 

.: A EFG** A ABC. 
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Ex. 360. To transform a parallelogram into a parallelogram haying 
one side equal to a given length. 

Let ABCD he the given £7, a its hase, and of the given length. It is 



required to transiorm lj ajskju w w, 

into an equivalent O having A 7 7\~ § 

rmA ai/)a an rial f/\ /»/ / !f» / / i/l / 



required to transform O ABCD 

/> 7 

one side equal to a'. / \h / / j* / 

Cohsteuctioh. Draw h t the ** a B A a' B ' 

altitude of CD ABCD. Find h\ a fourth proportional to a', a, and fc 
(2 352). Construct the O A / B / C f D / on a 7 as a hase, with K' as an alti- 
tude. O A'B'&D' is, the £7 required. 

Pboop. of : a =■ h ; h'. .*. a' X A' «= a X A. 

But the area of O A'B'VD' = a' x V, 

and the area of O ABCD «=axA. (J 365) 

.\ O A'B'CfD* *> O 4.BCZ). 

Ex. 361. To transform a parallelogram into a parallelogram having 
one angle equal to a given angle. 

Let ABCD be the given O, and the given Z. It is required to 

transform ED ABCD into an equivalent O p B Q „F 

having an Z equal to Z 0. 

Constbuotiok. Construct the Z BAE 
equal to Z 0. Draw BF II to AE, meeting J? ^ 

DC produced at F. O ABFE is the O required. 

Pboop. O ABFE*> O ABCD. (J 366) 

Ex. 362. To transform a parallelogram into a rectangle having a 
given altitude. 

Let ABCD be the given O, a its base, and h' the given altitude. It 

is required to transform the CD jy c $ 

ABCD into an equivalent rec- 
tangle having the altitude k f . A / H 

CoKSTBUOTioisr. Draw A, the alti- 
tude of O ABCD. Find a', a 



p so * 



D O 

i /b 



I 
I 
I 



a' 

fourth proportional to k' t k, and a (§ 352). Construct the rectangle 
A'B'CfD\ with the base a' and the altitude hf. 

Rectangle A / B / CfD / is the rectangle required. 

Pboop. hf : h = a : a'. .*. o'xA'^axA. 

But a' X hf - the area of the rectangle A'B'CfD*, (? 363) 

and " axh- the area of the O ABCD. (J 365) 

/. the rectangle A'B'OD'^O ABCD. 
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Ex. 363. To transform a square into an equilateral triangle. 
Let ABCD be the given square. It is required to transform the 
square ABCD into an equivalent equilat- 
eral A. 

Construction. Prolong BC to E y mak- 
ing CB~ BC. Draw EF II to AB, and 
AF % making the A BAF equal to two- 
thirds of a rt. Z (Ex.93). Join BF. Con- 
struct the equilateral. A GHM*> A ABF 
(Ex.359). A QHM'w the A required. * * « 

Peoof. The area of A ABF - J (AB x BE), 

-\{ABx2BQ) = Al?. 
/. A ABF *>the square ABCD. 
/. A Offlf'O'the square 4£C!D. 



/ 



/ 



Jf 
(2 368) 






V 



\ 



V 



rU 



\ 



Ex. 364. To transform a square into a right triangle having one leg 
equal to a given length. 

Let ABCD be the given square, and EF the given length. It is 
required to transform the square ABCD 
into an equivalent rt. A having one leg 2>_ 
equal to EF. 

Construction. Find EG, a fourth pro- 
portional to EF, 2AB, and AB (J 352). 
Construct the rt. A EFQ with the legs JSFand EG. A EFG is the A 
required. 

Proof. EF:2AB=~AB : EG. 

.\EFxEG = 2Aff, 
and \(EFxEG) = A&. 

But i (EFx EG) - the area of A EFG, ({ 368) 

and AB 1 =* the area of the square ABCD. 

.*. A EFG <» the square ABCD. 

Ex. 365. To transform a square into a rectangle having one side 
equal to a given length. 

Let ABCD be the given square, and 
EF the given length. It is required to 
transform the square ABCD into an 
equivalent rectangle having one side equal to EF. 

Construction. Find EH, a third proportional to .E^and iii?(}353). 



r— - 



L 
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Construct the rectangle EFGH with EF&nd EHaa sides. Rectangle 
EFGH is the rectangle required. 

Proof. EF: AB = AB: EH. 

.-. EFx EH- Iff. 

But EFx EH= the area of the rectangle EFGH % 

and AIT = the area of the square ABCD. 

.*. the rectangle EFGH — the square 4PCZ). 



« 363) 



Ex. 366. To construct a square equivalent to five-eighths of a given 
square. 

Let ABCD he the given square. It is required to construct a 'square 
equivalent to five-eighths of the square ABCD. D p 



-E 



p r 



i 



Con8Tbuction. Divide BC into 8 equal r — 
parts ({ 279). Take BE= | BC. Draw EF 
II to BA. Find OH, a mean proportional be- A 
tween AB and BE ({ 354). On GH construct the square OHOR 
Square GHOP is the square required. 
Proof. AB : GH= GH : BE. .-. ABxBE- GH 2 . 
/. the rectangle ABEF<* the square GHOP. 
the rectangle ABEF** f of the square -APCZ). 
.*. the square GHOP<* $ of the square 4.BCZ). 



I 



But 



(i 363) 
« 367) 



Ex. 367. To construct a square equivalent to three-fifths of a given 
pentagon. 

Let P represent the given penta- 
gon. It is required to construct a 
square equivalent to three- fifths P. 

Construction. Construct the A 




H 

r— 



1 



B E > 

ABC o P (i 386). Draw CD, the altitude of A ABC. Divide AB into 
5 equal parts (J 279). Find EF, a mean proportional between f AB and 
£ CD (J 354). On EF construct the square EFGH 
Square EFGH is the square required. 
Proof, $ AB : EF- EF:\CD- and hence *($ AB x CD) - EF*. 

/. the square EFGH*»$A ABC. (j 368) 

.\ the square EFGH«> f P. 
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Ex. 368. To draw a line through the vertex of a given triangle so as 
to divide the triangle into two triangles which shall be to each other 
as 2: 3. 

Let ABC he the given A. It is required to draw a 
line through the vertex C, so as to divide A ABC into 
two A which shall be to each other as 2 : 3. 

Construction. Divide AB into 5 equal parts (§ 279). 
parts, and LB = 3.parts. Draw CD. 

CD is the line required. 

Proof. A ACD : A BCD - AD : BD. (J 370) 

But AD : DB = 2 : 3. (Cons.) 

.'.AACD:'ABCD-2zS. 

Ex. 369. To divide a given triangle into two equivalent parts by 
drawing a line through a given point P in one of the sides. 

Let ABC be the given A, and P the given point. It is required to 
draw a line through P so as to divide A ABC into c 

two equivalent parts. JV 

Construction. Draw CD to the middle point of 
AB. Join PD. Draw CE II PD. Join PR 

PE is the line required. 

Proof. A ADC<> A BDC ({ 369) ; and hence A ADG<* £ A ABC. 

In the A ADC end AEP t A ADPib common, 
and A DEP*» A DPC. (J 369) 

.-. A AEP*> A ADC*> i A ABC. 

Ex. 370. To find a point within a triangle, such that the lines joining 
this point to the vertices shall divide the triangle into three equivalent 
parts. 

Let ABC be the given A. It is required to find a 
point within A ABC such that the line joining this 
point to the vertices shall divide the A into three ^ 
equivalent parts. 

Construction. Draw the medians AF t BD t and CE\ they will meet 
at the point (Ex. 33). 

\& the point required. 

Proof. A AEC*> i A ABC, and A ABD *> } A ABC. ( j 370) 

.-. AAEC-&ABD. 
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Subtract from each A the common quadrilateral AEOD ; then 

AEBO^ADOC. (1) 

A AEO ^ A EBO, and A A OD * A DOC. (§ 369) 

.'.AAEO^AAOD. (2) 

Add (1) and (2) ; then 

AAEO + AEBO^AAOD + ADOC. 
Or AABO-AAOC. 

In the same way it may be proved that A ABO ** A BOO. 

Ex. 371. To divide a given triangle into two equivalent parts by 
drawing a line parallel to one of the sides. 

Let ABC be the given A. It is required to divide A ABO into two 
equivalent parts by drawing a line 
II to AB. 

Construction. Draw CD, the . , . f 

altitude of A ABC. Take MN */--&¥ jfl cr j£-~ jo 

-~- ™, „ - -^ / 

MN k .NH t ^2:\. (§387) *^ 

Take CG =- NH. Draw EF through G II to AB. EF is the line 
required. 

Proof. Since EF\a II to AB, A ABC and EFC are mutually equian- 
gular and similar (§ 321). 

.-. A ABC : A JStf'C- CffiCC? (J 377; 

= ^Z^ , :^ff , =-2:l. 

Ex. 372. To divide a given triangle into two equivalent parts by 
drawing a line perpendicular to one of the sides. 

Let ABC be the given A. It is required to divide A ABC into two 
equivalent parts by drawing a c 

line JL to one of the sides. 

Construction. Draw CD, the 
altitude of A ABC. Take 
a = 2DB, b = AB % MO-BO. 

Find OH, so that 

BS , :ffiBr , -a:6. (| 387) 

Cut off BF~ OH, and draw FE± to AB. FEis the line required. 
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Proof. 



A ABC 



AB 
DB' 



(1) 



A BBC 

Since FE and CD are J_ to AB, they are I 
.-. A DBC&nd EBF&re similar. 



(J370) 



(8 321) 



ADBC = Btf (|3?5) 
*AJ£AF BF* 



OH* 

2DB 

' AB' 



(Cons.) 



Multiply (1) and (2), 




&EBF 



Ex. 373. To divide a given parallelogram into two equal parts by 
drawing a line through a given point in one of the sides. 

Let A BCD be the given O, and P the given point It is required to 
divide O ABCD into two equal parts by drawing a line 
through the point P. £ jrj? 

Cowstbuotion. Draw the diagonals AC and BD, in- 
tersecting at 0. Through draw PE. 

PE is the line required. 

Peoop. The quadrilateral APED =» the quadrilateral PBCE. (Ex. 316) 



JL P 



Ex. 374. To divide a given trapezoid into two equivalent parts by 
drawing a line parallel to the bases. 





Let ABCD be the given trapezoid. It is required to divide the 
trapezoid ABCD into two equivalent parts by drawing a line II to AB. 
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Construction. Draw a rt. A with the side a = AB, and the side 
b = DC. Find d so that d 2 ■. c* = 1 : 2 (§ 387). On AB take AH- d. 
Draw #0 II to AD, and 2?tf II to AB. 

FG is the line required. 

Proof. Produce AD and BC until they meet at E. 

FG = AH(ilSO) = d. 
Since DC, FO, and 45 are II, A 4.RE, mE, and DCE are similar. 
.\ A FGE : A DCtf = i^ 2 : DC 1 , (1) 
and AABEiADOE^AtfiDC 1 . (2) ({375) 

From (1), by division, 

AFGE-ADCEiADCE-FOP-DC 1 : DC*. 
But 2^ - 1 c» - J (a* + 6*) - J {Aff + DC 1 ). (Cons.) 

Substituting for F(? t i(AB* + 2)0*), 

A FGE- A DCE : A DCE* J (ZS* - DC 1 ) : DC 1 . (3) 

From (2), by division, 

A ABE -ADCEiADCE-Iff-W 1 : DC 1 . (4) 

From (3) and (4), 
AFGE-ADCE:AABE-ADCE=*l(AB k -DC 1 ):AB t -DC 1 .(5) 

But A FGE - A 2>C£ = the trapezoid FG CD, 

and AABE-ADCE= the trapezoid 45GD. 

Therefore in (5), FGCD". ABCD -1:1. 

/. the trapezoid FGCD**i the trapezoid ABCD. 

EX. 875. To divide a given trapezoid into two equivalent parts by 
drawing a line through a given point in one of the bases. 

I. Let ABCD be the given trapezoid and P the given point, and sup- 
pose AP>AB-DC. 

It is required to divide the trapezoid ABCD into n y Hn 
two equivalent parts by drawing a line through P. 

Construction. Draw the median EFznd the altitude 
NM. Through 0, the middle point of EF, draw PH. jt^ 

PH is the line required. 

Proof. The trapezoids APHD and PBCH have the equal medians 
EO and OF, and the same altitude NM. 

:. the trapezoid APHD *> the trapezoid PBCH ({ 372) 
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II. Let ABCD be the given trapezoid, and P the given point, and 
suppose AP < AB - DC 

Constbuotion. Draw the altitude k. Find BF t a 
fourth proportional to \BP, \(AB + DC), and h. AJ 

Draw BF± to AB at B, FE II to BA, and EG II to A f S\ ! 
P5. Join P£ FE is the line required. p <* 

Proof. JN? =- BF ({ 180) ; and hence J £P: J (4£ + DC) = A : #0. 
.-.J (£Px .EG) = J (4£ + DC) A. 
The area of A PBE - J (£Px EG). (J 368) 

The area of the trapezoid ABCD'= J (AB + DC) h. (J 371) 

.'. A PAZ** i the trapezoid ABCD. 
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Book V. 

Ex. 376. The area of a circumscribed square is equal to twice the 
area of the inscribed square. 

Proof. Let 8 be the side of the circumscribed square, • the side and 
d the diagonal of the inscribed square. 

Then --V2; (J 340) 

but d =» diameter of circle — & 

.-.fi-Vi or £?-2. 

.-. fl»-2«». 

Ex. 377. If the length of the side of an inscribed square is 2 inches, 
what is the length of the side of the circumscribed square ? 

Solution. Let 8 be the side of the circumscribed square, and a the 
side of the inscribed square* 

Then £~V2. 



(Ex. 376) 



f-V2, or fl-2V3. 
2 



Ex* 378. In a regular inscribed triangle a =- 22 V3, r — } R t A =- 60°, 
C-120°. 

Let ABC be an equilateral triangle inscribed in the 
circle whose centre is 0. 

Let OD be perpendicular to AB. 
Let AO=*R, OD = r, AB = a, ZCAB-A, and 
JLAOB-C. 

I. To prove a = By/3. 

Proof. Produce OD to meet the arc AB in E. Join 
AE % BO, BE. E is the middle of the arc AB. 
AO=AE=BO=BE\ 
hence AB and OE mutually bisect each other in 2>. 
A&-A&-0&. 
That if, (JaP-iP-Ul^- 

.-. a-BVZ. 




(J 232) 
« 431) 
«123) 
(i 339) 



126 



PLANE GEOMETRY. — BOOK V. 



II. To prove r=}«ff. 
Proof. Since AB bisects OE, 

.-. OD~\OE t or r-\B. 

III. To prove A -60°. 
Proof. Since -4i?C is an equilateral A, it is equi- 
angular. ({ 155) 

.-. -A -J of 180° = 60°. 

IV. To prove C- 120°. 

Proof. Since A AOB is measured by J of a circumference, it is J of 
360° - 120°. 




Ex. 879. In an inscribed square, 

a = RV2 f r = iBV2, -4 = 90°, (7=90°. 
Let ABCD be an inscribed square, O the centre, 
and OE the apothem. 



(J340) 



I. To prove 


a = BV2. 


Proof. 


AB-AOy/2; 


that is, 


a-RV2. 


II. To prove 


r-}i?V2. 


Proof. 


Since Z OAE-* 45°, AE- 


Hence 


OE-A° = *£V2; 




OE 



that is, r-iHy/2. 

III. -4 = 90° because it is measured by } a semi-circumference. 

IV. C = 90° because it is measured by J a circumference. 



Ex. 380. In a regular inscribed hexagon 

Or-B, r = }2*V3. 4-120°, and C = 60°. 

Let ABGDEF be a regular hexagon inscribed in a 
O whose centre is O. Let OJTbe the apothem. Then 
AO =B % AB- o, and OK= r. 

I. a = B. (J431) 



II. To prove 
Psoor. 



a = B. 
r-lBV$. 
OK'-OT-AP; 




«339) 
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that is, 



T* = &-(iKf' 



3iP 



.. r~lRV5. 

III. A «= £ FAB — 120°, since it is measured by £ of f of the circum- 
ference. 

IV. C= Z AOB = 60°, since it is measured by J of the circumference. 

Ex. 381. In a regular inscribed decagon 

o ^ iZ(Vg-l) > r _$ - RVlO + 2V5 l 4-144°, and C-36<\ 
2 

Let AB be one side of a regular decagon inscribed 
in a O whose centre is 0. Let OK be the apothem. 
Then OA - B, OK=~ r, and AB =- a. 



I. To prove 



2 



Pboof. OAiAB.iAB.OA- AB. ( g 434) 
That is, i2 : a : : a : i2 - a. 

2 




r-Ji2Vl0 + 2V5. 



O^-O^-AS-'. 



(J 339) 



II. To prove 
Pboof. 

That is, r'-iP-tta)'-iP-| jR ^- 1 ) r 

III. 4-2^ Oil J?- 144°, since it is measured by } of A of the cir- 
cumference. 

IV. C=» ZAOB - 36°, since it is measured by ^ of the circumference. 

Ex. 382. Of all equivalent parallelograms having equal bases, the 
rectangle has the least perimeter. 

Let ABCD be a rectangle, and 
ABEF any other O on the same 
base AB, and having the same alti- 
tude. A 
To prove 2AB + 2BO< 2AB + 2BK 
Pboof. BQ<BE (J 114); and hence 2BO<2BR 
Adding 2AB to each side of this inequality, we have 
2AB +2BC<2AB + 2BK 
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Ex. 383. Of all rectangles of a given area, the square has the least 
perimeter. 
Let P be a square, and 2* any 



other rectangle equivalent to P. 

To prove perimeter of P less than 
perimeter of P\ 

Proof. Construct the square Q, having the same perimeter as P*. 

Then Q>P. (J 450) 

But P*>I*. .'. Q>P. 

Since Q is greater than P, and they are both squares, the perimeter of 
Q must be greater than the perimeter of P. 

But the perimeter of P' equals the perimeter of Q, by construction ; 
therefore the perimeter of P f is greater than the perimeter of P. 

Ex. 384. Of all triangles upon the same base, and having the same 
altitude, the isosceles triangle has the least perimeter. 

Let ABC be an isosceles A, and ABD any other A, having AB for a 
base, and its vertex D in a line CD 
fltoiLB. 

To prove 
AB + AQ+ CB < AB+ AD + DB. 
Proof. Draw BE ± to AB, meet- 
ing -4 (7 produced in E. Join DE 
BEisX to CD. (}102) 
ZECF-ZCAB (J106) 
-ACBA (3154) 
-ZBCF ({104) 
.-. the rt. A ECF= rt. A BCF. 
.\FE=>FB. 
.\ CE- CB and DE= DB. 
But AE< AD + DE, or AC+ CB<AD + DB. 

.-. AB + AC+ CB<AB + AD + DB. 

Ex. 385. To divide a straight line into two parts such that their 
product shall be a maximum. 

Proof. From J 392, it is evident that the rectangle CMx CiVwill be 
a maximum when MP is equal to the radius; in which case CM=* ON. 

Ex. 386. To inscribe in a semicircle a rectangle having a given area; 
a rectangle having the maximum area. 




«149) 

« 122) 
(| 137) ' 
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Let AFEB be a semicircle, and 2Ta given square whose side is S. 

To inscribe in AFEB a rectangle haying an area equal to K\ also to 
inscribe a maximum rectangle in AFEB. 

Construction. Find p, a third proportional to AB and 8. Take 
XY= OB. Draw VZ II to XY, and at the distance p from XY. Upon 
XYd& a diameter, describe a semicircle cutting VZvX Z. Take OD => XZ, 
draw BE JL to -45, cutting the semi-circumference in E t and complete 
the rectangle CE. CE will be the rectangle required. 

Pboop. Draw DK± to OE. 

Rectangle CE=> 4 x A ODE= 2 0Ex DK= ABxp = S*=K 

In order that rectangle OE may be a maximum, A ODE(=AXYZ) 
must be a maximum ; in which case DK(=* NZ) is a maximum. 

But NZ(=*DK) has its greatest length when NX= NY (when 
KO - -00 ; that is, when Z ZXY{= Z EOD) - 45°. 

Hence to inscribe the maximum rectangle in a semicircle, draw a 
radius OE, making an Z of 45° with OB ; then rectangle CE will be the 
required maximum rectangle. 

Ex. 387. To find a point in a semi-circumference such that the sum 
of its distances from the extremities of the diameter shall be a maximum. 

Let ACB be a semicircle, the middle point 
of the arc ACB, and D any other point. 
To prove AC+ BC> AD + BD. 
Proof. Produce AC to F, making CF^AC 
= CB. Join BF. Produce AD to E, making 
DE=DB. Draw EB, and produce it to meet 
AK drawn through A JL to EB. 

Since CA = CB = CF t B is on the semi-cir- 
cumference on AF as a diameter. 

.-. ABF is a rt. Z. 
ZACB = ZF+ZCBF=2ZF. /. ZF-\ACB-\ADB. (J 267) 
ZADB = ZE+ZDBE=2ZE. .-. Z^= J4D5-Z-F. 

/. The A 4-F2? and AEK&re similar. (§ 323) 

But AK<AB. (J 114) 

.-. ;LE<iLF, or AD + BD<AC+BC. 



/• 



o/ 




Jr^ 



. r E 



IB 
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Ex. 388. The side of a circumscribed equilateral triangle is equal to 
twice the side of the similar inscribed triangle. Find the ratio of their 
areas. 

Let DEF be a circumscribed equilateral A, 
and ABC an inscribed equilateral A. 

To prove FE=> 2 CB, and to find the ratio of 
the areas DEF and ABO. 

Proof. Since EB and EC are tangents from 

E, they are equal. ({ 246) 

/. ZECB-ZEBC. 

But /J£=60°. 

.-. ZEBC=^ECB = 6Q°-ZK 

/. EC- CB. 

.-. EF-2CB. 

area DEF FE 




area ABC c£* 



■ 2»-4. 



Ex. 389. The apothem of an inscribed equilateral triangle is equal to 
half the radius of the circle. 

Proof. The side of the inscribed regular hexagon equals the radius 
« 431). 

The apothem of the inscribed equilateral A — J the radius (Ex. 378). 
Hence the theorem. 

Ex. 390. The apothem of an inscribed regular hexagon is equal to 
half the side of the inscribed equilateral triangle. 

Proof. The apothem of the hexagon =» £ By/5. (Ex. 380) 

The side of the A - 22 V3. (Ex.378) 

Hence the theorem. 

Ex. 391. The area of an inscribed regular hexagon is equal to three- 
fourths of that of the circumscribed regular hexagon. 

Proof. The apothem of the circumscribed hexagon is the radius = R 
The apothem of the inscribed hexagon — \Ry/Z (Ex. 380). 

. area inscribed hexagon = (\ Ry/3)* = 3 iff ^ 3^ 
area circumscribed hexagon IP 4 IP 4 
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Ex. 392. The area of an inscribed regular hexagon is a mean propor- 
tional between the areas of the inscribed and circumscribed equilateral 
triangles. 

Pboof. Area of inscribed equilateral A whose side is a 



-!*t*. 



^X^ = f*W3. 



Area of circumscribed equilateral A 

The mean proportional between these areas 

- VfiP\/3 x 3i?V3 - $B*y/l. 

The area of a regular inscribed hexagon 
.^xjiSv^-tiPV'3. 



(Ex. 378) 



(Ex. 388) 



(Ex. 380) 




Ex. 393. The area of an inscribed regular octagon is equal to that of 
a rectangle whose sides are equal to the sides of the inscribed and the 
circumscribed squares. 

Let AB be the side of an inscribed octagon whose 
area is P, AC the side of the inscribed square, and 
CD the diameter of the circle or the side of the cir- 
cumscribed square. 

To prove P= CD xAC. 

Proof. Area of A ABO = \BO x AK= \CD xAC 
(since BO = i CD and AK=\AC). 

But the A ABO is J of the octagon ; hence P = 8 X J CD X AC 
-CDxAC. 

Ex. 394. The area of an inscribed regular dodecagon is equal to three 
times the square of the radius. 

Let <AB be the side of a regular dodecagon whose 
area is P inscribed in a circle whose centre is O and 
radius R. 

To prove P = 3iP. 

Proof. Draw AC, & side of a regular inscribed 
hexagon. 

kx*&ot&AOB = OBx\AE=Rx\R = \&. 

But the A AOB is ^ of the dodecagon; hence P- 
= 3iP. 




12 X |iP 



132 



PLANE GEOMETRY. — BOOt V. 



Ex. 395. Every equilateral polygon circumscribed about a circle is 
regular if it has an odd number of sides* 2) 

Let ABODE be an equilateral circumscribed 
polygon of an odd number of sides. 

To prove ABODE regular. 

pROor. Join the centre with A, B t 0. 

Then OA, OB, 00 bisect the angles A, B, O t 
respectively ({ 246). 

&OBA = AOBC 
..ZOAB-ZOCB. 
.\ A BAE= Z. BCD. (Ax. 6> 

In like manner it may be proved that the first of ejrojr three consecu*- 
tive A is equal to the third. 

That is, £A = ZC=£E=/.B^4D. 

Hence the polygon is regular, since it i» equilateral and equiangular. 

The same method is manifestly applicable in. every cae* where the 
number of sides is odd. 





Ex. 396. Every equiangular polygon inscribed in a circle is regular 
if it has an odd number of sides. 

Let ABODE be an inscribed equiangular polygon having an odd 
number of sides. 

To prove ABODE regular. 

Proof. Since the equal inscribed A intercept 
equal arcs on the circumference, if each of these arcs 
be subtracted from the circumference, the remain- 
ders will be equal. 

That is, arc ABO= arc BCD. i 

Taking arc BO from each of these equals, we hava 

arc AB =» arc CD. 
In like manner 

arc CD = arc EA =» arc BQ= arc DJ£- arc AB* 

.'. AB = BC= CD, etc. (J 230, 

Hence the polygon is equiangular and equilateral, and therefore 
regular. 

The same method is manifestly applicable to anj polygon, of aa odd* 
number of sides*. 



TEACHERS* EDITION. 133 




Ex. 397. Every equiangular polygon circumscribed about a circle is 
regular. 

Let ABODE be any equiangular polygon circumscribed about the G> 
whose centre is 0. ~ 

To prove ABODE regular. 

Peoof. Join 0A t OB. Draw OK and OL to the 
points of contact of the sides AE and AB respectively, 
rt. A OAK- rt. A OAL. ({ 161) 

.\ AK= AL. 

In the rt. A OLA and OLB, Z OAL = Z OBL (being halves of the 
equal A A and B). 

.\AOLA = &OLB. .\LA = LB. .\AB = 2AL. 

In like manner AE = 2 4JT. But AL =- AZ". .\ 4£ - AE 

In like manner AB-BC=CD°- DE~ EA. 

Hence the polygon is regular. 

Ex. 398. Upon the six sides of a regular hexagon squares ar» con- 
structed outwardly. Prove that the exterior vertices of these squares 
are vertices of a regular dodecagon. 

Let DA and AB be consecutive sides of 
a regular inscribed hexagon, and AG and 
AF squares on AD and AB. 

To prove &, H, E t F, etc., vertices of a 
regular dodecagon. 
Proof. Draw HE, 

Z DAB = 120°. (Ex.380) 
Z HAE- 360° - (DAB + DAH+ BAE) =- 360°- (120°+ 90°+ 90°) - 60°. 
Also, AH— AE t since they are sides of equal squares, 
/. ZAHE-ZAEH. 
But Z HAE-&P. 

\ ZAHE=ZAEH=W>. 
.-. AE-EH. 
.•. QH= HE= EF, etc. 
That is, the dodecagon is equilateral 
Now, Z OHE= Z HEF, etc., since each is composed of a rigjtt angle 
and an angle of 60°. That is, the dodecagon is equiangular. 
Hence Q t H t E y F, etc., are the vertices of a regular dodecagon. 
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Ex. 399. The alternate vertices of a regular hexagon are joined by 
straight lines. Prove that another regular hexagon is thereby formed. 
Find the ratio of the areas of the two hexagons. 
Let ABC... be a regular hexagon. Let BD % 
CE % etc., join the alternate vertices and intersect 
in N t P, Q, P, K t and L. 
To prove NPQRKL a regular hexagon. 
PnooF. Draw the circumscribed O ABCDEF. 
ADFB-AAEC-W 
(each being measured by J of J of the 
circumference). 
Z EPQ is measured by J(arc EF + arc DC) (J 268) - 60°. 
£ EQP is measured by }(*re JEZ) + arc FA) (J 268) -60°. 

Hence A -EPQ is equilateral (| 167) 

In like manner FQR, ARK % etc., are equilateral 

Z QEF-ZQFE (since arc Pii - are JE0). 
.-. QJS- QP. 
Bnt QJS- QP, and QP = QP. 

.\ QP-QR 
In like manner QR - P^- ^X, etc. 

That is, NPQRKL is equilateral. 
Now, A PQR is measured by }(arc EF+ arc D&4) - } of | of the 

circumference. 

/. ZPQP-120*. 

In like manner each A of NPQRKL may be proven equal to 120°. 

Hence NPQRKL is regular. 

Since it has been shown that DP=PQ- QF t 

.-. QP- J DF= i Ry/5. (Ex. 878) 

But DE=R. ({431) 

. ABCDEF _ P» 3 

"NPQRKL QBVSf** " 
That is, the outer hexagon is 3 times the inner hexagon. 

Ex. 400. The radius of an inscribed regular polygon is a mean pro- 
portional between the apothem and the radius of the similar circum- 
scribed regular polygon. 
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Let OA be the radios and OK the apothem of the 
inscribed regular polygon, of which AB is a side. 
Let OD be the radius of the similar circumscribed 
regular polygon of which CD is a side. 

To prove OD : OA : : OA : OK 

Proof. Since CD is tangent to the O at A t 
Z OAD is a rt. Z But AK is J_ to OD. 

.\ ODiOAnOA; OK ({ 334) 

Ex. 401. The area of a circular ring is equal to that of a circle whose 
diameter is a chord of the outer circle and a tangent to the inner circle. 

Let AB be a tangent to the inner O whose radius 
is OD = r, and let AB be a chord to the outer 
whose radius is OA = B. 

To prove area of ring = } » X Aff. 



Proof. 



But 
That is, 

But 



Area of outer circle = »iP. (J 425) 
Area of inner circle = ar*. ( { 426) 
Area of ring — t(B? — r*). 

atf-Off-AD^-iAff. 
B?-i*-\A]?. 
/. Tt/P-r^iTxZS* 

t(IP — r 2 ) = area of ring. 
.'. } r X Al? = area of ring. 




Ex. 402. The square on the side of an inscribed regular pentagon is 
equal to the sum of the squares of the radius of the circle and the side of 
the inscribed regular decagon. 

Let AB be the side of a regular inscribed penta- 
gon, and AC the side of a regular inscribed decagon. 
To prove AC* + 0$ = Iff. 

Proof. Draw OD to bisect the Z .4 00 and meet- ^ 
ing AB in D. Join DC and BC. 
In the A OAD and 0CD % 

OA-OQ OD-OD, ZAOD-ZCOD. (Cons.) 

.\A0AD~A0CD. ({150) 

/. AD -DC 
That is, A ADC is isosceles and similar to the isosceles A ACB, since 
the Z CAB is common. 

.-. AB:AC;;AC; AD, or AC* «= AB X AD. (1) 
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Again, A AOB = \ of 360° - 72°. 

kAOC-iof 72° = 36°. 

A COD =» J of 36° - 18°. 

/. A DOB = 36° + 18° - 54°. 

But A OAB - J(180° - AOB) 

-}(180°-72°)=.54°. 
That is, A DOB is isosceles and similar to A OAB, having Z. OBD in 
common. 

/. AB:OB::OB: BD, or OI? = ABxBD. (2) 

Adding equations (1) and (2), we have 

Off + AC* = AB(BD + DA) = ABxAB = Iff. 

Ex. 403. In a regular pentagon, if a is a side, and R the radius of the 
circumscribed circle, to prove 



R. 



«--j Vl0-2>/5. 

Proof. The side of an inscribed decagon 
Jg(V5-l) 
2 

Hence *-g+ j *^" 1 ) }' 

^ 4R? + R>(6-2VE) 
4 

^ jyqo-2Vo r ) 

4 



(Ex. 381) 
(Ex. 402) 



•'• a= 2 VlO-2V5. 

Ex. 404. If R denote the radius of a circle, and a one side of a regu- 
lar inscribed octagon, to prove 

a«i2V2-\/2. 
Let -45 be the side of the regular inscribed octa- 
gon, and R the radius. 

To prove o - R V2 - V2. 

Fboof. Draw AC, the side of an inscribed square. 

OK= \ Ry/2. (Ex. 379) 

BK=OB-OK=R- Ji2\/2 = |(2-\/2). 
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Now Iff - AK* + BK 2 , or a* - (| V2Y+| | (2 ->/2)J *. (Ex. 379) 

.\a=»\ffV2- V2. 

Ex. 405. If -R denote the radios of a circle, a the side of a regular 

inscribed dodecagon, to prove p 

a = 22V2-V£ 
Let -45 be the side of a regular inscribed dodecagon, 

and B the radius. 

To prove a - B V2 - V3. 

Peoof. Draw -4(7, the side of a regular inscribed hexagon. 

OK~iBVS. (Ex.380) 

BK - OB - OZ ,=* B - i B V3 - 1 (2 - y/S). 
Now AS , -Zff a + 5Z*, 

or a»-(}i^)» + j|(2-V3)J^ 

.-. o«i2V2~Va 

Ex. 406. If on the legs of a right triangle, as diameters, semicircles 
are described external to the triangle, and from the whole figure a semi- 
circle on the hypotenuse is subtracted, the remainder is equivalent to 
the given triangle. 

Let a and o be the legs, and c the hypote- 
nuse of the rt. A. 

To prove the semicircles on a and o as di- 
ameters, increased by the area of the A and I / Jf fc\ 
diminished by the semicircle on c as a diam- 
eter, are equivalent to the area of the A. 

Proof. Semicircles on a and b as diameters — Jira* + Jrft 1 

=-J»(a J + 6») = Jirc 1 . 

But semicircle on c as diameter = |»c*. 

But, if the area of the A be increased by Jirc* and diminished by JrcP, 
the triangle will remain. 

Ex. 407. The radius of a circle - r. Find one side of the circum- 
scribed equilateral triangle. 

Solution. The side of the inscribed equilateral A - r>/3 (Ex. 378). 

The side of the circumscribed A, being double the side of the inscribed 
A, is equal to 2r V§ (Ex. 388). 
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Ex. 408. The radius of a circle is r. Find one side of the circum- 
scribed regular hexagon. 

Let AB % the side of a regular circumscribed hexa- 
gon, be denoted by a, and the radius of the O by r. 

To find a in terms of r. 

Solutioh. OAB is an equilateral A. 

AD-y/A(f-OI? % or l-Vo?^ 5 . 

Ex. 409. If the radius of a circle is r, and the side of an inscribed 
regular polygon is a, show that the side of the similar circumscribed 
2or 




regular polygon is 

V4r«-rf 

Let AB y the side of a regular inscribed polygon, 
be denoted by a, and the radius of the O by r. Let 
CD be a side of the similar regular circumscribed 
polygon. _ (J 407) 

To prove CD 



2ar 




V^-a* 



Proof. OK= VOji'-Ag* - ^r» - (| Y- }V4r«-o« 



Bat 



OKiOEi.AB.CD, or }V4r»-o»:r: 
2ar 



a:CD. 



CD — 



V4r«-a« 



Ex. 410. The radius of a circle «=• r. Prove that the area of a regular 
inscribed octagon is 2r 3 V2. 

Let AB be the side of a regular inscribed octagon, 
and r the radius of the O. 

To prove the area of the octagon = 2r& V2. 

Pboof. Draw AC, the side of the inscribed square. a± 

i!Z-^(J340) — ^ = }fV2. 
V2 V2 

AA0B-lAKxB0(lS6S)-lxirV2xr-ir*V2. 

The octagon - 8 A A OB- 8 x JrV2 - 2r»V£ 

Ex. 411. The sides of three regular octagons are 3 feet, 4 feet, and 5 
feet, respectively. Find the side of a regular octagon equal in area to 
the sum of the areas of the three given octagons. 



^ 
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(Solution. The side of a regular octagon equal in area to the first two 
- V§* + 4*- 5 feet. (J 384) 

The side of a regular octagon equal in area to all three ifi 

V5»T5* - V§6 - 5 V2 feet. ({ 384) 

Ex. 413. What u the width of a ring between two concentric circum- 
ferences whose lengths are 440 feet and 330 feet ? 

Solution. The diameters of the <$ are 

w w 

The width of the ring between two concentric circumferences is one- 
half the difference between their diameters. 

i^_3^_§5_ 176feet 



Ex. 418. Find the angle subtended at the centre by an arc 6 feet 
5 inches long, if the radius of the circle is 8 feet 2 inches. 

Solution. 6 feet 5 inches - 77 inches ; 8 feet 2 inches — 98 inches. 

Circumference of O — 2» x 98 inches. 

The part of the circumference subtended by an arc 77 inches long is 

77 

2»X98 -^2_ of 360* -45.01°. 

2*x98 

Ex. 414. Find the angle subtended at the centre of a circle by an aro 
whose length is equal to the radius of the circle. 

Solution. 0- 2%R (J 419) 

2s- 

Thatis, S- y^ -W-tty. 

2x3.1416 

Ex. 415. What is the length of the aro subtended by one side of a 
regular dodecagon inscribed in a circle whose radius is 14 feet 

Solution. Total circumference — 2« x 14 feet. 

A of circumference - *** 14 feet -7.33 feet. 
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Ex. 416. Find the side of a square equivalent to a circle whose radius 
is 56 feet 
Solution. Area of O =- » X 56 s . 

Side of equivalent square - V* X 56* =» 56 Vr — 99.25 feet. 

Ex, 417. Find the area of a circle inscribed in a square containing 
136 square feet. 
'Solution. Diameter of O — Bide of square = Vl96 = 14 feet 

Area of O = } r X 14* *- 49 t - 153.938 square feet 

Ex. 419. The diameter of a circular grass plot is 28 feet Find the 
diameter of a circular plot just twice as large. 

Solution. Since diameters of <S> are to each other as the square roots 
of Areas, the diameter of the second O would be 28 V2 =- 39.597 feet 

"Ex. 41$. Find the side of the largest square that can be cut out of a 
circular piece of wood whose radius is 1 foot 8 inches. 

SowmoN. The diameter of the O is the diagonal of the inscribed 
square, and the side of a square is the diagonal divided by V2 (J 340). 
Radius — 1 foot 8 inches — 1} feet, 

.*. diameter =- 3} feet 
Side of square - 3J + y/2 - } >/2 - 2.357 feet 

Ex. 420. The radius of a circle is 3 feet What is the radius of a 
circle 25 times as large T J as large ? ^ as large ? 

Solution. The radii required would be respectively 
V25x3feet-15fect; >/ix3feet- 1 foot; V& x 3 feet - 0.948 feet 

Ex. 421. The radius of a circle is 9 feet What are the radii of the 
concentrio circumferences that will divide the circle into three equivalent 
parts. 

Solution. The area of the whole O - 81 #. 

.*. the area of each part — 27 r. 

Since the area of a O is equal to the square of the radiuB times » (2 425) v 
the radius of a is the square root of the area divided by v. 

Hence the radius of the inner O whose area is 27 v would bt 

JHI-3V3- 5.196 feet 
Also, the radius of the second O whose area is 54* watt |j», 
-^/Mr - 3 VS - 7.348 feet 
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Ex. 422. The chord of half an arc is 12 feet, and the radius of the 
circle is 18 feet. Find the height of the arc. c 

Solution. AC* = 2 OOx CD. ({ 337) 44 

12* = 2xl8xCD. 

36 CD =-144, 

CD- 4. 

Ex. 423. The chord of an arc is 24 inches, and the height of the arc 
9 inches. Find the diameter of the circle. 

Solution. Referring to the figure of Ex. 422, let K be the other 
extremity of the diameter passing through C 

Then Iff -CDxDK ({ 337), or 12* = 9 x DK 

.\ DK= 16, and CK= DK+ DC~ 16 + 9-25 inches. 

Ex. 424. Find the area of a sector, if the radius of the circle is 28 feet, 
and angle at the centre 22\°. , 
Solution. 22J° -s- 360° = ^. /. the sector is ^ of the O. 
.\ area of sector - ^ of 28* x » - 153.938. 

Ex. 425. The radius of a circle — r. Find the area of the segment 
subtended by one side of the inscribed regular hexagon. 

Solution. The area of the corresponding sector is £ of the O, or Jut*. 

The area of the equilateral A formed by the* radii and the chord of the 
•egment is Jr*V3 (Ex. 307). 

/. the area of the segment - \in* - \r*V5= ^ (2*~ 3 V5). 

Ex. 426. Three equal circles are described, each touching the other 
two. If the common radius is r, find the area 
contained between the circles. 

Solution. The A 00' 0" is equilateral, each 
side being 2r, and the area ^Vi? (Ex. 307). 

The area of the sector cut out of each by 
the A is £ of the O, or Jirr 2 . 

.*. the area of the three sectors is }*r s . 

But the area contained between the ® is the area of the A diminished 
by the area of the three sectors ; that is, 

Area contained between the circles — r*V3 — }*»*= Jr*(2>/3 — *). 
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Ex. 427. To circumscribe about a given circle an equilateral triangle. 
Let ABC be a O. It is required to circumscribe about this O an 

p 

A 




equilateral A. 

Construction. Find the points A, B, C, the 
vertices of an inscribed equilateral A ({ 432). 
Through the points A, B, C draw tangents 
(J 287) intersecting in Q, N t P. Then QNP is 
the A required. 

Peoop. Z P is measured by J (arc ABC —arc AC) 

=- J of } of the circumference =» J of the circumference = 60°. 
In like manner A iV= 60° - Z. Q. 

.*. A QNP is equiangular, and therefore equilateral (J 157) 

Ex. 428. To circumscribe about a circle a square. 
Let ABCD be a 0. It is required to circumscribe a square about 
thisO. 

Construction. Draw the diameters AG and 
DB JL to each other. Through the points A % B, 
C t D draw tangents intersecting in N t P, Q, R. 
Then NPQR is the required square. 

Peoop. RQ and NP are ± to DB (J 240), 
and are II ({ 100). 

RN and QP are JL to AC (I 240) and are IL ({ 100) 

.-. NPQR is a O. ({ 168) 

But PQ-AC=DB = RN ({ 180) 

DB is ± to .4 C (Cons.) ; and hence PQ is ± to PN 
.*. NPQR is a square. 

Ex. 429. To circumscribe about a circle a regular hexagon. 

Let ABC be a O. It is required to circum- 
scribe about this O a regular hexagon. 

Construction. Divide the circumference into 
6 equal arcs at the points A, B, (7, etc. (§ 431). 

Through the points of division draw tangents 
intersecting in N t P, Q, etc. Then will -YPQ..... 
be the required hexagon. 

Peoop. The Z P is measured by }(arc ACB - arc AB) [J 270] - J of 
f of the circumference — J of the circumference. 
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In like manner each of the other A of the hexagon is measured by \ 
of the circumference. 

Hence the hexagon is equiangular, and therefore regular (Ex. 397). 

Ex. 430. To circumscribe about a circle a regular octagon. 

Let ABC he a O. It is required to circum- 
scribe a regular octagon. 

Construction. Divide the circumference into 
8 equal parts (J 430). Through the points of 
division draw tangents intersecting in N % P, Q, 
etc. Then NPQ is the octagon required. 

Fboof. /.Pis measured by H&tcACB-atcAB) 
[I 270] = i of | of the circumference = } of the 
circumference. 

In like manner each of the other A P, Q, etc., is measured by f of the 
circumference. 

Hence NPQ. 9 ... is equiangular, and therefore regular (Ex. 397). 

Ex. 431. To draw through a given point a line so that it shall divide 
a given circumference into two parts having the ratio 3 : 7. 

Let ABD' be a given and P a given point. 
It is required to construct a line through P 
which shall divide the circumference into two 
arcs having the ratio 3 : 7. 

Construction. Divide the circumference into 
10 equal parts ({ 434). Let the arc AB include 
three of these parts. Join AB. Let fall OD ± to AB. With as a 
centre and OD as a radius describe a O. From the point Pdraw PCD' 
tangent to this Q ({ 287). Then will PD' divide the circumference as 
required. 

Proof. chord CD' - chord AB. 

/. arc CD' = arc AB. 

But arc AB — ^ of the circumference. 

.\ arc CD' — ^ of the circumference, 
and arc CD' : arc CABD' ; : 3 : 7. 

Ex. 432. To construct a circumference equal to the sum of two given 
circumferences. 

Let (7 and C be two given circumferences whose radii are respectively 
R and B'. It is required to construct a circumference equal to C + <7. 




« 236) 
«230) 
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Analysis. C«2»22 f and CT = 2rB'. (J 419) 

,\ C+C = 2»(i2 + 22'). 
Construction. With B + B' as a radius describe a circumference. 
This will be the circumference required. 

Proof. The circumference whose radius is B + B' is 

2x(22 + BO (J 419) = 2tB + 2wB'~ C + CT. 

Ex. 433. To construct a circle equivalent to the sum of two given 
circles. 

Let A and A' be two ® whose radii are £ and B / respectively. It is 
required to construct a © ^ . 

A"~A + A'. / \ 

Construction. Construct the [ q U> 

rt. Z. QNP t and take NP-B \ I 




andiVQ=22'. JoinQP. Then 

with QP as a radius construct 

a©4". Then will A" be the 

O required. 

Proof. A - »iP and A' - *22'». (| 425) 

.\ A+il / -»(iP + i2^) = »(i7P , + Wj-irC^-areaofGul^, 
whose radius is QP, 

Ex. 434. To construct a circle equivalent to three times a given circle. 

Let A be the given 0, whose radius is R. It is required to construct 

Construction. With B as a unit construct NP= V3 (Ex. 218). Then 
with NP as a radius describe a O. This will be the O required. 
Proof. 4-»2P. (J 425) 

/.4'-wlK?-*-(.RV3) > -3*£ 1 . 
.\4'*3-<i. 
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Ex. 435. To construct a circle equivalent to three-fourths of a given 
circle. 

Construction. Construct V3 with the radius of the given O as a unit, 
as in Ex. 434. With one-half of this line as a radius describe a O. This 
will be the required. 

Proof. Let B be the given, and B / the required, radius, and A the 
given, and A' the required, 0. 
Then *22 /2 = f »iP. 

BVS 



.'. i2' = - 



Ex. 436. To divide a circle into two equivalent parts by a concentric 
circumference. 

It is required to divide the whose radius is 
OA into two equivalent parts by a concentric 
circumference. 

Construction. Divide OA into two equal 
parts at B. Erect the JL BC, and let it meet 
the semi-circumference OCA at C. Join 00. 
With as a centre and OC as a radius de- 
scribe a circumference. This will be the required line of division. 




Proof. 

But 
and 



OC* = Off + BC i = 20B i = ^ = 2^.' 

2 2 



rOO 1 



rOZ 1 



vOC 2 is the area of the inner 0, 



« 425) 



xOA: 



is J of the area of the given circle. 



Ex. 437. To divide a circle into 5 equivalent parts by concentric 
circumferences. 

It is required to divide the of which OA is 
the radius into 5 equivalent parts by concentric 
circumferences. 

Construction. Divide OA into 5 equal parts 
(J 279). At B, the first point of division from 
0, erect a J_, and let it meet the semi-circumfer- 
ence on OA as a diameter in R. With as a centre and OB as a radius, 
describe a circumference. This circumference will include \ of the 0. 
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If at K } the second point of division from 0, another J_ be erected, and 
a be described with as a centre, and a radius equal to the distance 
from to the intersection of the X with the circumference on OA, this 
O will include j of the O, etc. 
Pboof. 0&-0& + B& (J338) 

- OB* + OB x BA (J 337) 

-OB(OB + BA) I f £«J M 

-\OA(OA) = \a£. 
.\ *m? = \>KOA\ 
But irOiS* is the area of the of which OR 
is the radius, and vOA? is the area of the given (j 425). In like 
manner it may be shown that wOK = jirCM. , etc. 

Ex. 438. The line joining the feet of the perpendiculars dropped from 
the extremities of the base of an isosceles triangle to the opposite sides 
is parallel to the base. 

Let ABC be an isosceles A with CD and BE 
JL to the equal sides AB and AC respectively. 
To prove DE II to BC. 
Proof. In the rt. A CBD and BCE t 

BC-BC, (Iden.) 

and Z CBD =» Z BCE. (J 154) 

.\ A CBD = A BCE. (I 148) 

.-. BD - CE. .-. AB-BD= AC- CE, or AD = AE. 
That is, A ADE is isosceles ; and since ZAis common to the A ADE 
and ABC, 

:. Z ADE=-Z ABC, and hence DE is II to BC (J 108) 

Ex. 439. If AD bisects the angle i of a triangle ABC, and BD 
bisects the exterior angle CBF, then angle ABB equals one-half angle 
ACS. c d 

Let AD bisect ZA, and let BD bisect Z 
CBF. 




To prove 


ZD=\ZC iy \ 




Proof. 


ZOBE=ZCAB + Za (i 14b) A 

.\ZDBF=ZDAB + IZC 


M p 


But 


ZDBF-ZDAB + ZD. 


(1 145) 




.:ZDAB + iZC=ZDAB + ZD. 


(Ax. 1) 




:.\ZC=ZD. 


(Ax. 3) 
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Ex. 440. The sum of the acute angles at the vertices of a pentagram 
is equal to two right angles. 

Let A, B, C t D t E be the acute A at the ver- 
tices of the pentagram. 
To prove A + B + C+ D + E= 2 rt. A. 
Peoop. ZDNK+ZCKL + ZBLP 

+ ZAPQ + ZEQN=-4rt.A. (J 207) 
Also ZDKN+ZCLK+ZBPL 

+ ZAQP + ZENQ = trt.A. (J 207) 
Hence sum of base A of the A DNK, CKL, etc. - 8 rt. A. 
But sum of all the A of the A DNK, CKL t etc. - 10 rt A. 
.\A + B+C+D + E=-2rtA. 




(Ax. 2) 
(I 138) 
(Ax. 3) 




« 109) 

(Ax. 7) 

« 138) 

«95) 



Ex. 441. The bisectors of the angles of a parallelogram form a rec- 
tangle, jd Q 

Let A BCD be a parallelogram. Let AL, BL, 

CF, DF bisect respectively A A, B, C t D t and 

meet in E % F t K t L. 

To prove EFKL a rectangle. 

Pboop. Z CD A + Z DAB =- 2 rt. A, 

.: ZEDA + EAD=lrt.Z. 

.\ZAED~lrt.Z. 

.-. ZFEL-lrtZ. 

In like manner X, K t Fm&y be proved rt. A. 

.'. EFKL is a rectangle. 

Ex. 442. The altitudes AD, BE % CF of the triangle ABC bisect the 
angles of the triangle DEF. 

Let ED % EF t FD join the 
feet of the altitudes of the A 
ABC. 
To prove 

Z EDA = Z FDA, 

ZFEB =ZDEB, 

ZEFC -ZDFC. 

Pboop. On AB % BC t ACt* 

diameters describe <§). These 

® will pass through D and 
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E t E and F t D and F respectively (since ADB and AEB, CEB and 
CFB, AFC said ADO Are right angles). 

Z EDA - Z EBA (each being measured by } arc EA) - Z EOF (each 

being measured by J arc EF) — ZFDA (each being measured by 

i*rcAF). 

Also, 

ZFEB-ZFCB 
(each being measured by 
J arc FB) 
~ZDAF 
(each being measured by 
J arc DP) 
-ZDEB 
(each being measured by 

i arc DB). 

Also, Z -EP0- Z -EPC (each being measured by J arc EC) = Z J&LD 
(each being measured by £ arc .EZ)) = Z i)i^C (each being measured by 
J arc CD). 

Ex. 443. The portions of any straight line intercepted between the 
circumferences of two concentric circles are equal. 

Let AD cut the outer O in A and D and the inner 
O in B and C 

To prove AB - DC. 

Peoop. Draw 02T from the centre ± to AD. 

Then KA - £2) and .££ = KC. (? 232) 

/. AB-DC. (Ax. 3) 

Ex. 444. Two circles are tangent internally at P, and a chord AB of 
the larger circle touches the smaller circle at C. Prove that PC bisects 
the angle ABB. 

Let the ® PCD and PAP be tangent inter- 
nally at P. Let AB be a chord of the larger O 
PAB and a tangent to PCD at C. 

To prove Z ilPC« Z PPC. 

Pboof. Draw CD and EB. CD is II to EB 
(Ex. 237, 2 312). 

ZAPC=ZABE (each being measured by 
i arc 4£) = Z BCD (§ 104) - Z BPC t since } arc CZ> measures Z PP0 
(2 263) and Z PCD (J 269). 
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Ex. 445. The diagonals of a trapezoid divide each other into segments 
which are proportional. D c 

Let ABCD he a trapezoid whose diagonals 

-AC and BD intersect in E. 

To prove EA.EB^EC: ED. * b 

Pboop. In the A AEB and DEC, Z ^EB = Z DEC. (J 95) 

Z EBA = Z EDO. ({ 104) 

.\ A AEB and DEC are similar. (J 322) 

.\EA:EB-EC:ED. 

Ex. 446. The perpendiculars from two vertices of a triangle upon the 
opposite sides divide each other into segments 
reciprocally proportional. 

Let ABC he a A. Let CD and BE he ± 
respectively to AB and AC, and meeting in F. 

To prove FB:FC=FD:FE. 

Proof. In the rt. A CEF&nd BFD t Z CFE- Z DFB. (J 95) 

/. the A are similar. (J 323) 

.-. FB: FC= FD: FE. 

Ex. 447. If through a point P in the circumference of a circle two 
chords are drawn, the whole chords and the segments between P and a 
chord parallel to the tangent at P are reciprocally proportional. 

Let the chord AB he II to the tangent at P, and let PC and PD be 
chords cutting AB in E and K. 

To prove PE : PK= PD : PC. F ^ A ^ H 

Proof. Join CD. 

ZFPE=ZD, 
(since each is measured hy J arc PC). 
But Z FPE = Z PEK. (J 104) 

:.ZPEK=ZD. 
In like manner Z PKE = ZC 

.-. A PEK and PCD are similar. (? 321) 

/. PE : Pif= PD : PC 
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Ex. 448. The perpendicular from any point of a circumference upon 
a chord is a mean proportional between the perpendiculars from the 
same point upon the tangents 
drawn at the extremities of the 
chord. 

Let AB be a chord, AT&nd BT 
tangents, PD drawn from any point 
P in the arc J. to AB. Let PL 
and PK be JL to AT and BT re- 
spectively. 

To prove PL: PD ^ PD : PK. 

Peoop. On BP and AP as diam- 
eters, describe <§). These ® will 
pass through K t D and L t D re- 
spectively, since PKB % PDB t ALP % 
and ADP&tb rt. A. Join LD and 
KD. 

Z PKD = Z PBD (J 263) - Z LAP (since \ arc AP measures Z ABP 
and Z LAP) - Z LDP (§ 263). 

Also, Z PLD - Z PAD (J 263) - Z KBP (since J arc BP measures 
Z PAB and Z PBK) - Z KDP (J 263). 

,\ A LPD and KPD are similar, , (J 322) 

.-. PLiPD = PD:PK 




Ex. 449. In an isosceles right triangle either leg is a mean propor- 
tional between the hypotenuse and the perpendicu- 
lar upon it from the vertex of the right angle. 

Let BAC be an isosceles A right-angled at A. 
Let AD be perpendicular to BQ. 

To prove BO: AB = AB i AD. 

Peoof. BO : AB = AB : BD. 

But ZB = ZDAB = ±b<>. 

/. BD ^ AD. 
:. BC:AB-AB:AD. 




« 334) 



«156) 



Ex. 450. The area of a triangle is equal to. half the product of its 
perimeter by the radius of the inscribed circle. 

Let ABC be a A, and NLKbe the inscribed O having the radius OK. 
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To prove . area A = } (AB + BC-r CA) x OK 

Peoof. The Ji OK, OL, OJVare all equal (J 162). 

&AOB = ABxiOK, 

ABOC = BCxiOL t 

AAOC = ACxiON. 

By adding these equations, 

A AOB + A BOO + A AOC = \{AB + BC + AC) x OK. 
.\ AABC=\{AB + BC + AC)xOK. 

Ex. 451. The perimeter of a triangle is to one side as the perpendicu- 
lar from the opposite vertex is to the radius of the inscribed circle. 

Let ABC be a A whose perimeter is p. Let 
BD be ± to CA, and OK the radius of the in- 
scribed 0. 

To prove p : AC= BD : OK 

Peoof. area A = \p x OK (Ex. 450) 

Also, area A - J AC x BD. (J 368) 

/. ip x OK= lACx BD. (Ax. 1) 

/. pxOK= ACxBD. (Ax. 6) 

,\ p:AC-BD:OK (j> 297) 

Ex. 452. The sum of the perpendiculars from any point within an 
equilateral convex polygon upon the sides is constant. 

Let ABODE be an equilateral convex polygon, and PN, PK, PL, 
PQ, PR the J» from any point P within the polygon upon the sides. 
To prove PN+ PK+PL + PQ + PR constant. 
Peoof. Join PA, PB, PC, PD, PE. 
&PAB = iABxPN. 
APBC =iBCxPK 
APCD=lCDxPL. 
APDE-lDExPQ. 
APEA=iEAxPR. 
Adding these equations together, and noting that the sum of these & is 
the area of the polygon and that each side of the polygon = AB, we have 
area of polygon « J AB (PIT +PK + PL + PQ + PR). 
But area of polygon and \AB are constant, and hence the sum of the 
perpendiculars is constant. 
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Ex. 463. A diameter of a circle is divided into any two parts, and 
upon these parts as diameters semi-circumferences are described on oppo- 
site sides of the given diameter. Prove that the sum of their lengths is 
equal to the semi-circumference of the given circle, and that they divide 
the circle into two parts, whose areas have the same ratio as the two 
parts into which the diameter is divided. 

Let AB be the diameter of the O. Let Pbe 
any point on AB, at distance x from the centre, 
so that AP=> r + x and PB = r — x; upon AP 
and PB as diameters let semicircles be described 
on opposite sides of AB. 

I. To prove curved line ANPLB = «r. 
Peoop. arc ANP= \ (r + x)w. (| 419) 

arc PLB =i(r-x)w. (J 419) 

,\ curve ANPLB = £ (r + x)w + i(r-x)r =■ «r. 

II. To prove ™»^*&** . r±£ 

F m&AVBLPN r-x 

Proof. 

area ANPLB8 _^ semicircle ANP + semicircle ASB— semicircle PLB 
area A VBLPN semicircle A VB + semicircle PLB — semicircle ANP 

J(r + s)'» + *£-i(r--*)'ir 

. 2 =L±£. 

^ + J(r-*)',r-l(r + *) a ir r-x 

Ex. 454. Lines drawn from one vertex of a parallelogram to the mid- 
dle points of the opposite sides trisect one of the diagonals. 

Let AC be a O. Let if and M / be the middle points of AB and BO 
respectively. Let DM and DM' be drawn, 
cutting AC in iTand L respectively. 

To prove AK=KL = LC. \ ">^QT Y 

Proof. Join DB. Since N is the middle of 
DB (i 184), and M' is the middle of £C(hyp.), 
LN= i CN (Ex. 33) = J AC. In like manner, KN= \ AC. 

,\KL = IAC+IAC=IAC. 
But CL-2LN=iAC t *ndAK=2KN=iAa .\AK=KL = LC 

Ex. 465. If two circles intersect in the points A and B, and through 
A any secant CAD is drawn limited by the circumferences at C and D, 
the straight lines BC t BD, are to each other as the diameters of the 
circles. 




TEACHERS EDITION. 



153 



Let the two <D intersect in the points A and B, and CAD be drawn, 
cutting the circumferences in C and D. Let BC and BD be drawn, also 
the diameters BK and BL. 

To prove BC: BD = BK: BL. 

Pboop. Join AK and AL. 

/. KAB and / LAB are rt. 4. (J 264) ' 

.*. AK and AL are in the same straight 
line (§ 93). 




In the & CBD and KBL t /_C= ^/ IT (each being measured by J the 
same arc); also / D = ^ i (each being measured by J the same arc). 

.-. A C£Z> and KBL are similar. (J 322) 

.\BC:BD-BKi BL. 



Ex. 466. If three straight lines AA', BB' t CC, drawn from the ver- 
tices of a triangle ABC to the opposite sides, pass through a common 
point within the triangle, then 



OA' OB' PC 
AA' BB' CC ' 



1. 




Let be any point in the A ABC. Let AA', 
CC, BB', be drawn through 0, cutting the sides 
BC, AB, AC in A', C, B', respectively. 

Peoof. Draw OD and AE ± to BC. By similarity of A, 
OP = 0A\ 
AE AA' 



A OBC _ OD 
A ABC AE 



(?370) = 



OA' 

' AA' 



In like manner 



A OAC OB' 



and 



A ABC BB' % 
By adding these equations, 

A OBC + AOAC+A OAB 

A ABC 

A OBC+ A OAC+ A OAB 

A ABC 



A OAB 
A ABC' 



OCT 

' cc 



But 



OA' OB' 0C i 
' AA' BB' CC 
A ABC , 



A ABC 
. 0& 0& 0C x 
"AA'BB'CC~ ' 
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Ex. 457. Two diagonals of a regular pentagon, not drawn from a 
common vertex, divide each other in extreme and mean ratio. 
Let BE and AC be diagonals of a regular pentagon and intersect at P. 
To prove AC : PC =- PC : AP. 
Proof. Circumscribe a O about the pentagon. 
In the A ^PPand ABC % ZA\& common, A ABP 
=*ZACB (each being measured by ^ of the cir- 
cumference). 

/. A ABP and ABC are similar. (J 322) 
.-. AC:AB-AB:AP 
Z CPB t measured by J (arc AE + arc BC) (J 268), = \ of the circum- 
ference, and /. CBP t measured by J arc CDE, = \ of the circumference. 
.-. Z CPB - Z CBP. 
.\PC=BC=AB. 
Substituting in the above proportion PC for its equal AB t we have 
AC: PC:: PC: AP. 

Ex. 458. Find the locus of a point P whose distances from two given 
points A and B are in a given ratio (m : n). 

Let A.md B be the two given points, and m : n the given ratio. Let Pbe 
taken so that PA : PB ::mm. x> 

To find the locus of P. 

Analysis. Suppose the con- 
struction effected, and P to be 
a point in the locus required. 

Divide AB internally at C 1" 
and externally at 7>, in the ratio m : n. (J J 313, 314) 

Then PA : PB = m : n = (M : CB = 4Z> : Pi). 

Now PC bisects the Z APB, and PD bisects the Z PPJT. 

/. CPD is a rt. Z. (Ex. 11) 

.*. P is in the circumference on CD as a diameter ($ 264), and the re- 
quired locus is this circumference. 

Construction. Divide AB harmonically at Cand D in the ratio m : n 
(i 317), and upon CD as a diameter describe a circumference. This cir- 
cumference will be the required locus. 

Ex. 459. OP is any straight line drawn from a fixed point to the 
circumference of a fixed circle ; in OP a point Q is taken such that OQ 
is to OP in a fixed ratio. Find the locus of Q. 
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Solution. Join OC t and in 00 take D such that 
OD : OC=* m : n (the given ratio). 
Join DQ and CP. A OOP and ODQ are similar. (J 312) 
/. DQ : CP= 02) : 0(7= m : n. 
But OP is constant ; therefore DQis constant. Hence the circumference 
of a of which D is the centre and DQ the radios is the locus required. 

Ex. 460. From a fixed point A a straight line AB is drawn to any 
point in a given straight line CD, and then 
divided at P in a given ratio (m : n). Find the 
locus of the point P. 

Solution. Let AB be drawn from the fixed 
point A to meet CD. Let P be taken so that 
AP:PB::m:n. 

To find the locus of P. 

Draw any other line through A % cutting CD in any point E. Through 
Pdraw PQ II to CD % cutting AE'in Q. 

Then AP: PB - m : n = AQ : QE. (J 309) 

.*. PQ is the locus required. 

Ex. 461. Find the locus of a point whose distances from, two given 
straight lines are in 
a given ratio. 

Let CA and CB 
be two lines, and 
m : n the given ra- 
tio. It is required 
to find the locus of 
a point whose dis- 
tances from CB and 
CA are in the ratio 
m : n. 
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Covstbuctiov. From any point on CA, as Z), draw DH= n, and J. 
to CA. Through ITdraw ES II to AC. From any point on CB, as F, 
draw FE*= m, and JL to CB, and also FE f = ro, and JL to CB. Through 
E draw 2£# II to BC, and intersecting .HSf in P, and through IP draw 
J^Q II to .BC, and intersecting HS in P\ Then will the locus required 
consist of the two straight lines CP and CI*. 




Proof. Since PT(± to CA) = HD = n t and PU (J_ to OS) - ^F= n, 
the point P is a point of the locus required. Any other point on CP 
will also satisfy the required condition ; for A* from this point on CB and 
CA will, by similarity of A, be as m : n. Therefore CP is one branch of 
the required locus. In like manner CP f may be shown to be another 
branch. 

Ex. 462. Find the locus of a point the sum of whose distances from 
two given straight lines is equal to a given length K. 

Let AL and AN be two given lines, and K the given length. It is 
required to find the locus of P so that 
PE+PD = K 

Proof. Draw AS^K ± to AN. 
Through 8 draw SB II to AN, and 
cutting AL in B. Take AC=AB. 
Join BC Then will -BCbe the locus 
required. For ABC is an isosceles A 
(Cons.), and BF= K. Hence if any point P be taken on BC, and J» 
PE, PD be drawn to AB, AC respectively, PE+ PD = BF= K(Ex. 73). 

Ex. 463. Given the perimeters of a regular inscribed and a similar 
circumscribed polygon, to compute the perimeters of the regular inscribed 
and circumscribed polygons of double the number of sides. 




TEACHERS 1 EDITION. 157 

Let AB be one side of the circumscribed polygon, and CD II to AB, 

one side of the similar inscribed polygon. It . FEB b 

is required to construct circumscribed and in- *\ ^>^;^^s^ s 
scribed regular polygons of double the num- c? \ \ — \k / 7 D 
ber of aides and to compute their perimeters \\ | / / 

in terms of the perimeters of the given poly- Vs '\i/ / '' 

gons. o 

Construction. Draw OE JL to AB, Join AO % BO. Join CE, DE. 
Draw CF± to AO, and DH _L to BO. Then will FH be a side of the 
circumscribed polygon required, and CE and DE sides of the inscribed 
polygon required. 

Peoop. Cand D lie in AO and BO respectively. (J 407) 

arc CE= arc DE. (J 232) 

.-. CE=DE, 

and it is evident that CE and DE are sides of the required inscribed 

polygon. Then FH must be a side of the required circumscribed poly- 

gon (| 406). 

Computation. Let P and p respectively denote the perimeters of the 
given circumscribed and inscribed polygons, and i* and p / respectively 
denote the perimeters of the circumscribed and inscribed polygons of 
double the number of sides. 

Z-QA {im)mm QA m 
p OC K% } OE 
But in the two rt. A OFC and OFE t 

FO=FO and OC=OE. 
.*. the A are equal, and FO bisects the Z. COE. 

Whence, by composition, ?±£ = M±M % (j 300) 

p EF 

P+p _ AE _ AE 

01 2p 2EF FH 

But AE is contained as often in Pas FHS& in i*. 
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Whence 
Also, 

Bat 

and 

Whence 



2p P* 

the rt. A CKE and EFNire similar. 
. CK^EN 
" CE~ FE 

. p p / 



(Ax.l) 



«323) 




(Ax.l) 



Ex. 464. To draw a tangent to a given circle such that the segment 
intercepted between the point of contact and a given straight line shall 
have a given length. 




Let BE be the given 0, m the given length, and AB the given line. 
It is required to find a point on AB from which a tangent to the O 
shall be of the given length m. 

Analysis. Suppose C to be the required point on AB, and CD the 
required tangent. Join the centre with Cand D. 

Then 05 , -aD , + G5* (J338) -6ff + m*. 
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Construction. Draw NP at rt. A to NQ, and take NP = m and 
NQ = OD. Join <iP. With as a centre and QP as a radius describe 
a O cutting AB in O From C draw the tangent CD. This will be the 
tangent required. 

Pboop. CD=^ffi-dff=-VQP i --N@~NP=m. 

Discussion. From C another tangent CE may be drawn which will 
fulfil the required conditions. Two other tangents from H may also be 
drawn. So that there are in general four tangents possible, two from 
each of the points in which the constructed O cuts AB. ' It is evident 
that if the line AB is at the distance OC from the centre, the two points 
Cand 5" coincide, and but two tangents may be drawn ; and if the line 
AB is at a greater distance from the centre than OC, the constructed 
does not meet AB and there is no solution. 

Ex. 466. To draw a straight line equidistant from three given points. 

Let A, B t be three given points. It is required to draw a line 

equidistant from them. 

Analysis. Let DF be the 



required line, and AD, BF % 
and CE the equal J«. Join 
iiCand BC. 

In the two rt. & ADE and 
CEK t AD=CE, (Hyp.) 
and ZAKD-ZCKE. (§95) 



B 






.\AADK=ACEK, 


and 


AK= OK 


In like manner 


BL-CL. 



(8 149) 



CoNSTBUcnoN. Join AC and BC. Bisect AC and BC in IT and L. 
Through iT and L draw DF. Then will J)F be the required line. 

Proof. In the rt. A ADKznd CEL, 

AK= CK, (Cons.) 

and ZAKD = ZCKE 

.\ A ADK= A CEK. (J 148) 

.-. AD=CE. 
In like manner CE = BR 

Discussion. If the three given points are in a straight line, the 
required line would be II to the line in which the points lie. 
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Ex. 466. To inscribe a straight line of given length between two 
given circumferences and parallel to a given straight line. 

Let LP and NQ be two given ®, AB the given direction, and m the 
given length. It is required 
to draw a line II to AB, and so 
that a given length m shall be 
intercepted between the two 
circles. 

Analysis. Suppose LN to 
be the line required. Join 
OL, and draw 00= m, and II 
to LN Join ON. 

Since LN=> 00, and LN is m 

II to OC, OONL is a O (J 182). .-. ON- OL and ON is n to OL. 

Construction. Draw 00= m, and II to AB. With as a centre and 
a radius equal to the radius of O LP, describe an arc, cutting O NQ in 
N. Draw OL II to ON, and cutting O LP in L. Join LN Then will 
LN be the line required. 

Proof. Since ON is =- and II to OL (Cons.), OG2VZ is a O. ({ 182) 
.-. LN is - and II to 00. 
But OC is - to m and II to AB. .-. iiV= m, and is II to 4.B. 

Discussion. Since, in general, the arc NK cuts the O NQ in another 
point if, a second line #if will fulfil the required conditions. If arc 
NK touch O NQ, LN and 8K will fall together, and only one con- 
struction is possible. If arc NK does not touch O NQ, the problem is 
impossible. 

Ex. 467. To draw through a given point a straight line so that its 
distances from two other given points shall be in a given ratio. 

Let A be the given point through which the straight line is to be drawn, 
and B and the other given points, 
and m : n the given ratio. It is re- 
quired to draw AF so that the Jl 
from B and shall be in the ratio 
m:n. 

Analysis. Suppose AF to be the 
line required, and BE and CD be JL 
to AF. Join BO, and let BO cut AF in K. In the rt A CKD and 
BKE, the Z CKD - Z 52TE (§ 95) ; hence these ▲ are similar, and 
BK: OK -BE-. CD-m.n. 
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Construction. Join BO. Divide BO in the ratio mm (1 351) at K. 
Through A and if draw AF. AFvriM be the required line. 

Pboof. The rt. A CKD and BKE are similar. (J 323) 

.-. BE:CD = BK: CK=m: n. 

Ex. 468. To construct a square equivalent to the sum of a given tri- 
angle and a given parallelogram. 

Constbuction. Construct a square equivalent to the A, by finding a 
mean proportional between the base and one-half the altitude of the 
given A ({ 390). Construct a square equivalent to the O, by finding a 
mean proportional between the base and altitude of the O ($ 389). 

Then construct a square equivalent to the sum of these two squares 
« 381). 

Ex. 469. Construct a rectangle having the difference of its base and 
altitude equal to a given line, and its area equivalent to the sum of a 
given triangle and a given pentagon. 

Construction. Construct a square equivalent to the given A ({ 390). 
Construct a square equivalent to the given pentagon (J 391). Construct 
a square equivalent to the sum of these constructed squares (§ 381). 

Finally, construct a rectangle equivalent to this last square and hav- 
ing the difference of its base and altitude the given line ({ 393). 

Ex. 470. Construct a pentagon similar to a given pentagon and 
equivalent to a given trapezoid. 
This is a special case of { 394. 

Ex. 471. To find a point whose distances from three given straight 
lines shall be as the numbers m, n, and p. 



Let CA, CB, ED be the three lines. It is required to find a point Q 
such that its distances to the three lines in order shall be as m, n, p. 
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Construction. Construct CQ, the locos of a point whose distances from 
CA and CB are as m : n (Ex. 461). 

Construct EQ, the locus of a point whose distances from CB and ED 
are as n : p. 




Let CQ and EQ intersect in Q. Then will Q he the point required. 
Proof. Draw Qff X to CA t QF X to CB, and QJT JL to £Z>. By 
construction, Qff, QF, QK are as the numbers m, n, j> (Ex. 461). 

Ex. 472. Given two circles intersecting in the point A. To draw 
through A a secant BAC such that AB shall be to AC in a given ratio 
(m : n). 

Let the © whose centres are and C 
intersect in A. It is required to draw 
BAG so that J5ii : AC: : m : n. 

Analysis. Let BAC be the required 
line, and 00 / the line of centres. Draw 
OL and &NX to BAC, and also iiJTX 
to BAG. 

Then 0A JTA, (^iVare H. 

.-. OK:KV = LA: AN= AB:AC=m:n 
(since AB=2AL and iiC= 2 AN). 

Construction. Join 00 \ and divide 00* in the ratio mm (? 351) 
at K. Join ^^". Through ii draw BAC X to iiiT. Then will BAC 
be the line required. 
Proof. Draw the is OL, CNto BC. 

Then OL, KA, O'tfare I!. (J 100) 

.\ m:n = OK: KO* = LA : AN -> AB : AC (J 311) 

(since by % 232 OL and O'iV' bisect A£ and AC respectively). 




(| 100) 
(i 311) 
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Ex. 473. To construct a triangle, given its angles and its area. 
Let BD be a given square, and R and 8 given A. It is required to 
construct a A having an area of BD t and R and 8 as two of its A. 





Coustbuotiok. Draw AF, making /. FAB = ZB. Let AF cut DC 
in K Take EF=AE t and join FB. Draw FK t making the Z AFK 
= ZS, and cutting AB produced in K. On AK as a diameter describe 
a semicircle, cutting OB produced in H. Join AH. Take AL on ^.^ 
equal to AH. Through X draw ZJV II to KF. Then will A ANL be 
the A required. 

Proof. A ANL has the required A, since i? = /. NAL and Z ANL 
= ZAFK($ 106) =^& 
Draw FB. A ^UET^-o* J square BD (§ 368). 

Now, A AFBo 2 A ii-EZ?, since these A have the same altitude, and 
the base AF= 2 AE (Cons.). 

.\ A AFB*> square £D. 
Again, Zff* = AI? = ABx AK (§ 334, II.) 

A AKF: A 4ZJV- Zff a : 2T. (J 375) 

/. AK*: ABx AK = AK:AB=*AAFK: &AFB. (§ 370) 
That is, A AKF : A ALN=> A AFK : A 4i?tf. 

.\ A ALN^A AFB*> square AD. 

Ex. 474. To construct an equilateral triangle having a given area. 
The construction is effected as in Ex. 473, each Z being 60°. 
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Ex. 475. To transform the triangle ABC into a triangle similar to a 
given triangle PQR. 

Q 




Analysis. Let AFG be the required A, constructed with the side AF 
in the line AB. Draw CD II to AB and meeting AG in D t and DE II to 
GF\ then, by similar A, 

AAED : AAFG = AE* : AF*; 
or, since A AFG * A ABC, 

A AED : A ABC= AE* : IF. 
Since the A «4^D and iiPChave equal altitudes, 
A AEZ) : A ABC= AE : 4£. 
.-.ZFfiAJp-AEiAB, 
and -IF-ABxAE: 

That is, AF is the mean proportional between the two known lines 
AB and AE. 

Ex. 476. Given three points A, B % C. To find a fourth point P such 
that the areas of the triangles APB, A PC, BPC shall be equal. 

Let A, B % C be the three given points. It is required to find a fourth 
point P, so that the 

A APB<*AAPC*»ABPC. 

Analysis. Suppose the problem 
solved, and P the required fourth 
point. The A BPC and APB are 

equivalent, and have a common 

baso PB\ hence their altitudes 

CAT and AL are equal (? 370). In 

like manner, since the A APB and 

APC are equivalent, and have a 

common base iiP, their altitudes 

BH and CK&re equal. But since CiV= AL, AC must be bisected by 

BP($ 149); and in like manner, since CK= BH, BC must be bisected 

byiiP. 
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Constbuctioh. Join the three points A, B, C. Draw BP and A K 
through the middle points of AO and BO respectively, and intersecting 
each other in P; then will Pbe the fourth point required. 

Proof. Since BC is bisected by AP (Cons.), the two rt. A formed by 
the halves of BC and the Al BH and OK are equal (| 148) ; hence 
BH-CK 

:. A APB *> A APO. (J 369) 

Also, since AO is bisected by 2?P (Cons.), the two rt. A formed by the 
halves of AO and the Al ON and AL are equal ({ 148) ; hence CN=* AL. 

.\ A APB * A BPC. (i 369) 

ButAAPB^AAPC .-.AAPB^AAPC^ABPO. 

Ex. 477. To construct a triangle, given its base, the ratio of the other 
sides, and the angle included by them. 

Let AB be the given base, m : n the given ratio, and AOB the given 
Z. It is required to construct a A ABO ^ K 

so that CA:CB=>m:n t L 

and Z AOB = the given Z. /' C-^/V \ 

Analysis. Since OA : OB = m:n t if a d b b 

AB be divided harmonically at D and E, in the given ratio, must lie 
on the circumference described on DE as diameter (Ex. 458). 

Since ZACB=>\he given Z, must be on the arc ALB, which con- 
tains the given Z ({ 290). Hence the point is determined by the 
intersection of arcs ALB and DKE. 

Constbuction. Divide AB harmonically at D and E. Upon DE as 
a diameter describe semicircle DKE. Upon AB describe segment ALB 
containing the given Z. (§ 290). Let arc ALB cut DKE at 0. Join 
AO and CB. Then will AOB be the required A- 

Peoop. Z ACB is required Z, and CA : CB = m : n. (Ex. 458) 

Ex. 478. To divide a given circle into any number of equivalent 
parte by concentric circumferences. 

Solution. The method employed in Ex. 437 is applicable to the divis- 
ion of a O into any number of equal parts, the number of equal parts 
into which the radius is divided corresponding to the required number 
of parts of the O. 
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Ex. 479. In a given equilateral triangle to inscribe three equal eircles 
tangent to each other and each circle tangent to two sides of the triangle. 

Let ABC be an equilateral A. It is re- 
quired to draw three equal ©, each tangent 
to the other two and to two sides of the A. 

Analysis. Each of these ® is evidently 
inscribed in a quadrilateral formed by the 
sides and altitudes of the A, as ECD8 (8, 
not shown in the figure, being the inter- 
section of the altitudes). The centre of the 
O must lie on CF t as CF is the locus of all 
points equidistant from CA and CB. As 
this O must also touch BE, its centre lies on EO, the bisector of the 
A CEB. Hence the centre is at O where CF and EO intersect, and the 
radius OK t the JL from upon CE, 8E, 8D, or CD. 

Constbuction. Draw the altitudes CF, BE, AD. Bisect the A CEB 
by EO, intersecting CF in 0. From draw the JL OK to CA. Then 
with as a centre and OK as a radius describe a O. This O will be 
inscribed in ECD8 and will be one of the required <§>. The same con- 
struction may be repeated for each of the other quadrilaterals EAF8 
and FBD8. 

Pboof. Since CF bisects the Z. ACB, is equidistant from CA and 
AB ({ 162). Since EO bisects the Z CEB, O is equidistant from EC 
and ES. Since ECD8 is symmetrical with respect to C8 (J 208), O is 
equidistant from E8 and D8. 

Discussion. Since 0, / t // are equidistant from the sides, the cen- 
tres C, // may also be found by drawing 00 / II to CA, and / // II to 
AB. The intersections of these lines with AD and BE determine / 
and 0". 
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Ex. 480. Find the locus of a point in space equidistant from two 
given parallel planes. 

Let MN and PQ be any two II planes. It is required to find the locus 
. of a point equidistant from these planefc. 

Construction. At any point A in MN erect 
a JL, and produce it to meet PQ in some point, 
as B. Bisect AB % and through its middle point 
C pass a plane DE ± to AB ; then will the 
plane DE be the locus required. 

Peoof. The plane DE is II to MN ({ 491). 

Hence the planes MN t DE, and PQ are all 
parallel. 

Any point in DE is at the distance AC from the plane MN. 

For like reason any point in DE is at the distance BO from the 
plane PQ. 

But, by construction, AC=* BC\ hence any point in the plane DE is 
equally distant from MN&nd PQ. 

Any point without the plane DE is evidently nearer one plane than 
the other ; hence the plane DE is the required locus. 

Ex. 481. Find the locus of a point in space equidistant from two given 
points,_and also equidistant from two given 
parallel planes. 

Let A and B be any two given points in 
space, and MN and PQ any two given II 
planes. It is required to find the locus of 
a point equidistant from A and B, and also 
equidistant from the planes MN and PQ. 

Construction. Draw AB t bisect it; 
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through C, its middle point, pass a plane RS JL to AB. Construct the 
plane DEW to MN&nd PQ, and midway between them. 

FG, the intersection of the planes RS and DE, will be the locus 
required. 

Proof. Any point in the plane R8 is 
equally distant from A and B ($ 482). 

Any point in the plane DE is equally 
distant from the planes MN and PQ, by 
Ex. 480. Hence any point in FG, the in- 
tersection of the planes RS and DE, is 
equally distant from the points A and B, 
and also from the planes MN and PQ, and 
therefore FG is the required locus. 

Discussion. If the line AB is- JL to the plane MN, there will be no 
locus unless the middle point of AB js midway between the planes MN 
and PQ, in which case the locus will be the plane DE. In all other 
cases the locus will be a straight line. 

Ex. 482. The line AB meets three parallel planes in the points A, E, 
B ; and the line CD meets the same planes in the points C, F, D. If 
AE = 6 inches, BE=* 8 inches, CD = 12 inches, compute CF And FD. 
AE:EB=CF: FD. (§ 499) 
.-. AE+ EB : EB-CF+ FD : 
or AB:EB = CD:FD. 

14 : 8 - 12 : FD. 
8 X 12 _ 48 
14 7 " 
OF- CD - FD = 12 - 6$ - 5} inches. 



FD = l - 



FD, 



■■ 6$ inches. 



Ex. 483. To draw a perpendicular to a given plane from a given point 
without it. 

Let MN be any given plane, and A any 
given point without it. It is required to draw 
a JL from A to the plane MN 

Construction. From A draw any three 
equal oblique lines to the plane MN, as AB, 
AC, and AD. In the plane MN find the point 
O equally distant from the points B, C, and D. ^Ji 
Draw AO, which will be the _L required. 
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Proof. The foot of the JL from A to the plane MN is equally distant 
from the feet of the equal oblique lines AB } AC, and AD (J 479). But 
is the only point in MN that is equally distant from B, C t and D \ 
hence AO is the X from A to MN. 



Ex. 484. To draw a perpendicular to a given plane at a given point 
in it. fl 

Let A be any point in the given plane 
MN. It is required to draw a JL to the 
plane MN at the point A. 

Construction. Through A draw any line 
BC in the plane MN. Through A draw 
the plane -ED X to BC, cutting MN'm DAK In the plane ED draw 
AH± to DK; then will HA be the ± required. 

Proof. Since BC is ± to the plane ED, it is JL to HA in that plane. 
But HA, by construction, is ± Jbo DK Hence HA is ± to two lines 
BC and DK of the plane MN at their intersection A, and is therefore 
X to the plane MN at 4 (§ 472). 




Ex. 486. Find the locus of a point in space equidistant from three 
given points not in a straight line. 

Let A, B, and C be any three points in space. It is required to find 
the locus of a point in space equidistant 
from A, B, and C. 

Construction. Draw AB and BC At 
the middle point of AB draw the plane 
MN± to AB, and at the middle point of 
BC draw the plane PQ ± to BC. Let ST 
be the intersection of the planes MN and P 
PQ; then will STbe the locus required. B 

Proof. Since ST is in the plane MN t 
any point in ST is equally distant from A 
and B (J 482). For like reason any point 
in ST is equally distant from B and C Hence any point in ST is 
equally distant from A, B, and C. Any point without this line is with- 
out one or both of the planes MN&nd PQ, and is therefore not equally 
distant from the points A, B, and C 

Hence ST is the locus required. 
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Ex. 486. Given two points A and B on the same side of a given plane 
MN\ find a point in this plane such that the sum of its distances from 
A and B shall be a minimum. 

Construction. From A draw AD JL 
to the plane MN, and produce it, making 
DA' = AD. Draw A'B, cutting MN in 
C. Draw AC; then will AC+ BC be 
less than the sum of any other two lines 
drawn from A and B to any point in 
MN 

Proof. Let F be any other point than 
C of the plane MN. Draw FB, FA t and 
FA'. 

Now FA - FA', CA - CA' (J 482), (1) 

BF+ FA' >BC + CA' (J 33), (2) 

Substituting for FA' and CA' in (2) their equals given in (1), we 




obtain 



BF+FA>BC+CA. 



Ex. 487. An isosceles trihedral angle and its symmetrical trihedral 
angle are superposable. 

Let S-ABC be an isosceles trihedral Z, and 
S-A'B'C its symmetrical trihedral Z. We are to 
prove that they are superposable. 

Proof. ZA8B-ZBSC. 

Z&SB'-ZBSC. 

..ZASB^ZCSB'. 

For like reason Z B8C= Z B'SA'. 

Dihedral A-BS-C- dihedral &-B'8-A' t 

(opposite dihedrals are equal). & 

Revolve S-A'B'C about 8 until SB' falls on SB, and the equal dihe- 
drals SB' and SB coincide. 

Then, since Z B'SA' = Z BSC, SA' will coincide with SC. For like 
reason, SC will fall on SA. Hence the edges of the trihedrals, and 
therefore the trihedrals themselves, coincide. 

Ex. 488. Find the locus of a point equidistant from the three edges 
of a trihedral angle. 
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Let 8- ABC be any trihedral Z. It is required to find the locus of a 
point equidistant from the three edges 
SA, SB, and SC. 

Construction. Lay off SA=>SB = SC 
and draw the lines AB, BC, and AC. 

In the plane ABC find the point 
equally distant from A, B t and C. Draw 
SO; then will SO be the locus required. 

Proof. Since is equally distant from 
A, B, and C t and SA = SB~ SO, and OS 
is common, the A OSA, OSB t and OSC 
are mutually equilateral, and equal. 

Hence the A OSA, OSB t and OSC are 
equal. 

From P, any point in SO, draw the J± 
Pa, P&, and Po to the edges &i, SB, and £C, respectively. The rt. A 
j&P, #&P, and &P are equal, since the side SP is common and the A at 
# are equal (§ 148). Whence Pa = P& — Pc, or the point P is equally 
distant from the three edges SA, SB, and SC. 

The line drawn from S to any point without SO would not pierce the 
plane ABC at a point equidistant from A, B, and C, and therefore would 
not make equal A with the edges ($ 153) ; hence the _li from this point 
to the edges would not be equal. 

Therefore SO is the locus of all points equidistant from the edges SA, 
SB, and SC. 

Ex. 489. Find the locus of a point equidistant from the three faces of 
a trihedral angle. 3 

Let S-ABC be any trihedral Z. It is 
required to find the locus of a point equi- 
distant from the three faces SAB, SBC % 
and SAC 

Construction. Draw the plane SBF, 
bisecting the dihedral /. SB; also the 
plane SAD, bisecting the dihedral Z SA. 
Let SO be the intersection of these bi- 
secting planes; then is SO the locus 
required. 

Proof. Since any point in SO is in the 
plane SBF, it is equally distant from the faces SB A and SBC (I 525). 
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For like reason any point in SO is equally distant from the faces SAB 
and SAC. 

Hence any point in SO is equally distant from the faces SAB, SBC, 
and SAC. 




Any point without SO is without one or both of the planes SBF and 
SAD, and is therefore not equally distant from the faces SAB, SBC, 
and SAC. 

Hence SO is the locus required. 
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Book VII. 

Ex. 490. Show that any lateral edge of a right prism is equal to the 
altitude. 

Proof. Any lateral edge of a right prism is ± to the planes of its 
bases, and therefore measures the distance between these bases ; that is, 
it equals the altitude of the prism. 

Ex. 491. Show that the lateral faces of right prisms are rectangles. 

Proof. The lateral edges of any right prism are ± to the planes of 
its bases. Hence these lateral edges are _L to the sides of the bases 
of the prism, or the £ of the lateral faces are rt. /± ; that is, these 
faces are rectangles. 

Ex. 492. Prove that every section of a prism made by a plane par- 
allel to the lateral edges is a parallelogram. 

Let abed be a section of the prism AG, made by the plane abc H to the 
lateral edges AE % BF t CO t and DH. 

We are to prove that abed is a O. 

Proof. The lines ab and dc are parallel 
« 492). 

Since the plane abc and the edge BFatq II, 
the lines be and FB cannot meet, however 
far they are produced ; hence, as they lie in 
the same plane ABF t these lines are parallel. 

For like reason ad and HD are parallel. 
But DH and BF&te parallel ; hence be and ad are parallel 

Therefore abed, having its opposite sides II, is a O. 
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Ex. 493. Find the ratio of two rectangular parallelopipeds if their 
altitudes are each 6 inches, and their bases 5 inches by 4 inches, and 10 
inches by 8 inches, respectively. 

i*">x;t0xp"'4 

2 2 
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Ex. 494. Find the ratio of two rectangular parallelopipeds, if their 
dimensions are 3, 4, 5, and 9, 8, 10, respectively. 

P ?X*X g J. 
3 2 2 

Ex. 495. Find the volume of a right triangular prism, if its height is 
14 inches, and the sides of the base are 6, 5, and 5 inches. 

Altitude of base - v^T3* » V25^9 - >/l6 - 4 in. 
Area of base =- } X 4 x 6 sq. in. 
F=- 14 x J X 4 X 6 - 168 cu. in. 

Ex. 496. Find the length of an edge of a cubical vessel which will 
hold 2 tons of water. 

2 t. =■ 2 X 2000 lbs. - 4000 lbs. 

4000 lbs. + 62J lbs. - £x_4000 cu ft 
125 

The number of feet on aside =- to#y*=» "V^4-4ft 

Ex. 497. How many square feet of lead will be required to line a 
cistern, open at the top, which is 4 feet 6 inches long, 2 feet 8 inches 
wide, and contains 42 cubic feet? 
4 ft. 6 in. = 4} ft. 
2 ft. 8 in. - 2f ft. 
7 

42 + (4}x2f)-^x2x?-|-3}ft.high. 
2 2 

7ix2x31-^x?x|-^-50isq.ft.,Bidee. 
6/5 6 

3 4 
4J x 2f - £ x | - 12 sq. ft., bottom. 

50J + 12 = 62$ sq. ft. - 62 sq. ft. 24 sq. in. 

Ex. 498. An open cistern is made of iron 2 inches thick. The inner 
dimensions are: length, 4 feet 6 inches; breadth, 3 feet; depth, 2 feet 
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6 inches. What will the cistern weigh (i.) when empty? (ii.) when full 
of water ? Specific gravity of iron =- 7.2. 

4 ft. 6 in. + 4 in. - 4 ft. 10 in. - 4 J ft. 

3 ft. + 4 in. - 3 ft. 4m. - 3J ft. 

5 
4Jx3JxJ-|x|!xi = ^-2t}cu. ft., bottom. 

3 
4fx2ixix2-|x5 X |x?-^-4 t Vcu. ft., sides. 

3X 2JX JX 2-^x5 X lx ?=»|- 2J cu. ft., ends. 
2 jJ 2 

2»J + 4^ + 21 = 9^™. ft. 
25 

9AVx62ix7i-?|x^X^«24p-414541b8. 

3 = 4145 lbs. 13 oz. empty. 

4ix3x21x621=-|x3x?X^- ±5f^ _ 2 109f lbs. 
2 2 2 8 

-2109 lbs. 6 oz. 
4145 lbs. 13 oz. + 2109 lbs. 6 oz. - 6255 lbs. 3 oz. full. 

Ex. 499. An open cistern 6 feet long and 4 J feet wide holds 108 cubic 
feet of water. How many cubic feet of lead will it take to line the sides 
and bottom, if the lead is J inch thick ? 

j6 x 4J - 27 sq. ft., bottom. 
Height -108 + 27 =-4 ft. 

4 X 2(6 + 4J) - 4 X 2 X V = 84 sq. ft., sides. 
27+ 84- 111 sq.ft. 

37 
;WXg^-|-lAcu.ft.-lcu.ft.270cn.in. 

4. 

Ex. 500. Xhe three dimensions of a rectangular parallelopiped are 
a t b t c; find the surface, the volume, and the length of a diagonal. 

8 - 2ab + 2ac + 26c = 2{ab + ac + be). 

V-abc. 

Diagonal of base — Vo f + 6*. 

/. Diagonal ^ V( Va* + &*)* + c* - Va* + 6* + A 
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Ex. 501. The base of a right prism is a rhombus, one side of which is 
10 inches, and the shorter diagonal is 12 inches. The height of the 
prism is 15 inches. Find the entire surface and the volume. 

J longer diagonal of base = VlO 2 — G 2 = 8. 
Base -4(Jx6x8)-96. 
Sides - 4 X 10 x 15 -600sq. in. 
Bases - 2 x 96 - 192 sq. in. 

T- 600 + 192 - 792 sq. in. 

F- 15 x 96 - 1440 cu. in. 

Ex. 502. Find the volume of a right hexagonal prism whose height is 
10 feet, each side of the hexagon being 10 inches. 

a = Vl0^5* =* >/l00-25- >/75 « 8.66025. 
Base = 6 X }(10 X 8.66025) - 259.8075 sq. in. 
Altitude - 10 ft. - 120 in. 

F- 120 X 259.8075 - 31176.9 cu. in. 

— 18 cu. ft. 73 cu. in. 

Ex. 503. A pyramid 15 feet high has a base containing 169 square 
feet. At what distance from the vertex must a plane be passed parallel 
to the base so that the section may contain 100 square feet t 

V169: VI66-15:*, 
13:10-15:*, 
13 s- 150, 

x -11A- 11.54 ft. 

Ex. 504. The base of a pyramid contains 144 square feet A plane 
parallel to the base and 4 feet from the vertex cuts a section containing 
64 square feet ; find the height of the pyramid. 

V64: \Zl44-4: h, 
8: 12-4: ft, 
2: 3-4:A, 
2A-12, 
A-6ft 
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Ex. 605. A pyramid 12 feet high has a square base measuring 8 feet 
on a side. What will be the area of a section made by a plane parallel 
to the base and 4 feet from the vertex ? 

12» : 4»-8* :*, 

144:16-64:*, 

9: 1-64:*, 

ar-V- 7.11 sq.ft. 

Ex. 506. Two pyramids standing on the same plane are 14 feet high. 
The first has for base a square measuring 9 feet on a side ; the second a 
hexagon measuring 7 feet on a side. Find the areas of the sections made 
by a plane parallel to their bases and 6 feet from their vertices. 

Let a — the apothem of the base. 

14* :6»-9«:*, 

49: 9-81:0, 

m 9x81 729 14 aa art * 
«-_ — -14.88 sq. ft 

a- V7 2 -3.5« - V49 - 12.25 - V36?75 - 6.0622. 

Base - 6 x J X 7 X 6.0622 - 21 x 6.0622 - 127.3062 sq. ft 

14*: 6«-127.3062: * 

49: 9-127.3062:*, 

m 9x127.3062 1145.7558 9 ooo a „ ft 
* - - 23.38 sq.ft. 

Ex. 507. The base of a regular pyramid is a hexagon of which the 
side measures 3 feet. Find the height of the pyramid if the lateral area 
is equal to ten times the area of the base. 

a - V3» - 1.5* - V9 - 2.25 - V6i75. 



x - V(10 V6/75)* - ( VS55p- V675 - 6.75 
-VS68S-25.85.ft. 

Ex. 508. The homologous edges of two similar tetrahedrons are as 
6 : 7. Find the ratio of their surfaces and of their volumes. 

fl:iSr-6»:7*-36:49. 
V\ F r -6 8 :7»-216:343. 
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Ex. 509. If the edge of a tetrahedron is a, find the homologous edge 
of a similar tetrahedron twice as large. 

V: V = a 8 : 2a 8 . Edge of V = ay/2. 

Ex. 610. Show that any lateral face of a pyramid circumscribed 
about a cone is tangent to the cone. 

Let S-FGHKL be a pyramid circum- 
scribed about the cone S-ABCDE. We 
are to prove that any face, as GSH, is 
tangent to the cone. 

Proof. Let A, B, C t 2), E be the 
points of contact of the sides of the base 
of the pyramid with the base of the cone; 
then are SA, SB, SC t 8D t SE, elements 
of the surface of the cone. 

Any point Pin face GSH without the 
line SB is without the cone. For the 
line SP produced will meet the plane of 
the base of the cone in some point of GH 
other than B ; that is, in some point without the base of the cone. But 
every point, other than S, in such a line lies without the surface of the 
cone. 

Hence, by definition, the face GSH is tangent to the surface of the 
cone, SB being the element of contact In like manner it may be shown 
that any other lateral face of the pyramid is tangent to the surface of 
the cone. 

Ex. 511. The diagonals of a parallelopiped bisect each other. 

Let AG, EC, BH, ^ & 

and FD be the four " 
diagonals of the par- 
allelopiped AG. 

We are to prove that 
these four diagonals 
bisect each other. 

Proof. Through the 
opposite and II edges 
AE and CG pass a 
plane intersecting the 
II bases in the II lines AC and EG, 
its opposite sides IL 




The section ACGE is a O, having 
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.*. its diagonals AG and EC bisect each other. (J 184) 

That is, is the middle point of AG and EG. 

In like manner a plane passed through the opposite and 11 edges FG 
and AD will form a O AFGD ; hence 0, the middle point of the diag- 
onal AG, is also the middle point of FD (J 184). 

Also, a plane passed through the oppo?ite and II edges EH and BO 
will form a O EBGH\ hence 0, the middle point of the diagonal EG, 
is also the middle point of BH{$ 184). 

Hence the four diagonals bisect each other at the point 0. 

Ex. 512. The square of the diagonal of a rectangular parallelopiped 
is equal to the sum of the squares 
of its three dimensions. 

Let GE be a diagonal, and CD, 
GB t and CG the dimensions of 
the rectangular parallelopiped 
E-ABCD: we are to prove that 

Proof. Draw CA ; then the A B 
ACD and ACE Are rt A. 

Hence CZ , =C5 I + ZD , =CD , + CB , , 

and CE* - CA* + AE* = CA % + C!(?. 




« 338) 
(2 338) 



Ex. 513. Find the volume in cubic feet of a regular pyramid when its 
base is a square, each side measuring 3 feet 4 inches, and its height is 
9 feet 

3 ft 4 in. - 3J feet. 
g 

O p p o 



Ex. 514. Find the volume in cubic feet of a regular pyramid when its 
base is an equilateral triangle, each side measuring 4 feet, and its height 
is 15 feet 

a- V4*-2*- Vl2 = 3.464. 
F- J X 15(1 X 4 X 3.464) - 10 x 3.464 - 34.64 cu. ft. 
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Ex. 515. Find the volume in cubic feet of a regular pyramid when its 
base is a regular hexagon, each side measuring 6 feet, and its height is 

80 feet. 

a - VJP^l 5 - VZ6=9 - V27 - 5.1961. 
Base - 6 X J X 6 X 5.1961 - 18 X 5.1961. 

1 10 
V= i X W X 18 X 5.1961 - 180 X 5.1961 - 935.298 cu. ft. 

* - 935.3 cu. ft. 

Ex. 516. Find the total surface in square feet of a regular pyramid 
when each side of its square base is 8 feet, and the slant height is 20 feet 

T-4 X J(20X 8 ) + 8f - 3 20 + 64 = 384 sq. ft. 

Ex. 517. Find the total surface in square feet of a regular pyramid 
when each side of its triangular base is 6 feet, and the slant height is 18 
feet. 

Altitude of base - V6 2 - 3* - 5.196. 
T- 3 X J(6X 18) + Jx 6x5.196=- 162 + 15.588 

=- 177.588 sq. ft. 

Ex. 518. Find the total surface in square feet of a regular pyramid 
when each side of its square base is 26 feet, and the perpendicular height 
is 84 feet 

a = V84* + 13* - V7056 + 169 - V7225 - 85. 

T =- 4 X i (26 X 85) + 26 1 - 4420 + 676 - 5096 sq. ft. 

Ex. 519. Find the height in feet of a regular pyramid when the vol- 
ume is 26 cubic feet 936 cubic inches, and each side of its square base is 
3 feet 6 inches. 

26 cu. ft. 936 cu. in. - 26|| cu. ft. 
3 ft. 6 in. - 3} ft. 
F-}5-x3Jx3i. 
26if~J2rxix}. 
13 

ix}x} #17 7 2 

I 

2 
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Ex. 520. Find the height in feet of a pyramid when the volume is 20 
cubic feet, and the sides of its triangular base are 5 feet, 4 feet, and 3 feet. 
Base — 6 sq. ft. 
V-iBxh. 
20-JX6A. 

Ex. 521. The base edge of a regular pyramid with a square base 
measures 40 feet, the lateral edge 101 feet ; find its volume in cubic feet. 
V40* + 40 2 = 40 \/2, diagonal of base. 
}of40V2 = 20V2ft. 

VlOl^-^V^) 8 - V10201 - 800 - V9401 - 96.9587 ft. 
F- J X 40 s X 96.9587 = 51711.31 cu. ft. 

Ex. 522. Find the volume of a regular pyramid whose slant height is 
12 feet, and whose base is an equilateral triangle inscribed in a circle 
having a radius of 10 feet. 
Let 2x denote a side of the triangle. 

The altitude of the triangular base is 15 ft (Ex. 33) 

4a* = a s + 225, 
3a* -225, 
^=■75, 
x = 8.660, 
2x - 17.320. 
h - Vl2"-5>- V144-25 - Vll9 = 10.908. 
P- J X H* 5 X 17.320) X 10.908 - 472.3164 cu. ft. 

Ex. 523. Having given the base edge a, and the total surface T t of a 
regular pyramid with a square base, find the volume P. 
Let x denote the slant height. 
Then s- V}a' + A*. 

T=2ax + a\ 

T=2aV\tf+T? + a\ 

4 2a 






4a 2 
T *-2a*T 

4a 2 ' 
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1 



h-±VT(T-2<fy 
2a 



F-Ja J A-Ja J x^ VT{T-2a*) = 2y/T(T-2a*). 

Ex. 524. The base edge of a regular pyramid whose base is a square 
is a, the total surface T; find the height of the pyramid. 

A = i.Vr(r-2a«). (Ex.523.) 

Ex. 525. The eight edges of a regular pyramid with a square base are 
equal in length, and the total surface is T\ find the length of one edge. 
Let x — slant height. 



'-V^I-Vr-f^ 



T=2ax + a\ 



1+ V5 



"-VrrSHf^- 1 )- 



Ex. 526. Find the base edge of a regular pyramid with a square 
base, haying given the height h and the total surface T. 
Let x = slant height 

T=2ax + a*, 

T=2ay$^V + a*. 

* 4 

a« M T*-2a *T + a? 

T + a» — . 

4 4a 2 

a* + 4aW=Z 7l -2a*r + a* i 

a«(2T + 4^)=r 8 , 



2^ + 4^ 


"4(T+2tf)' 




a 


^*\/_ * 



2A» 
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Ex. 527. If the total surface of a right circular cylinder closed at 
both ends is a, and the radios of the base is r, what is the height of the 
cylinder ? 

o=- 2irr& + 2»r 1 . 
2irrfc-a-2irr*. 

2nr 

Ex. 528. If the lateral surface of a right circular cylinder is a, and 
the volume is b, find the radius of the base and the height. 

a = 2irrh. 
&=» xr*K. 



ar « 2»r 1 fc, 

and 25-2irr , A. 

Hence ar = 2o, 

, 25 

and r- — 

a 



and A=- 



--(?)' 



2.xM 4rf 



Ex. 529. How many cubic yards of earth must be removed in con- 
structing a tunnel 100 yards long, whose section is a semicircle with a 
radius of 10 feet ? 

Ex. 530. If the diameter of a well is 7 feet, and the water is 10 feet 
deep, how many gallons of water are there, reckoning 7} gallons to the 
cubic foot? 

r-irr'A-V X *X J X 10 cu. ft. 
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Ex. 531. When a body is placed under water in a right circular cyl- 
inder 60 centimeters in diameter, the level of the water rises 30 centi- 
meters ; find the volume of the body. 

V-Tt*h-wx3&x3Q-TX 27,000. 
3.1416 
27000 

219912000 
62832 



84823.2000 
- 84823.2 "- 



Ex. 532. If the circumference of the base of a right circular cylinder 
is e t and the height A, find the volume V. 

Ex. 533. Having given the total surface 2* of a right circular cylinder, 
in which the height is equal to the diameter of the base, find the vol- 
ume V. 

A-2r. 

T- 2*tA + 2wr* - 4«* + 2wr» - 6»»*. 

Hence r 1 -/; r--JJ; H-X-JZ. 

6* *6* 6r *6* 

Ex. 534. If the circumference of the base of a right circular cylinder 
is c, and the total surface is T t find the volume V. 
F-«*A. 
T- 2*r* + 2wrA. 
e-2*r. 

2t 

Henoe F-^-^. 

2 4v 
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and 



r= 


»cr + ch = — + ch. 
2* 


.\ ch = 


• T- 


"2x* 


. c*h 


cT 


c 8 

8*»' 


.'. F- 


cT 


c 8 
~8*»' 


A K= 


c 


(2»2 , -c»). 



Ex. 535. The slant height of a right circular cone is 2 feet. At what 
distance from the vertex must the slant height be cut by a plane parallel 
to the base, in order that the lateral surface may be divided into two 
equivalent parts ? 

If a denotes the slant height, 

fl«.xra-2irr. 
S:&-2:1. 
••• a:a'- V5:t 
2:a'= V2:l, 
.-. a' = V2~ 1.414 ft. 

Ex. 536. The height of a right circular cone is equal to the diameter 
of its base ; find the ratio of the area of the base to the lateral surface. 

The slant height a - -^tf + i* - ^? - } h VS. 

. B }wK* 1 , / - 
"J i*AV5 V§ iV5 ' 

Ex. 537. What length of canvas f of a yard wide is required to make 
a conical tent 12 feet in diameter and 8 feet high ? 

The slant height a - V8» + 6* - V64 + 36 - VlOO - 10. 
2 

8 "•" T x i*T x 9 x * IT 

-27ft yd* 
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Ex. 638. The circumference of the base of a circular cone is 12} feet, 
and its height 8J feet ; find its volume. 
2*r-12J. 
Hence 2xy-¥. and r-^--*. 

V *^ A ? X ; X 2 X 2V# X 4 128 

2 4 
- 34^ en. ft. - 34 cu. ft. 310J cu. in. 

Ex. 539. Given the total surface T of a right circular cone, and the 
radius r of the base ; find the volume V. 
If a denotes the slant height, 

But a*=h* + f*, 

and a « Vh* + r". 

••. r-«rVA , + r 1 + »r i . 



A»- 



xV» 



*-i-VT(2 , -2»r s ). 
But V-\*r*K 

-| V5 7 (2 , -2irr*). 

Ex. 540. Given the total surface T of a right circular cone, and the 
lateral surface, S; find the volume V. 

If a denotes the slant height, 

57- wra + *r* - vr (a + r^ 
and #— wra. 

But aP-A 1 ** 
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-JwrMa + r)(a-r) 

-»Vr(a + r)M(tr)(a-f) 

3 * ir 

|y(r-fl)(2fl-D 



-IV 5 



Ex. 541. How many square feet of tin will be required to make a 
funnel if the diameters of the top and bottom are to be 28 inches and 14 
inches respectively, and the height 24 inches ? 



a- V24 2 + V - V576 + 49 - V625 - 25. 
3 

flf-»a(r + r0=^x25x» 

— 1650 sq. in. 

— 11 sq. ft. 66 sq. in. 

Ex. 542. Find the expense of polishing the curved surface of a mar- 
ble column in the shape of the frustum of a right cone whose slant height 
is 12 feet, and the radii of the circular ends are 3 feet 6 inches and 2 feet 
4 inches respectively, at 60 cents a square foot. 

9 

Ex. 543. The slant height of the frustum of a regular square pyramid 
is 20 feet, the length of each side of its base 40 feet, of each side of its 
top 16 feet ; find its volume. 



A-V20*-12*-V400-144- V556-16. 
F- ih(B + B' + \/E§0- J*(40« + 16» + 40x 16) 
»J*(1600 + 256 + 640) 

, 832 

-|X16X#W 

» 13,312 cu. ft. 
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Ex. 544. If the bases of the frustum of a pyramid are two regular 
hexagons whose sides are 1 foot and 2 feet respectively, and the volume 
of the frustum is 12 cubic feet, find its height. 

Vl»-(})«-V|-i>/3- 0.868. 

B' = 6 x J(l X 0.866)- 2^98. 
J&:£' = 1*:2»-1:4. 
.•.£-4x2.598-10.392. - 

12 - i A (2.598 + 10.392 + 6.196). 

36 -18.186 A. 

A--ii-.-l.98ft 
18.186 

Ex. 546. The frustum of a right circular cone is 14 feet high, and has 
a volume of 924 cubic feet Find the radii of its bases if their sum is 9 
feet 

Let r and (9 — r) be the radii. 

924-}x¥Xl4[r* + (9-r)» + r(9-r)] 

-Y(' 3 + 81-18r + r» + 9r-r l ). 
63-r*-9r + 81. 
f*_9r--18. 
4r»-() + 81-9, 
2r-9-±3, 
2r-12or4 
r-6or3, 
9-r-3or6. 
Therefore the radii are 6 ft and 3 ft 

Ex. 646. .From a right circular cone whose slant height is 30 feet, and 
circumference of whose base* is 10 feet, there is cut off by a plane parallel 
to the base a cone whose slant height is 6 feet Find the convex surface 
and the volume of the frustum. 

If the circumference of the section is denoted by c\ 
</-AoflO-2. 

Then S- Jx 24(10 + 2) -12x12- 144 sq. ft 
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Now 2«r-10, and 2xr'-2. 

4VJ7375 



/. r-5. and r'-I 



-AX 131.814-23.966. 
But V-i*h(r* + r» + rr^. 

-j x Slx2S.986(a + I + 5j 

-|X^X31X^X^X23.966 

-WX 23.966- 78.8 cu. ft. 

Ex. 547. Find the difference between the volume of the frustum of a 
pyramid whose bases are squares, measuring 8 feet and 6 feet respec- 
tively on a side, and the volume of a prism of the same altitude whose 
base is a section of the frustum parallel to its bases and equidistant from 
them. 

V-iK(B + B> + VBW) = JM64 + 36 + 48)-*ftx 148-49J*. 
F'-49ft. 
T-F-i&cu.ft. 

Ex. 548. A Dutch windmill in the shape of the frustum of a right cone 
is 12 meters high. The outer diameters at the bottom and the top are 
16 meters and 12 meters, the inner diameters 12 meters and 10 meters, 
respectively. How many cubic meters of stone were required to build 
it? 

F-JxA(f* + r^ + rrO-J«- 12(64 + 36 + 48)-4rX 148 -592*. 

P-J»12(36 + 25 + 30)-4xx91-364*. 

692 ir - 364r - 228r - 716.2848*- 

3.1416 
228 

251328 
62832 
62832 

716.2848 
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Ex. 549. The chimney of a factory has the shape of a frustum of a 
regular pyramid. Its height is 180 feet, and its upper and lower bases 
are squares whose sides are 10 feet and 16 feet respectively. The flue is 
throughout a square whose side is 7 feet. How many cubic feet of 
material does the chimney contain ? 

V= i h (B + & + SBfi') = j X 180 (256 + 100 + 160) 
= 60 X 516 = 30960 cu. ft. 
180 X T 2 = 180 X 49 = 8820 cu. ft. 
30960 - 8820 = 22, 140 cu. ft. 

Ex. 550. Find the volume V of the frustum of a cone of revolution, 
having given the slant height a, the height A, and the convex surface S. 

S = war + war'. 

r' = r-+/a* — h*. 

S = war + war — wa */a 2 — h*. 

S = 2war — wa </ a 2 — A 2 . 



• = ^- + i^a 2 -A» and / = r^ iVa 2 -A 2 . 

2wa ' 2ira 3 



8 ' iv/a 2 -A» and / 8 

S* , S^a*-h* 
2wa 
S* SJa*-h* 
Vw\ 
S 2 






+ is?-^sr L+ *« -, -*» 



' 4ir 2 a 2 
"3S 2 



•^=***[^ + H*-^]. 



Ex. 551. A cube whose edge is 12 inches long is transformed into a 
right prism whose base is a rectangle 16 inches long and 12 inches wide. 
Find the height of the prism, and the difference between its total surface 
and the surface of the cube. 

V= 12 8 = 1728 cu. in. 
B = 16 X 12 = 192 sq. in. 
1728 -r 192 = 9 in. (height). 
T= 6 X 12 X 12= 864 sq. in. 
T = 2 (16 X 12 + 16 X 9 + 12 X 9) 
= 2 (192 + 144 + 108) 
= 2 X 444 = 888 sq. in. 
Z"_ ?= 888 - 864 = 24 sq. in. 
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Ex. 552. The dimensions of a rectangular parallelopiped are a, b, c. 
Find (i.) the height of an equivalent right circular cylinder having a for 
the radius of its base; (ii.) the height of an equivalent right circular 
cone having a for the radius of its base, 
(i.) V= abc = ira'A. 

• h — a ^ c — — 
ira 2 ira 

(ii.) f*-i*f*A. 

abc = J ira*A. 

it 3 abc _ 3 be 

ira 2 ira 

Ex. 553. A regular pyramid 12 feet high is transformed into a regu- 
lar prism with an equivalent base ; what is the height of the prism ? 

F'= Bh. 
$Bxl2 = Bh. 

Ex. 554. The diameter of a cylinder is 14 'feet, and its height is 8 
feet ; find the height of an equivalent right prism the base of which is 
a square with a side 4 feet long. 

V=irr*h 

"^rX~xf=.1232cu.ft. 
7 11 

F'= Bh. 
1232 = 4 2 h =16 h. 
A = iff* = 77 ft. 

Ex. 555. If one edge of a cube is a, what is the height A of an equiv- 
alent right circular cylinder whose diameter is b ? 
V=a*. 
V'=m*h. 

-\ 

A 4a s 
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Ex. 556. The heights of two equivalent right circular cylinders are 
as 4 : 9. The diameter of the first is 6 feet ; what is the diameter of the 
other? 

2«f*_ 9riL 

4 

r* = 4, r'-S. 

Diameter = 2f = 4 ft. 

Ex. 557. A right circular cylinder 6 feet in diameter is equivalent to 

a right circular cone 7 feet in diameter. If the height of the cone is 8 

feet, what is the height of the cylinder ? 

F-jTr»A = Jir(})»x8 

49 2 98 x 
-jxx^-xp J- 

3 
A -f^- 3.63 ft. 

Ex. 558. The frustum of a regular four-sided pyramid is 6 feet high, 
and the sides of its bases are 5 feet and 8 feet respectively. What is the 
height of an equivalent regular pyramid whose base is a square with a 
side 12 feet long ? m 

-Jx6(25 + 64 + 40) 
- 2 X 129 « 258 cu. ft. 
V'=\Bh. 
258 = Jxl44 A. 
48 h =-258. 
ft-5fft. 

Ex. 559. The frustum of a cone of revolution is 5 feet high, and the 
diameters of its bases are 2 feet and 3 feet respectively ; find the height 
of an equivalent right circular cylinder whose base is equal in area to 
the section of the frustum made by a plane parallel to its bases, and 
equidistant from the bases. 

-i»x6(l + | + |) 

-tx¥x» 

-?j£- 7.9167*. 
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7.9167 »=-*}J A. 

A - 16x ^ 9167 - 5.0667 iL 

Ex. 560. Find the edge of a cube equivalent to a regular tetrahedron 
whose edge measures 3 inches. 

Altitude of A = V9^| = V*£ = }V3. 

}XfV3 =V3. 

h = V3»-(V3)» ->/9^T=V6. 

5 = ix3xf>/3 =fV3. 

F-}xiV3xV6=-lx5x?xV5 

f 4 
- iV2 = f x 1.41421 - 3.181973 cu. in. 

An edge =^3.181973 - 1.47 in. 

Ex. 561. Find the edge of a cube equivalent to a regular octahedron 
whose edge measures 3 inches. 

Let h denote the altitude of each of the two pyramids into which the 
octahedron can be divided, and Fthe volume of each pyramid. 

Then A= V^Tf^ Vf = jV2, 

and F»JX3*xiV2. 

/.2F=?xixfx|V2 = 9V2 

= 9 x 1.14121 = 12.72789 cu. in. 
An edge = ^12.72789 = 2.33 in. 

Ex. 562. The dimensions of a trunk are 4 feet, 3 feet, 2 feet. What 
are the dimensions of a trunk similar in shape that will hold four times 
as much ? 

l:4-4»:sA 1-A = &:x*. 1:4-2P:3> 

s 8 =»256, a* =-108, s 8 =-32, 

• - 6.35 ft. x -4.76 ft. x -3.17 ft 
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Ex. 563. By what number must the dimensions of a cylinder be mul- 
tiplied in order to obtain a similar cylinder (i.) whose surface shall be n 
times that of the first ; (ii.) whose volume shall be n times that of the 
first? 

(i.) y/n times. (ii.) y/n times. 

Ex. 564. A pyramid is cut by a plane which passes midway between 
the vertex and the plane of the base. Compare the volumes of the entire 
pyramid and the pyramid cut off. 

2 > :1»8:1. 

Ex. 565. The height of a regular hexagonal pyramid is 36 feet, and 
one side of the base is 6 feet. What are the dimensions of a similar 
pyramid whose volume is ^ that of the first ? 

20:1 = 36 8 :A 8 . 20:l = 6 8 :a 8 . 

A 8 = — = 2332.8, a 8 = 10.8, 

20 

h = 13.2625 ft. a =2.2104 ft. 

Ex. 566. The length of one of the lateral edges of a pyramid is 4 
meters. How far from the vertex will this edge be cut by a plane par- 
allel to the base, which divides the pyramid into two equivalent parts ? 

2: 1 = 64: a* 
a 8 = 32, 
x~S.1T*. 

Ex. 567. The length of a lateral edge of a pyramid is a. At what 
distances from the vertex will this edge be cut by two planes parallel to 
the base, which divide the pyramid into three equivalent parts? 

V: W = a 8 : a*. V: V = a 8 : a*. 
3:l = a 8 :a /s . 3:2 = a 8 :a /8 . 

Set*- a 8 , 3a' 3 = 2a 8 , 

a'-a\/\ a' = ay/\. 

Ex. 568. The length of a lateral edge of a pyramid is a. At what 
distance from the vertex will this edge be cut by a 'plane parallel to the 
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base, and dividing the pyramid into two parts which are to each other 
as 3: 4? 

ViV'-atia'*. 

7:3 = a s :a'» 
7a* = 3a s , 

Ex. 569. The volumes of two similar cones are 54 cubic feet and 432 
cubic feet. The height of the first is 6 feet ; what is the height of the 
other ? 

\^54:^432-.6:aJ. 

1 : ^8 - 6 : x. 

1:2 = 6:*. 

a?- 12 ft. 

Ex. 570. In each of two right circular cylinders the diameter is equal 
to the height. The volume of one is } that of the other. What is the 
ratio of their heights ? 

V =17*71 = 2*7*. 

ViV' = 2T7*:2icr". 
1 :£ = ,*: r*. 

r : r' - 1 : vf - 1 : 0.90856. 

Ex. 571. Find the dimensions of a right circular cylinder \\ as large 
as a similar cylinder whose height is 20 feet, and diameter 10 feet. 

KiK'-WiW' 2r:2r'=¥V: W'. 

20: V-l: V\\. 10:2r'=l: v^Jf. 

20 : V => 1 : 0.97871, 10 : 2r' = 1 : 0.97871, 
W = 20 x 0.97871 2r' = 10 x 0.97871 

- 19.5742 ft. - 9.7871 ft. 

Ex. 572. The height of a cone of revolution is h, and the radius of its 
base is r. What are the dimensions of a similar cone three times as 



large ? 



h : h' = J/T: y/T'. r : r' = W: W'. 

h: V-l: #3, r:r'=-l: y/S, 
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Ex. 573. The height of the frustum of a right cone is f the height of 

the entire cone. Compare the volumes of the frustum and the entire 

cone. 

Let V he the volume of the cone, 

V f he the volume cat off, 

V" be the volume of the frustum. 

F:P-A t :A /i 

=~5»:3 8 =125:27. 
V": V= 125-27: 125 

= 98 : 125. 

Ex. 574. The frustum of a pyramid is 8 feet high, and two homolo- 
gous edges of its bases are 4 feet and 3 feet respectively. Compare the 
volume of the frustum and that of the entire pyramid. 

V : F' = 4 S :3» = 64:27. 
V": V -64-27: 64-37: 64. 
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Ex. 575. Every point in a great circle which bisects a given arc of 
a great circle at right angles, is equidistant 
from the extremities of the given arc. 

Let AB be any given arc, and PGP be 
the great whose circumference bisects the 
arc AB at right angles. 

To prove that every point in the great 
PCI* is equidistant from A and B. 

Peoop. Chord AC= chord BC. (J 230) 

PGP passes through the poles of arc 
AB. {i 696) 

But the poles of arc AB are equidistant from A and B, the distances 
being measured on straight lines. 

Hence the plane of the O PGP is ± to the chord AB at its middle 
point. (H 459, 482) 

Therefore every point in the great O PCP^ is equidistant from the 
points A and B. 




Ex. 576. The radius of a sphere is 4 inches. From any point on the 
surface as a pole a circle is described upon the sphere with an opening 
of the compasses equal to 3 inches. Find the area of this circle. 

Let be the centre of the sphere, P the pole, and A a point in the 0. 
Area of A POA = V5J x 1J X 1J X 2J 
= i>/llx3x3x6 

-JV495 

= 1x22.25-5.56. 
Also, area of A = £ x 4 x A =» 2 A. 

.-.5.56 -2 h. 

r=A = 2.78. 
Area O = xr 2 

= V X 2.78» - 24.289 sq. in. 
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Ex. 577. At a given point in a given arc of a great circle, to con* 
struct a spherical angle equal to a given spherical angle. 

m 




Let A' be any point in the arc ED % and BAC any given Z. It is 
required to construct an Z. equal to BAC having A f as its vertex, and 
A'D as one side. 

Construction. With A as a pole and a quadrant as a radius arc, draw 
the arc BC. With A / as a pole, draw the arc of a great O B'm. On 
this arc lay off B'C? equal to BC, and through A' and C draw the arc 
of a great O A'C ; then will B'A'C be the Z. required. 

Proof. The arcs BC and B'W are the measures of the A A and A', 
respectively ({ 722). But BC= B f &, by construction ; hence A = A', 

Another /. B'A'O" might be constructed below the line A'D. 

Ex. 578. To inscribe a circle in a given spherical triangle. 

Construction. Let ABC be any spherical A. From B as a pole, and 
with BA as radius arc, describe the arc AG. 
From A and G as poles, and with a radius 
arc greater than i AG, describe arcs inter- 
secting in K. Through if and B draw an 
arc of a great O. 

In like manner draw CE. From 0, the 
intersection of BK and CE, let fall the arc 
of a great O OD JL to the side BC. 

From as a pole, and with OD as radius 
arc, draw the O DFH. DFII is the 
required. 

Proof. Draw the arcs of great © KA and 
KG. Lay off BF= BD, CH= CD, and draw the arcs of great <D OF 
and OH. Since, by construction, the & BAK and BGK are mutually 
equilateral, they are therefore mutually equiangular, and Z. OBF 
- Z. OBD. m . u a OBF and OBD are equivalent ({ 749) 

Hence OF is ± to AB and equal to OD. 
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In like manner, we may prove that OITis ± to AC and equal to AD. 

It remains to prove that the Ji OD, 0F % and OH measure the shortest 
distances from O to the sides CB, AB, 
and AC, respectively. To do this, let 
PD be the less of the two Ji from P to 
the arc ADB, and let PH be any other 
arc of a great O from P to ADB. 

Then PD < PH. 

For HP=HI*. (Ex.575) 

PD + J*D<PH+HI*. (§699) 
/. 2PD< 2PH t or PD<PH. 

Hence the O described lies within 
the given A ABC t and touches its sides at D, F t and H, respectively. 




Ex. 



579. To circumscribe a circle about a given spherical triangle. 



Construction. Let ABC be any spher- 
ical A. From A as pole, and with a radius 
arc greater than J AB, draw the arcs ab 
and cd. From B as pole, and with the 
same radius arc, draw the arcs ef and gh, 
intersecting the first arcs in P and P f . 
Through P and i* draw the arc of a great 
OOP' P. 

In like manner draw the arc of a great 
O DE. From 0, the intersection of PI* 
and ED t as pole, and OB as radius arc, 
draw the O BCA. BCA is the re- 
quired. 

Proof. Since by construction P and i* are equidistant from A and 
B, the distances being measured on arcs of great circles, they are equi- 
distant from A and B, distances being measured on straight lines. 

The centre of the sphere is also equidistant from A and B. Hence the 
plane of the arc PP is perpendicular to the chord AB at its middle 
point (§| 459, 482). 

Therefore is equidistant from A and B, distances being measured 
on straight lines, and therefore equidistant, distances being measured 
on arcs of great © (J 482). In like manner is equidistant from B 
and 0. 

Hence the circumference of the described from as a pole, and with 
OB as radius arc, will pass through A, B, and C. 




200 SOLID GEOMETRY. — BOOK VIII. 

Ex. 580. Given a spherical triangle whose sides are 60°, 80°, and 
100° ; find the angles of its polar triangle. 

The A of polar A are 120°, 100°, and 80°. (| 736) 

Ex. 581. Given a spherical triangle whose angles are 70°, 75°, and 
95° ; find the sides of its polar triangle. 

The sides of polar A are 110°, 105°, and 86°. (j 735) 

Ex. 582. Given two mutually equiangular triangles on spheres whose 
radii are 12 inches and 20 inches respectively ; find the ratio of two 
homologous sides of these triangles. (See note, page 362.) 
12:20-3:5. 

Ex. 583^ Find the area of the surface of a sphere whose radius is 6 
inches. 

i 8f«4iriP = 4x^ l x6» 
„4x22x36 ct 3168 ip 

7 7 

Ex. 584. Find the area of a zone if its altitude is 3 inches, and the 
radius of the sphere is 6 inches. " 

Z=3x2»i2 = 3x2xYx6-*fA= 113} sq. in. (J 766) 

Ex. 585. Given the radius of a sphere 10 inches ; find the area of a 
lune whose angle is 30°. 

£:£-30°:360°-l: 12. 

£f-4rf-4xSxl2-S29SL 

7 17 
L : ^fJL =, 1 : 12. 

Z_4f£* =» 104i* sq. in. 

Ex. 586. Given the diameter of a sphere 16 inches ; find the area of 
a lune whose angle is 75°. 

X:i8f=75°:360° = 5:24. 

8 - 4 tB? = 4 x V X 64 - *Y* - 804f 
L : Mf± -5:24. 
24i-^^. 
3520 

X = M-^ = 167 i} sq.in. 
7x?* 21 ZT * 

3 
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Ex. 587. What part of the surface of a sphere is a triangle whose 
angles are 120°, 100°, and 95°? What is its area in square inches, if 
the radios of the sphere is 6 inches ? 

E - 120° + 100° + 95° - 180° - 136°. 
A:S=E:120. (I 776) 

A:£- 135:720-3:16. 

A:AJ^ = 3:16. 

594 
A _J^ 5^4 

Ex. 588. Find the area of a spherical triangle whose angles are 100°, 
120°, 140°, if the diameter of the sphere is 16 inches. 

E= 100° + 120° + 140° - 180° - 180°. 
A:S-E:720. 

fl- ^p. (Ex. 586) 

A:A4p=180: 720-1:4. 

7x4 7 7 * 

Ex. 589. If the radii of two spheres are 6 inches and 4 inches respec- 
tively, and the distance between their centres is 5 inches, what is the 
area of the circle of intersection of these spheres ? 

Area - V^xfXfXj - ^^. 
Area -J B. 
Ji2-^V7. 
3 

B -\ X% j V7 = fV7. 
2 
11 

Area of circle-iriP = Sx|x/-^ = 49i sq.ft. 
7 I 2 

2 

Ex. 590. Find the radius of the circle determined in a sphere of 5 
inches diameter by a plane 1 inch from the centre. 

B - V(2J)» - 1» - J V25^4 - i\/21 in. 
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Ex. 591. If the radii of two concentric spheres are R and R' f and if 
a plane is drawn tangent to the interior sphere, what is the area of the 
section made in the other sphere ? 

r= VRP-R" 
Area - wr* - ir(iP - R^. 

Ex. 592. Two points A and B are 8 inches apart Find the locus in 
space of a point 5 inches from A and 7 inches from B. 
Let R denote the ± from the point C to AB. 



2, 



Then R - - Va(a-a)(«-&)(a-c) (Ex. 222) 

c 

= f VlO X 3 X 5 x 2 - J of 10 V3 = $>/3. 

Hence the locos is the circumference described with R as radius and 

the foot of R as centre. 

Ex. 593. The radii of two parallel sections of the same sphere are a 
and b respectively, and the distance between these sections is d ; find 
the radius of the sphere. 

OA- OB-d= V^o?- Vr 7 ^"?. 
... d+ VH^T*=\/^^. 

d* + 2dy/^=b i +r*-b* = r*-a\ 

2dV?^6 i -6»-a»-d a . 
4<*V*-4&W = a* + 6* + d*-2a 2 &»-2&»cP + 2aW 
4d»r» - a* + 6* + d* + 26*d» + 2a 2 d» - 2a 8 6». 

r = JL Va* + 6* + d* + 2 W + 2aW - 2a»6 a . 

Ex. 594. Find the area of a spherical quadrangle whose angles are 
170°, 139°, 126°, and 141°, if the radius of the sphere is 10 inches. 
^=,^-(71-2)180°. 
T= 170° + 139° + 126° + 141° =^76°. 
E = 576° - 2 X 180° - 576° - 360° = 216°. 
Area 216 J3_ 
8 " 720 ~ 10 
fif=4,riP = 4xyxlO , - A y*> 
Area 3 
Uf* " 10 

Area -^X *¥*=» **+* - 377^ aq. in. 
» - 2 sq. ft. 89 sq. in. 
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Ex. 595. Find the area of a spherical pentagon whose angles are 122°. 
128°, 131°, 160°, 161°, if the surface of the sphere is 150 square feet. 

T = 122° + 128° + 131° + 160° + 161° - 702°. 
^=702° - 3 X 180° - 162°. 
Area ^162 _9 
8 720 "40* 
Area 9 
150 " 40* 
Area =- m* - 33} sq. ft. - 33 sq. ft 108 sq. in. 

Ex. 596. Find the area of a spherical hexagon whose angles are 96°, 
110°, 128°, 136°, 140°, 150°, if the circumference of a great circle of the 
sphere is 10 inches. 

2 1 - 96° + 110° + 128° + 136° + 140° + 150° - 760°. 
^-760° -4x180°- 40°. 

^4^-4Wl2J-;Wx| = fsq.in. 

Area^J?. 11 

8 ~720 
Area 40 m l t 
W ~720"l8 

175 

Area-fxi-f-ljfsq.in. 
9 
Ex. 597. Find the surface of a sphere if the diameter is (i.) 10 inches ; 
(ii.) 1 foot 9 inches ; (iii.) 2 feet 4 inches ; (iv.) 7 feet ; (v.) 4.2 feet ; (vi.) 
10.5 feet. ^ / s' = 4 T ip = 4 X ^ X 52 =1 oo X Y = A j yui 

- 314? sq. in. - 2 sq. ft. 26? sq. in. 

(ii.) 1 ft. 9 in. = 1} ft. ,, H 

' 4 11 7 

S=4x2P = 4xYx(J)Wxf X$? = ? 

- 9} sq. ft. - 9 sq. ft 90 sq. in. *Jj 
(iii) 2 ft. 4 in. = 2J ft. n 

S=4WP-4xyx(F-*X^x£x2-^ 

- 17J sq. ft. - 17 sq. ft. 16 sq. in. 3 3 
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(iv.)£-4»JP-4xYx(}>Wx^xfx£- 154 sq.fi 

Iff 

(V.) 5-4»i?-4xVx(Yj-4x|x?'jx2.1 

-55.44 sq.ft. 

22 °' 75 
(vl) 0-4»iP-4xyx(5.25)*-4Xy X«?x5.25 

- 346.5 sq. ft. 

Ex. 598. Find the diameter of a sphere if the surface is (L) 616 square 

inches ; (ii.) 38} square feet ; (iii.) 9856 square feet 



£-4»iP. 


£-4»iP. 


fl-4»i2». 


616-4xYxiP. 


38}-4xVx5«. 


9856-4xVxi2 f . 


7 


7 


112 

i i x n 


-49. 


-» 2 


-784. 


5- 7 in. 


2?-{ft. 


J*-28ft. 


D-14in.-lft.2in 


. 2>- J ft. -3 ft. 6 in. 


£-56 ft 



Ex. 599. The circumference of a dome in the shape of a hemisphere 
is 66 feet ; how many square feet of lead are required to cover it ? 

£-2*jR»-66ifc 

3 
»-§£ 2£v.l..21 
2*" 2 %% 2 
£f-66xV-^3 sq.ft. 

Ex. 600. If the hall on the top of St. Paul's Cathedral in London is 
6 feet in diameter, what would it cost to gild it at 7 cents per square 
inch? 

i Sf-4xi2«-36xV = 1 f l 
- 113} sq. ft. - 16,292} sq. in. 
Cost - I6 ? 292f x f 0.07 - % 1140.48. 
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Ex. 601. What is the numerical value of the radius of a sphere if its sur- 
face has the same numerical value as the circumference of a great circle ? 
S=4,rii* 

4*^ = 2*2?. 
2i2 = l, 

Ex. 602. Find the surface of a lune if its angle is 30°, and the total 
surface of the sphere is 4 square feet. 
£:tf=»30°:360°. 
L : 4 = 1 : 12. 

L = A = i 8< 1- ft - 

Ex. 603. What fractional part of the whole surface of a sphere is a 
spherical triangle whose angles are 43° 27', 81° 57', and 114° 36 / ? 
E = 43° 27'+ 81° 57'+ 114° 36'- 180° = 60°. 

#~720 720~12 

Ex. 604. The angles of a spherical triangle are 60°, 70°, and 80°. 
The radius of the sphere is 14 feet. Find the area of the triangle in 
square feet. 

E= 60° + 70° + 80° - 180° = 30°. 

2 

J 8f=4iri2 il =4x^xWxl4 = 2464 sq. ft 
/ 



A 
8 


E 




A 
2464 


, 30 - 

'720" 


1 
"24* 



A-*Jf± = 102§ sq.ft. 

Ex. 605. The sides of a spherical triangle are 38°, 74°, and 128°. 
The radius of the sphere is 14 feet. Find the area of the polar triangle 
in square feet. 

This exercise is impossible, since (§ 731) each side of a spherical A 
< sum of the other two sides and 128° > 38° + 74°. 



' — r 
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Ex. 606. Find the area of a spherical polygon on a sphere whose 
radius is 10$ feet, if its angles are 100°, 120°, 140°, and 160°. 
E= T-(n~ 2)180°. 
T= 100° + 120° + 140° + 160° - 520°. 
E- 520° -(2x180°) 
= 520° -360° -160°. 
Area _ 160 ^ 2 
8 720 = 9 
#=, 4WP = 4 X V X 10- 5 X 10.5 - 1386. 
Area ^ 2 
1386 "" 9 

Area ~ 2xl386 ~ 308 sq.ft. 
9 ^ 



. \/ 



Ex. 607. 'Hifl-ptenes^eLlhaJaflas of a quadrangular spherical pyramid 
mfca with eacTi "other auglfis^tf 80°, 100°, 120°, and 150° ; and a length 
of a lateral edge of the pyramid is 42 feet. Find the area of its base 
in square feet. 

E~T-(n-2)l$0°. 

T= 80° + 100° + 120° + 150° = 450°. 
E= 450° - (2 x 180°) 
-450° -360° = 90°. 
Area 90 1 
S S= 720 = 8 

S =- 4 *& - 4 x y X # X 42 - 22,1 76. 

Area 1 
22176 8 
Area = J of 22,176 - 2772 sq. ft. 

Ex. 608. The planes of the faces of a triangular spherical pyramid 
make with each other angles of 40°, 60°, and 100°, and the area of the 
base of the pyramid is 4w square feet. Find the radius of the sphere. 

E - 40° + 60° + 100° - 180° - 20°. 
A ^ E 20 ^ 1 
#""120 120~6 
4t 1 
4*i2» = "6' 
iP = 6, 
£« V6 = 2.72ft. 
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Ex. 609. The diameter of a sphere is 21 feet. Find the curved surface 
of a segment whose height is 5 feet. 

3 

Area =- h X 2 wR - 5 X % X ^ X % - 330 sq. ft. 
7 JZ 

Ex. 610. What is the area of a zone of one base whose height is h, 
and the radius of the base r? What would be the area if the height 
were twice as great ? 

Area -tX (chord) 2 = t X (VE 2 !^ 3 ) 2 - *(tf + r 2 ). 

If the height were twice as great, area = 2* (ft 2 + r 2 ). 

Ex. 611. In a sphere whose radius is R, find the height of a zone 
whose area is equal to that of a great circle. 

Z=hx2wB. 
Great circle = iriZ 2 . 
2*ita = ir22 2 . 
2h = R. 

Ex. 612. The altitude of the torrid zone is about 3200 miles. Find 
its area in square miles, assuming the earth to be a sphere with a radius 
of 4000 miles. 

Z~ k X 2wR - 3200 X 2 X V X 400 ° - 80,457,143 sq. mi. 

Ex. 613. A plane divides the surface of a sphere of radius R into two 
zones, such that the surface of the greater is a mean proportional between 
the entire surface and the surface of the smaller. Find the distance of 
the plane from the centre of the sphere. 

2*R(2R-h) _ 2*Rh 
2tRH 4Ti2 2 ' 

2R-h _ h 
h 2R 

4R*-2Rh = h\ 
*» + 2Rh + R» = 5E>. 

h + R = ±Ry/5. 
K = -R±Ry/b. 
Distance from centre = R y/B - R- R- R(VS-2). 
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Ex. 614. If a sphere of radius r is cut by two planes equally distant 
from the centre, so that the area of the zone comprised between the 
planes is equal to the sum of the areas of its bases, find the distance of 
either plane from the centre. 

If a denotes the radius of the section, 

o= Vr 3 >ih*. 

Z=2*rh. 

2£ = 2ira 8 = 2ir(r*-itf). 

.\ 2,rrfc = 2ir(r*-U*). 

4irrfc = 4,rr*-irA*. 

tf + 4r* = 4r». 

P + 4r/k + 4f* - 8r». 

* + 2r = 2rV2. 

fc = 2rV2-2r. 

|-rV2-r = r(V2-l> 

Ex. 615. Find the area of the zone generated by an arc of 30°, of 
which the radius is r, and which turns around a diameter passing through 
one of its extremities. 

Let A C denote the radius and AB the distance from the centre to the 
section. 

Then AB = ^r 2 - fcY- Vp = | y/S. . 

BC-r-Zyfi. 

2 

Thatia, * _ £ (2 - V5> 

A 
Z-2*rh 
- 2wr X I (2 - V3) - wr*(2 - VS). 

Ex. 616. Find the area of the zone of a sphere of radius r, illuminated 
by a lamp placed at the distance h from the sphere. 
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In the similar & ADB and ABC, 
AD = AB 
AB Ad 
AD_ r 

r 

AD 



r + h 

r» 
r + h 

DE=r £- 

r + h 

rh 

r + h 

Z=2*rx 



rh 
r + h 



2*r*h 
r + h 




Ex. 617. How much of the earth's surface would a man see if he were 
raised to the height of the radius above it ? 

_ 2vr*h 
r + h 
But h**r. 



h- 



(Ex. 616) 



2r 
#=4irr*. 
Z irr' = 1 
fl"*4,rr» 4 



Ex. 618. To what height must a man be raised above the earth in 
order that he may see one-sixth of its surface ? 



But 



That is, 



2*r*h _ 
r + h 

h 
r + h~ 



4wr*, and £=!=!**■«. 

2*r*h 
r + h 
2m* 
3 " 
1 
3* 



(Ex. 616) 



.3fc-r + fc. 
2h-r t fc-£ 
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Ex. 619. Two cities are 200 miles apart. To what height must a man 
ascend from one city in order that he may see the other, supposing the 
circumference of the earth to be 25,000 miles ? 

Area of - 200 s * - 40,000r. 

25000x1**™ 

Bui Z 1 ; (Ex. 616) 

12500 . 
+ h 

25000*^°°* 

• %40 '° 00 *- 12500 ' ■ (8768) 
J- h 



2a-- 



IT 

' 12500 , 
+ h 



25,000r + 2» s fc = 15,625 h. 



hmm 25000*- _ 3850000 



15625- 2 *» 765625-968 
3850000 



■ =5.03 mi. 



764657 



Ex. 620. Find the volume of a sphere if the diameter is (i.) 13 inches ; 

(ii.) 3 feet 6 inches ; (iii.) 10 feet 6 inches ; (iv.) 17 feet 6 inches ; (v.) 14.7 

feet ; (vi.) 42 feet. 

11 

(i.) r-i^-lx^xlf-'-ixf x*p = 1150tfcu.in. 

3 

11 

(ii.) F-i»2)i-lxax|x|x|-^-22Hca.ft 

11 3 

(iii.)r-Jir2) 8 -lx^X^X~X~ = ^-606icu.ft. 
x 0/222 8 

(W.)r»J^-lxfx|xfxf- 6 -f5-2807 A cu.fl. 
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11 h 

(v.) F- \*& = \ X *f X W> X 14.7 X 14.7 - 1663.893 cu. ft 

(vi.) F= J xi) 3 = i X ^ X # X 42 x 42 = 38,808 cu. ft. 
* 

Ex. 621. Find the diameter of a sphere if the volume is (i.) 75 cubio 
feet 1^377 cubic inches; (ii.) 179 cubic feet 1152 cubic inches; (iii.) 
1047.816 cubic feet ; (iv.) 38.808 cubic yards. 

(i.) 75 cu. ft. 1377 cu. in. = 130,977 cu. in. 

130,977- J XVM 

11907 3 ^ 
J5» - imM X P X ±- = 250,047. 

rr 
D =- 63 in. = 5 ft. 3 in. 

(ii.) 179 cu. ft. 1152 cu. in. = 310,464 cu. in. 

310,464 = ix^-D 3 . 

14112 7 

J5» = mm X 6 x ^ - 592,704. 

i> = 84in. = 7ft. 



(iii.) F-JirD». 



(iv.) v-\*&. 



1047.816 = J x^-D 8 . 

* fi\ 



47.628 . 

J5» - W*-W X6x~- 2000.376. 



2>=-12.6ft. 



38.808- J x^D 8 . 



1.764 . 

i>» - 90.000 X 6 x ^ = 84.088. 

2) = 4.2 yds. 
Ex. 622. Find the volume of a sphere whose circumference is 45 feet 

= 148|75_ 16376cnft 
968 
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Ex. 623. Find the volume V of a sphere in terms of the circumference 
of a great circle. 

D-2. 
Ex. 624. Find the radius Rot a. sphere, having given the volume V. 



M-]£ 



Ex. 625. Find the radius R of a sphere, if its circumference and its 
volume have the same numerical value. 

|JP-1. 
222* = 3, 

22*= 1.5, 

22=>/uU£v'6 = 1.2247. 

Ex. 626. If an iron hall 4 inches in diameter weighs 9 pounds, what 
is the weight of a hollow iron shell 2 inches thick, whose external diam- 
eter is 20 inches ? 

V : F" = 20 3 : 4 s = 8000 : 64 = 1 25 : 1 . 

V weighs 125 x 9 lbs. - 1125 lbs. 

V : V" = 1 6 s : 4 s = 4 6 : 4 s =- 4 3 : 1 - 64 : 1 . 

V weighs 64 x 9 lbs. = 576 lbs. 

7 -J* -549 lbs. 

Ex. 627. The radius of a sphere is 7 feet ; what is the volume of a 
spherical wedge whose angle is 36° ? 

£ = _36° = JL^ 
S 360° 10' 

8= 4iriP = 4x^x7x7 = 616 sq. ft. 

7 
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616 " 10* 
Z = 61f. 

- *H* = 143IJ cu. ft. 

Ex. 628. What is the angle of a spherical wedge, if its volume is 1 
cubic foot, and the volume of the entire sphere is 6 cubic feet ? 
L Angle of Lune 
S~ 360° 

1^ Angle 
5"" 360° * 
Angle = 60°. 

Ex. 629. What is the volume of a spherical sector, if the area of the 
zone which forms its base is 3 square feet, and the radius of the sphere 
is 1 foot ? 

V - \ BZ = J X 1 X 3 - 1 cu. ft. 

Ex. 630. The radius of the base of the segment of a sphere is 16 
inches, and the radius of the sphere is 20 inches ; find its volume. 

f 7 110 7 1 
3 

- 22528 + 6632 ^ 321g ^ + 26g ^ 

- 3486£f cu. in. = 2 cu. ft. 30 \\ cu. in. 

Ex. 631. The inside of a wash-basin is in the shape of the segment of 
a sphere ; the distance across the top is 16 inches, and its greatest depth 
is 6 inches ; find how many pints of water it will hold, reckoning 7} 
gallons to the cubic foot. 

7= \n*a -f J*a 8 . a = 6. r - 8. 

F-Ixfx64xe + Ixfx$ = *f + f? 

209 5 

7 7 tm 2 P 

n 
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Ex. 632. What is the height of a zone, if its area is S, and the volume 
of the sphere to which it belongs is VI 

8- 2*Rh. 

* 2,£ 
V-i*&. 



* 4ir 



fc = . 



Sx. 633. The radii of the bases of a spherical segment are 6 feet and 
8 feet, and its height is 3 feet ; find its volume. 

F-i(^ + «i^ + ^M(«* + «*> + y (( 790) 

Ex. 634. Find the volume of a triangular spherical pyramid if the 
angles of the spherical triangle which forms its base are each 100°, and 
the radius of the sphere is 7 feet. 

J£-3x-100° -180° = 120°. 
7 

0-4WP-4X yX0-61<ft. 
8 720* 
616 720 6* 

3 ^ 

F = l x 7 X ?5§»^ = 239J cu. ft. 
3 u y 
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Ex. 635. The circumference of a sphere is 28 t feet ; find the volume 
of that part of the sphere included by the faces of a trihedral angle at 
the centre, the dihedral angles of which are 80°, 105°, and 140°. 
E= 80° + 105° + 140° - 180° - 145°. 

28 
tf=4iriP = 4XyX;P0 = 2464. 

A = ^tf 
8 720* 
A 145 
2464 720 



154 



29 



Ex. 636. The planes of the faces of a quadrangular spherical pyramid 
make with each other angles of 80°, 100°, 120°, and 150°, and a lateral 
edge of the pyramid is 3} feet ; find the volume of the pyramid. 
E- 80° + 100° + 120° + 150° - 360° = 90°. 

. 154 sq. ft. 



8= 


^TiP 


-*x? 


x*x 


7 


A 
8 = 


E 
'720 






A 
154 


90. = 
r 720 = 


1 

8 








A = 


_154 = 
8 


77 
' 4 


-19J 


sq. ft. 





Ex. 637. The radius of the base of the segment of a sphere is 40 feet, 
and its height is 20 feet ; find its volume. 

F-}ir^a + i»a 8 =.ixf X^X?0 + ixf Xj 
f 7 1 p 7 

.352000 + §8000. 1144000 „ fe 

7 21 21 ' " 
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Ex. 638. Having given the volume V, and the height h, of a spheri- 
cal segment of one base, find the radius r of the sphere. 



F- *h*(r - !) = *h*r - i*h*. 



Ex. 639. Find the weight of a sphere of radius r, which floats in a 
liquid of specific gravity *, with one-fourth of its surface above the sur- 
face of the liquid. The weight of a floating body is equal to the weight oj 
the liquid displaced. 

Z=2wrh. 

Jfl-»r» = 2irrfc. 

*-! 

The volume out of the liquid = wh*( r - - j = t j f r- jjj 



4 X 6 " 



5^ 
24 " 



Volume of sphere — | wr 8 . 

Therefore the volume of the liquid displaced 

= *«■»-&*»•» = 
This weighs {tt'j. 



It* 



fr 



\ \ 



"V 



\ 



*\- > 



u<- 



M 



/ 



c 



N 



Ex. 640. Determine a point in a given plane such that the difference 
of its distances from two given points on . 

opposite sides of the plane shall be a 
maximum. 

Let A and B be any two points on 
opposite sides of the plane MN\ it is 
required to find the point in the plane 
MN the difference of whose distances 
from A and B shall be a maximum. 

Construction. From A draw AF per- 
pendicular to the plane MN t and prolong 
it, making FC= AF. Through and B 
draw a line meeting the plane in some 
point, as D ; then D is the required point 
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Pboof. Let E be any other point of the plane MN. Draw EA, EC, 
EB t and AD ; then, by ? 482, 

DC=DA, EC-EA. (1) 

.-. DA-DB = DC-DB = BC. 
Also EA-EB=EC-EB<BC. (§137) 

Hence DA-DB>EA- EB. 

Discussion. If the points A and B are equally distant from the plane, 
but not in the same perpendicular, CB will be parallel to the plane, and 
no point is determined. In this case there is no maximum difference of 
distances. 

If the points A and B are equally distant from the plane and in the 
same perpendicular, CB is not determined in position. In this case 
the difference of distances is the constant zero. 

Ex. 641. In any warped quadrilateral, that . is, one whose sides do 
not all lie in the same plane, the middle points of the sides are the ver- 
tices of a parallelogram. 

B 




Let ABCD be any quadrilateral, all of whose sides do not lie in the 
same plane ; it is required to prove that the figure EFGE", formed by 
joining the middle points of the sides of ABCD, is a parallelogram. 

Peoof. Draw the diagonals BD and AC Now in the A ABD, EH 
is II to BD (? 312). 
Also in triangle CBD t FG is II to BD. 
Hence .EH" and FG are parallel (§ 485). 
For like reason EFmd HG are parallel. 
Hence the opposite sides of EFGH are II, and the figure is a O. 
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Ex. 642. In any trihedral angle, the three planes bisecting the three 
dihedral angles intersect in the same straight 
line. 

Let 8- ABC be any trihedral Z, and let 
the planes SAD, SBF, and SCE bisect the 
dihedrals SA t SB, and SO, respectively. We 
are to prove that these planes intersect in 
the same straight line. 

Proof. Let SAD and SBF intersect in 
the straight line SO ; then every point in 
this line is equally distant from the planes 
SAO and SAB {i 525). 

For like reason, every point in SO is 
equally distant from the planes SBA and 
SBC. Hence every point in SO is equally distant from the planes SOB 
and SCA ; therefore SO is in the bisector of the dihedral SC. 

Hence the bisecting planes intersect in the same straight line SO. 




Ex. 643. To draw a line through the vertex of any trihedral angle, 
making equal angles with its edges. 

Let S-ABC be any trihedral Z. It S 

is required to draw a line through S t 
making equal A with the edges SA, 
SB, and SC. 

Construction. Take SA=*SB-SC, 
and draw the lines AB % BC t and 
AC. In the plane ABC draw the 
J« MO and NO to the sides AB and 
BC&t their middle points respectively. 
Connect their common point with 
the vertex S; then is OS the line 
required. 

Proof. The point is equally distant from the three points A, B, 
and C(i 122). 

Hence is the foot of the JL from the point S to the plane ABC 
(I 479). 

Whence the A OS A, OSS, and OSO are equal (? 479). 
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Ex. 644. In any trihedral angle, the three planes passed through the 
edges and the respective bisectors of the opposite face angles intersect in 
the same straight line. 

Let S-ABC be any trihedral Z, and SD, SE, 
and SF be the bisectors of its face A ; we are 
to prove that the planes ASE, BSF, and CSD 
will intersect in the same straight line. 

Proof. Take SA = SB = SC, and draw the 
lines AB, BC t and CA. Draw also AE, BF, 
and CD, D, E, and F being the points in which 
SD, SE, and SF cut AB, BC, and CA, respec- 
tively. 

By construction the A SAB, SBC, and SCA 
are isosceles ; hence the bisectors SD, SE, and 
SF are medial lines of the respective A (Ex. 14). 

Hence AE, BF, and CD are the medial lines 
of the A ABC. 

These medial lines intersect in some point, as 0. Hence the planes 
ASE, BSF, and CSD have two points and S in common, and there- 
fore intersect in the straight line SO. 




Ex. 645. In any trihedral angle, the three planes passed through the 
bisectors of the face angles, and perpendicular to these faces respectively, 
intersect in the same straight line. 

Let S-ABC be any trihedral Z, and SD, 
SE, and SF the bisectors of its face A ; we 
are to prove that the planes through SD, SE, 
and SF, and ± respectively to the faces ASB, 
BSC, and CSA, intersect in the same straight 
line. 

Proof. Take SA = SB = SC, and draw the 
lines AB, BC, and CA. Let D, E, and F 
be their points of intersection with SD, SE t 
and SF respectively. In the A ABC, at the 
points D, E, and F, draw A* to the sides AB, 
BC, and CA respectively. -B 

By construction, the A SAB, SBC, and SCA are isosceles ; hence the 
bisectors SD, SE, and SF are JL to AB, BQ and CA, respectively, at 
their middle points. 
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Hence the Ji at D, E, and F t in the plane ABC, intersect in some 



point, as (Ex. 31). 

Since AB is X to DS and DO, it is _L to 
the plane SDO (J 472). 

Hence the plane ABS is ± to the plane 
SDO (i 518). 

For like reason the plane 0E8 is J_ to the 
plane BSC, and the plane 0F8 to the plane 
CAS. 

Hence the three planes passed through the 
bisectors of the face A of the trihedral Z, and 
JL to these faces respectively, have the two 
points and S in common, and therefore 
intersect in the straight line OS 




Ex. 646. In any trihedral angle, the three planes passed through the 
edges, perpendicular to the opposite faces respectively, intersect in the 
same straight line. 

Let S-ABObe any trihedral 
Z. We are to prove that the 
three planes passed through the 
edges SA, SB, and SO, X to 
the opposite faces SBC, SCA, 
and SAB, respectively, intersect 
in the same straight line. 

Proof. Let the _L planes 
through SO and SB intersect in 
the line SO. Through SA and 
SO pass a plane cutting the 
plane SBC in the line SR 

Through 0, any point in SO, 
pass a plane _L to SO. Let AB, 
BC, and AC be its intersections 
with the faces of the trihedral 
Z, and AE, BF t and CD its in- 
tersections with the planes through the lateral edges. Each of the 
planes SAE, SBF, and SCD is X to the plane ABC ({ 518). 

By hypothesis SCD is ± to SAB. Hence AB is X to the plane SDC 
(a plane _L to each of two other planes is JL to their intersection). 

Therefore CD is X to AB (J 462). 
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For like reason BF is ± to AC. Hence in the A ABC, BF and CD 
are lines drawn from the vertices B and C ± to the opposite sides AC 
and AB respectively ; hence AE, which is a line from the vertex A 
through the intersection of the two J» BF and CD, is ± to the side BC 
(Ex. 32). 

Since the plane SAE is ± to the plane ABC, and 2?JE is ± to ^1^, 
BE is _L to the plane AES (i 515). 

Hence the plane BSC is ± to the plane ASE, or ASE is a plane 
through SA ± to the opposite face #5C(? 518). 

Hence the three planes through the edges SA, SB, and SO, ± to the 
opposite faces respectively, intersect in the straight line SO. 

Ex. 647. In a tetrahedron, the planes passed through the three lateral 
edges and the middle points of the sides of the base intersect in a straight 
line. 

Let S-ABC be any tetrahedron, and D, E, and F the middle points 
of the sides of its base ; we are to prove that the planes SAE, SBF t 
and SCD intersect in the same straight line. 




Proof. The lines AE, BF, and CD, being medial lines of the A ABC, 
must intersect in some point, as (Ex. 33). 

Hence the three planes SAE, SBF, and SCD have two points S and 
in common, and therefore intersect in the straight line SO, 
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Ex. 648. The lines joining each vertex of a tetrahedron with the 
point of intersection of the medial lines of the opposite face all meet in 
a point, called the centre of gravity,' which divides each line so that the 
shorter segment is to the whole line in the ratio 1:4. 

Let 8- ABC be any tetrahedron, and AQ and SO the lines drawn from 
A and 8 to the intersections Q and of the medial lines of the oppo- 
site faces B8C and ABC respectively; then AQ and 80 intersect, and 
divide each other in the ratio 1 : 4. 




Proof. Draw OQ. The lines AQ and 80 are drawn in the A AES 
from the vertices A and S to the opposite sides ; hence they intersect in 
some point, as F. 

Now E0 = $ EA, and EQ = i E8. (Ex. 33) 

Hence the A OEQ and AES are similar. (§ 326) 

Therefore 0Q = iAS, 

and OQ and AS are parallel. (? 312) 

Hence the & OFQ and AFS are mutually equiangular and therefore 
similar- .-. 0F= J FS, and QF= § FA ; 

that is, 0F=\ 08, and QF=\ QA. 

In like manner it can be shown that the lines drawn from B and C to 
the intersection of the medial lines of the opposite faces pass through F 
and are divided at that point so that the shorter segment is to the whole 
line in the ratio 1 : 4. 
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Ex. 649. The straight lines joining the middle points of the opposite 
edges of a tetrahedron all pass through the centre of gravity of the 
tetrahedron, and are bisected by the centre of gravity. 

Let S-ABC be any tetrahedron in which DR connects the middle 
points of the opposite edges AB and SC; we are to prove that DR is 
bisected by the centre of gravity of the tetrahedron. 




Proof. Let O be the intersection of the medial lines AE and CD of 
the face ABC. Draw SO, and through R draw RH II to SO. 

Since SO and RD lie in the plane DCS they evidently intersect in 
some point, as F. We are to prove that 

02?= J Otf, and DF=FR. 

Now HC=OH, and RH= J SO. (2 309) 

But • DO=\OC. (Ex.33) 

Hence DO = OS. 

Whence OF= \HR = \ SO, and DF = FR. 

(& OFD and HRD similar, and OD = £ DH) 

Hence OF=\ OS, and DF = FR ; that is, F is the centre of gravity 
of the tetrahedron and bisects DR. In like manner we could prove that 
the line joining the middle points of any other two opposite edges is 
bisected by the centre of gravity. 
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Ex. 650. The plane which bisects a dihedral angle of a tetrahedron 
divides the opposite edge into segments which are proportional to the 
areas of the faces, including the dihedral angle. 




Let the plane SBD bisect the dihedral Z A-SB-C of the trihedral 
S -ABC\ we are to prove that 

AD SAB 
DC " SBC 
Proof. Since the tetrahedrons S-ABD and S-DBC have the same 
altitude, they are to each other as their bases ; that is, 

S-ABD DBA 



S-DBC DBC 



(1) 



Since the A DBA and DBC have the same altitude, they are to each 
other as their bases ; that is, 

DBA = DA (2 . 

DBC DC K ' 



From (1) and (2) we have 

S-ABD DA 
S-DBC " DC 



(3) 



Consider D as the common vertex of the tetrahedrons S-ABD and 
S-DBC, and SAB and SBCa& their bases respectively ; then their alti- 
tudes are equal. (D is in the plane bisecting the dihedral Z A-BS-Q 
and every point in this plane is equally distant from the faces SAB and 
SBC) 

Hence MAB^SAB, Qr S^BD = SAB. (4 ) 

D-SBC SBC S-DBC SBC K} 



From (3) and (4) we have ^ - |£f . 
v ' x ' nn sun 



DC SBC 
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Ex. 661. The altitude of a regular tetrahedron is equal to the sum of 
the four perpendiculars let fall from any point within it upon the four 
faces. 

Let be any point within the tetrahedron S-ABC; we are to prove 
that the sum of the four J± from upon the faces of the tetrahedron is 
equal to the altitude of the tetrahedron. 

Proof. Through pass the plane A'B'W II to the face ABC; then 
will S-A'B'C be another regular tetrahedron (its faces will all be equi- 
angular A). The altitude of S-ABC is equal to that of S-A'B'C plus 
the _L from upon the face ABC. 




Through pass the plane S>A"B" II to the face SAB; then will 
St-A'SB'stf, or &-S'A"B", be a regular tetrahedron. 

The altitude of C-SA'B' is equal to that of (y-S'A"B" plus the _L 
from upon the face SAB. 

Again through pass the plane OS // (y / II to the face SAC\ then will 
B"-OS"C" be a regular tetrahedron. 

The altitude of B"-A"S'(y is equal to that of B"-OS"0" plus the 
_L from upon the face SAC, and the altitude of B // -OS // (y / is equal to 
the _L from upon the face SBC. 

Hence the altitude of S-ABC equals the sum of the four Jj from ' 
upon the four faces of the tetrahedron. 
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Ex. 662. Within a given tetrahedron, to find a point such that the 
planes passed through this point and the edges of the tetrahedron shall 
divide the tetrahedron into four equivalent tetrahedrons. 

Let S-ABC be any tetrahedron ; it S 

is required to find a point such that 
the planes passed through it and the 
edges of the tetrahedron shall divide 
the tetrahedron into four equivalent 
tetrahedrons. 

Construction. Construct a plane 11 
to ABC at a distance equal to one- 
fourth the distance of S from ABO. 
Construct a second plane II to SAB at 
a distance equal to one-fourth the dis- 
tance of C from SAB. Construct a 
third plane II to SAC at a distance 
equal to one-fourth the distance of B from SAC. Let be the inter- 
section of these three planes ; then will be the point required. 

Proof. By construction this point will be within the tetrahedron. 
The pyramid having ABC as base and as vertex is one-fourth S-ABC, 
since it has the same base and one-fourth the altitude of S-ABC. 

For like reason O-SAB = } C-SAB = \ S-ABC, 
and O-SAC = J B-SAC- } S-ABC. 

Now O-SBC =\ S-ABC 

(It is the remainder after three-fourths are taken away.) 

Hence is the required point. 

Ex. 663. To cut a cube by a plane so that the section shall be a 
regular hexagon. 

Let A-HEFG be any cube ; 
it is required to cut it with a 
plane so that the section shall 
be a regular hexagon. 

Construction. Draw the 
diagonal of the cube AF, and 
through its middle point 
pass a plane _L to it, forming 
the section KLMNPR ; then 
will this section be a regular 
hexagon. 
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Proof. The point P is equally distant from A and F (g 482). 

But A? = Aff + DP\ and FP = W + CP\ 

Hence DP* = CP 2 , or DP= CP. 

That is, P is the middle point of the edge DC. 

For like reason N is the middle point of PC, etc. 

Hence PN = J DB, or each side of the section is equal to one-half the 
diagonal of a face (A CPJVand CDB are similar, and CN = £ CB). 

The section through 0, II to DAHE, is equal to DA HE and passes 
through P and L. 

Hence OP- OZ = J diagonal DH. 

Hence the & OPB, ORK y etc., are equilateral A, and therefore the 
A BPN t PNM y etc., are each equal to 120°. Hence the section is a 
regular hexagon. 

Ex. 664. To cut a tetrahedral angle so that the section shall he a 
parallelogram. 

Let S-ABCD he any tetrahe- 
dral /. \ it is required to cut it by « ^.^ „ 
a plane so that the section made * ~ 
shall be a O. 

Construction. Let ESF be the 
intersection of the planes of the 
opposite faces BSC and ASD t and 
HSG that of the planes of the 
opposite faces ASB and CSD. 

These two lines of intersection 
determine a plane USE through 
the vertex S. 

Through K, any point in the 
edge SA, pass a plane II to the 
plane HSE forming the section KMNO ; then will KMNO be a O. 

Proof. The lines KM and HO are parallel, since they are the inter- 
sections of the plane ASB with the II planes KMNO and ESH. For 
like reason ON and HO are parallel. Hence KM and ON are paral- 
lel (« 111). 

Similarly, we may prove that MN and KO are parallel. 

Hence by definition KMNO is a CD. 

Discussion. The cutting plane may be made to pass through any point 
on the side of the plane ESH on which the tetrahedral angle lies. Thus 
there is an indefinite number of solutions of the problem. 
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Ex. 665. The portion of a tetrahedron cut off by a plane parallel to 
any face is a tetrahedron similar to the given tetrahedron. 

Let A'B'V be a section II to the face ABC of the tetrahedron S-ABC; 
we are to prove that S-A'B'C is similar to 8- ABC. 

Proof. A'B' % B'W % WA' are II respectively to 
AB, BC, CA (J 492). 

Hence the faces SA'B', SB'C, and B&A' are 
similar respectively to SAB, SBC, and SCA (§ 321). 

The trihedral Z S is common to the two tetra- 
hedrons, and the trihedral A A / t B', and & are 
equal to A, B, and C respectively, since trihedral 
A having their face A equal, each to each, and 
similarly arranged are equal ({ 541). 

Since the tetrahedrons have their solid A equal, and their faces similar 
and similarly arranged, they are themselves similar ({ 614). 




Ex. 666. Two tetrahedrons, having a dihedral angle of one equal to 
a dihedral angle of the other, and the faces including these dihedral 
angles respectively similar, and similarly placed, are similar. 

Let S-ABC and s-abc be two tetrahedrons having the dihedral Z SB 
equal to the dihedral Z sb, and the 
faces SAB and SBC similar respec- 
tively to sab and sbc ; we are to 
prove that the two tetrahedrons 
are similar. 

Proof. Place the tetrahedron 
s-abc on S-ABC so that their ver- 
tices and equal dihedral A coin- 
cide. Then, from the equality of 
the face A, sc will fall on SC, and 
m on SA. 

Let S-A'B'C denote the posi- 
tion of s-abc ; then A / B / and B'C will be II to AB and BC respectively, 
since the faces SAB and SBC are similar to sab and sbc respectively. 

Hence A'B'C is a section I! to the face ABC($ 498). 

Therefore, by Ex. 655, S-A'B'C or s-abc, is similar to S-ABC. 




Ex. 667. Two polyhedrons composed of the same number of tetra- 
hedrons, similar each to each and similarly placed, are similar. 
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Let OD and / D / be two polyhedrons composed of the same number 
of tetrahedrons, similar each to each and similarly placed ; we are to 
prove that they are similar. 




Peoof. Any two corresponding solid A, as B and B', are made up 
of equal solid A of the similar tetrahedrons similarly placed ; hence both 
the solid A and the face A are equal respectively. 
Moreover, from the similar tetrahedrons we have 
AB __ PB BO 
FB'~ 



A'B' 



B'V 



= etc. ; 



that is, the homologous edges are proportional. Hence the correspond- 
ing solid A being equal, and the corresponding faces similar, the poly- 
hedrons are similar ($ 614). 

Ex. 668. If the homologous faces of two similar pyramids are respec- 
tively parallel, the straight lines which join the homologous vertices 
of the pyramids meet in a point. 

S 




Let the homologous faces of the two similar pyramids 8 -ABC and 
8-abc be II respectively ; we are to prove that the lines Ss, Aa, Bb, and 
Cc through the homologous vertices will meet in some point, as 0. 
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Proof. Since the homologous faces are parallel, the homologous edges 
are also parallel. Let be the point in which Aa meets Ss ; then the 
A OSA and Osa t being mutually equiangular, are similar. 

Hence OS : Os : : AS : cw. 



OS- Os [~Ss]:SO:: AS -as: AS. 



(1) 




Again, let / be the point in which Cc cuts Ss produced ; then 
0'S:0 / 8::CS:C8::AS:as. 
/. Ss: SO*:: AS -as: AS. (2) 

From (1) and (2) we obtain S0 / = SO ; that is, Cc cuts & in the same 
point that Aa does. In like manner it may be shown that Bb cuts Cc in 
the same point that Ss does. Hence all the lines Ss, Aa % Bb, and Cc meet 
in a point. 

Ex. 669. Two symmetrical tetrahedrons are equivalent. 
Let #- -4 i?C and S'- ABC be two tetrahedrons symmetrical with respect 
to the plane of their common face ABC; then are they equivalent. 




Proof. These tetrahedrons have a common base ABC, and equal alti- 
tudes HS and HS' ; hence they are equivalent. 
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Ex. 660. Two symmetrical polyhedrons may be decomposed into the 
same number of tetrahedrons symmetrical each to each. 

Let A and B be any two symmetrical polyhedrons ; we are to prove 
that they may be decomposed into the same number of tetrahedrons 
symmetrical each to each. 

Proof. Divide A into tetrahedrons by drawing diagonals from any 
vertex, and divide B into tetrahedrons by drawing in it the homologous 
diagonals. Any two corresponding tetrahedrons thus formed will have 
their vertices symmetrical each to each, and will therefore be symmetri- 
cal each to each. 

Ex. 661. Two symmetrical polyhedrons are equivalent. 

Pboop. Since two symmetrical polyhedrons may be decomposed into 
the same number of tetrahedrons symmetrical each to each, and since 
any two symmetrical tetrahedrons are equivalent, any two symmetrical 
polyhedrons are equivalent. 

Ex. 662. If a solid has two planes of symmetry perpendicular to each 
other, the intersection of these planes is an axis of symmetry of the solid. 




Let MN and RS be two perpendicular planes of symmetry of any 
solid ; we are to prove that their intersection YY f is an axis of sym- 
metry of the solid. 

Proof. Through any point P of the surface of the solid pass a plane 
J. to the intersection YY' ; then will the section formed be ± to each 
of the planes MN and RS. Hence the points that are the symmetrical 
of P with respect to each plane lie in this section. 
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Let p' and p be the sy mmetricals of P with respect to the planes MN 
and BS respectively, and let XX' and ZZ' be the intersections of the 
plane of the section with the planes MN and BS. Then the lines Pp' 
and ij> are bisected at rt A by XX' and ZZ / respectively. Hence the 
section is symmetrical with respect to the rectangular axes XX' and 
ZZ'. Whence the section is symmetrical with respect to the point as 
a centre of symmetry ({ 209). 
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Now the lines joining symmetrical points of this section with respect 
to are bisected at rt. A by YY'. Hence, as P is any point in the 
surface of the given solid, YY', or the intersection of the planes of 
symmetry, is an axis of symmetry of the solid. 

Ex. 663. If a solid has three planes of symmetry perpendicular to 
each other, the three intersections of these planes are three axes of sym- 
metry of the solid ; and the common intersection of these axes is the 
centre of symmetry of the solid. 

Suppose a solid is symmetrical with respect to the planes A, B, and C, 
which are JL to each other ; we are to prove that their intersections are 
axes of symmetry, and that their common point is a centre of symmetry. 

Proof, (i.) From Ex. 662, the intersection of the planes A and B is 
an axis of symmetry. For like reason the intersection of A and C, and 
that of B and C, are axes of symmetry also. 

(ii.) Let Pbe any point in the surface of the solid. Construct i*, the 
symmetrical of P with respect to the common point of the planes of sym- 
metry, as a centre of symmetry. Through Pand P' pass planes parallel 
to each of the planes of symmetry, thus forming a rectangular parallelo- 
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piped. The vertices of this parallelopiped will all be in the surface of 
the given solid, since any two vertices on the same edge are symmetrical 
with respect to the plane J_ to that edge, and since Pis in the surface. 

Hence any point P of the surface of the solid has its symmetrical point 
i* in the surface, and therefore the intersection of the planes of sym- 
metry is a centre of symmetry. 

Ex. 664. The volume of a right circular cylinder is equal to the 
product of the lateral area by half the radius. 

Let R be the radius, if the altitude, V the volume, and S the lateral 
area of any right circular cylinder ; then by g| 648, 660, 

S=2tRH, 
and V = ttIPH = £ R(2tRH) = £ RS. 

Ex. 665. The volume of a right circular cylinder is equal to the 
product of the area of the rectangle which generates it by the length 
of the circumference generated by the point of intersection of the diag- 
onals of the rectangle. 

Let R be the radius, H the altitude, and V the volume of any right 
circular cylinder; then R will be the base and H the altitude of the 
generating rectangle ; and since the diagonals of a O intersect midway 
between its parallel sides, J R will be the radius of the circumference 
generated by the point of intersection of the diagonals. 

Now by $ 363, we have area of rectangle = RH. 

By \ 419, the circumference described by the intersection of the diag- 
onals equals ttR. 

By i 650, we have V = iri?# = (RH) (*R). 

That is, the volume is equal to the product of the area of the generat- 
ing rectangle by the length of the circumference generated by the point 
of intersection of its diagonals. 

Ex. 666. If the altitude of a right circular cylinder is equal to the 
diameter of the base, the volume is equal to total area multiplied by a 
third of the radius. 

Let R be the radius of the base of a right circular cylinder, 2 R its 
altitude, Fits volume, and I 7 its total area ; we are to prove 
V=iRT. 

Here T= 2 n-iP + (2 rrR) 2 R = 6 »i2 2 , ($ 648) 

and F- (*R?) 2R - iR(6rrR?) = (Ji2) T. (§ 650) 
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Ex. 667. Construct a sphere with a given radius whose surface shall 
pass through three given points. 

Let r be any given radius, and A, B, and C any three given points; 
it is required to construct a sphere with radius r, whose surface shall 
contain A, B, and C. 

Analysis. The centre of the sphere must be at the distance r from 
each of the points A, B, and C; hence it is in the surfaces of the spheres 
having A, B, and C as centres, and r as radius. 

Construction. Construct the sphere with A as a centre and r as a 
radius, also the spheres with B and C as centres and r as radius. The 
spheres having as centres the points common to the surfaces of the three 
spheres, and the given radius r, will embrace in its surface the three 
given points. 

Proof. - The distances of the points A, B, and C from either of these 
common points are equal to the given radius r ; hence these points are 
in the surfaces of spheres having these points as centres and r as radius. 

Discussion. If one of the three spheres cuts the intersection of the 
surfaces of the other two there will be two solutions. If one simply 
touches the intersection, or the point of contact of the other two, there 
will be one solution. If the surfaces of the three spheres have no point 
in common, there will be no solution. 

Ex. 668. Construct a sphere with a given radius, tangent to a given 
plane, and whose surface shall pass through two given points. 

Let r be any given radius, MN any given plane, and A and B any 
two given points ; it is required to pass the surface of a sphere with 
radius r through the points A and B and tangent to. the plane MN. 

Analysis. The centre of the sphere must be at the distance r from 
each of the points A and B ; hence it is in the surfaces of the spheres 
having A and B as centres and r as radius. The centre must also be at 
the distance r from the plane MN; hence it is in one of the planes (I to 
MN at the distance r. 

Construction. Construct the sphere with A as a centre and r as a 
radius, also the sphere with B as a centre and r as a radius. Construct 
also the planes II to the plane MN at the distance r. The spheres having 
as centres the points common to the surfaces of the two spheres and 
either of the two planes, and the given radius r will pass through the 
two points and be tangent to the given plane. 
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Pboof. The surface of each of these spheres passes through the points 
A and B t since by construction A and B are at the distance r from its 
centre. The plane MN is tangent to each sphere, since by construction 
r is the ± distance of its centre from the plane MN 

Discussion. If the intersection of the spheres A and B lies in one of 
the planes II to MN, the problem is indeterminate. If one of the planes 
II to MN cuts the intersection of the two spherical surfaces there will be 
two solutions. If one of these planes touches this intersection there will 
be one solution. If the two spheres have no point in common with 
either plane there will be no solution. If the points are on opposite 
sides of the plane, or if both are in the plane, there will be no solu- 
tion. 

Ex. 669. Construct a spherical surface with a given radius, passing 
through two given points and tangent to a given sphere. 

Let r be any given radius, A and B any two given points, and the 
centre of a sphere whose radius is R ; it is required to pass the surface 
of a sphere with radius r through the points A and B and tangent to 
the sphere 0. 

Analysis. The centre of the sphere must be at the distance r from 
each of the points A and B ; hence it is in the surfaces of the spheres 
having A and B as centres and r as radius. That the constructed sphere 
may be tangent to the given sphere the distance between their centres 
must equal the sum or difference of their radii. 

Construction. Construct the spheres with A and B as centres and r 
as a common radius. Construct also the spheres with as a common 
centre and with r + R and r ~ R as radii. The spheres having as cen- 
tres the points common to the surfaces of the first two spheres and that 
of either of the second two, and the given radius r, will pass through 
the two points and be tangent to the given sphere. 

Proof. The surface of each of these spheres will pass through the 
points A and B. since by construction A and B are at the distance r 
from its centre. The sphere and each of the spheres drawn will be 
tangent, since by construction the distance between their centres is equal 
to the sum or the difference of their radii. 

Discussion. There will be four, three, two, one, or no solution, ac- 
cording as the spherical surfaces A and B have four, three, two, one, or 
no points in common with the constructed spherical surfaces having 
as their centre. 
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Ex. 670. Construct a spherical surface with a given radius passing 
through a given point and tangent to two given planes. 

Let r be any given radius, A any given point, and MN and PQ any 
two given planes ; it is required to pass the surface of a sphere with 
radius r through the point A and tangent to the planes JfZVand PQ. 

Analysis. The centre of the sphere must be in the surface of the 
sphere having A as a centre and r as a radius. It must also be in the 
plane II to the plane MN2X the distance r, on the side on which A lies, 
and in the plane II to the plane PQ at the distance r on the A side. 

Construction. Construct the sphere with A as centre and r as radius. 
Construct the plane II to the plane MN at the distance r on the A side ; 
also the plane II to the plane PQ at the distance r on the A side. The 
spheres having as centres the points common to the intersection of these 
constructed planes and the surface of the constructed sphere, and the 
given radius r will pass through the point A and be tangent to each of 
the planes MN&nd PQ. 

Proof. The surface of each of these spheres will pass through the 
point A, since by construction A is at the distance r from its centre. 
Each of these spheres will be tangent to each of the planes MN and 
PQ, since by construction r is the perpendicular distance from its centre 
to each of the planes MNsmd PQ. 

Discussion, (i.) When the two given planes are not parallel : (1) If 
the given point lies in either of the dihedral A formed by the given 
planes, there will be two, one, or no solution, according as the surface 
of the constructed sphere has two, one, or no points in common with the 
intersection of the constructed planes. (2) If the given point is in either 
given plane, there will be a solution if the ± to the given plane at the 
given point cuts either intersection of the constructed planes at the dis- 
tance r from -the given point. Otherwise there will be no solution. 

(ii.) When the two given planes are parallel : If the distance between 
the two planes is 2r, and the given point lies between them, there will 
be an unlimited number of spheres fulfilling the given conditions ; that 
is, the problem will be indeterminate. If the given point lies in either 
of the parallel planes, there will be one, and only one, solution. 

There will be no solution when the point does not lie between the 
planes, or in one of them, or when their distance apart is not 2r. 

Ex. 671. Construct a spherical surface with a given radius passing 
through a given point and tangent to two given spheres. 
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Let r be any given radius, A any given point, and and C the 
centres of any two given spheres whose radii are B and B / respectively ; 
it is required to pass the surface of a sphere with radius r through the 
point A and tangent to the spheres and / . 

Case I. Point without both spheres, neither of which is within the other. 

Construction. Construct the sphere with A as centre and r as radius. 
Construct also the two spheres with and 0' as centres and B + r and 
B / + r as radii, respectively. The spheres having as centres the points 
common to the surfaces of these three, constructed spheres, and the given 
radius r will pass through the point A and be tangent to each of the 
spheres and / . 

Proof. The surface of each of these spheres will pass through the 
point A, since by construction A is at the distance r from its centre. 
Each of these spheres will be tangent to each of the spheres and 0', 
since by construction the distances of its centre from and O f are B + r 
and B / + r respectively. 

Case II. Point and one sphere within the other sphere. 

Suppose the point A and the sphere are within the sphere C. 

Construction. Construct the sphere with A as centre and r as radius. 
Construct also the two spheres with and 0' as centres and B + r and 
B / — r as radii, respectively. The spheres having as centres the points 
common to the surfaces of these three constructed spheres, and the given 
radius will pass through the point A and be tangent to each of the 
spheres and 0'. The proof is similar to that in Case I. 

Case III. Point^in surface of one sphere. 

This will fall under Case I. or II., according as the second sphere lies 
without or within the first. If the point lies within one sphere, and the 
other sphere lies without, or vice versa, there will be no solution. 

Ex. 672. Construct a spherical surface with a given radius passing 
through a given point and tangent to a given plane and a given sphere. 

Let r be any given radius, A any given point, MN any given plane, 
and the centre of any given sphere whose radius is jB ; it is required 
to pass the surface of a sphere with radius r through the point A and 
tangent to the plane MN and the sphere 0. 

Construction. Construct the sphere with A as a centre and r as a 
radius. Construct also the spheres with as a centre and B + r and 
B — r as radii, respectively; and construct the planes II to the given 
plane and at the distance r from it. The spheres having as centres the 
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points common to the sphere A, either of the constructed parallel planes, 
and either of the spheres constructed with O as centre, and the given 
radius r, will pass through the point A % be tangent to the given sphere 
O and the given plane MN. 

Proof. The surface of each of these spheres will pass through the 
point A, since by construction A is at the distance r from its centre. 
Each of these spheres will be tangent to the plane MN, since by con- 
struction r is the perpendicular distance from its centre to the plane 
MN. And each will be tangent to the given sphere 0, since by con- 
struction the distance of its centre from O is H + r or B — r. 

Ex. 673. Construct a sphere with a given radius and tangent to three 
given planes. 

Let r be any given radius, and MN t PQ, and BS any three given 
planes ; it is required to construct a sphere with radius r and tangent to 
the three planes MN, PQ, and BS. 

Construction. Construct the two planes II to the plane MN and at 
the distance r from it. Construct also the planes II to the planes PQ 
and BS respectively, and at the distance r from each. The spheres 
having as centres the points common to any three of the six constructed 
planes, and the given radius r, will be tangent to each of the three given 
planes. 

Proof. Each of these spheres will be tangent to each of the given 
planes, since by construction r is the perpendicular distance from, its 
centre to each of the planes MN, PQ, and BS. 

Discussion, (i.) If the given planes have but^ single point in com- 
mon, there will be eight different spheres. 

(ii.) If the given planes have a line in common, or if they are parallel, 
there will be no solution. 

Ex. 674. Construct a sphere with a given radius and tangent to three 
given spheres. 

Let r be. any given radius, and O v O s , and O s the centres of any three 
given spheres, whose radii are jB lt B lt and i2j respectively ; it is required 
to construct a sphere with radius r and tangent to the three given spheres 
lf O t , and 0,. 

Construction. Construct the sphere with Y as a centre and B 1 +r 
as a radius ; construct also the spheres with 2 , and O s as centres and 
B t + r and i2, -f r as radii, respectively. The spheres having as centres 
the points common to the surfaces of these three constructed spheres and 
the given radius r will be tangent to each of the three given spheres lt 
2 , and 8 . 
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Pboof. Each of these spheres will be tangent to each of the given 
spheres, for the distance between the centre of each and each of the 
given spheres is equal to the sum of their radii. 

Discussion. There will be two, one, or no solution according as the 
surfaces of the three constructed spheres have two, one, or no points in 
common. If the three constructed spheres intersect in the same O, the 
problem is indeterminate. If one of the given spheres lies within, and 
another without, the third, the problem is impossible. If two of the 
given spheres lie within the third 3 , construct the spheres with O v 2 , 
and 8 as centres and R 1 -\-r 1 R^ + r, and -ft 8 — r as radii, respectively. 
The points common to the surfaces of these three spheres will be the 
centres of the required spheres. 

Ex. 675. Construct a sphere with a given radius and tangent to two 
given planes and a given sphere. 

Let r be any given radius, MN and PQ any two given planes, and 
the centre of a sphere whose radius is R ; it is required to construct a 
sphere with radius r and tangent to each of the planes MN and PQ t 
and to the sphere 0. 

Construction. Construct the spheres with as a common centre, and 
R + r and R^r as radii, respectively. Construct the planes II to the 
plane MN at the distance r ; also construct the planes II to the plane 
PQ at the distance r. The spheres having as centres the points com- 
mon to either two of these constructed planes and either one of the 
constructed spheres, and the given radius r will be tangent to each of 
the planes MN and PQ and to the sphere 0. 

Proof. Each of these spheres will be tangent to each of the planes 
JOT and PQ, since by construction r is the perpendicular distance from 
its centre to each of these planes. Each will be tangent to the sphere O, 
since the distance between its centre and the centre is R + r or R ~ r. 

Discussion, (i.) When the two given planes intersect. If the inter- 
section of the two planes passes through the given sphere there may be 
as many as sixteen different spheres constructed. If both planes do not 
cut the sphere there may be two, one, or no solution. 

(ii.) When the two given planes are parallel. If the distance between 
the planes is 2r, the problem is indeterminate, has one or no solution, 
according as the plane midway between the given planes cuts, is tan- 
gent to, or has no point in common with the surface of the sphere whose 
radius is R + r. If the distance between the planes is greater or less 
than 2r there will be no solution. 
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Ex. 676. Construct a sphere with a given radius and tangent to two 
given spheres and a given plane. 

Let r be any given radius, MN any given plane, and O l and 0, the 
centres of two spheres whose radii are R x and i2, respectively ; it is 
required to construct a sphere with radius r and tangent to the plane 
JfATand the spheres O x and O r 

.Construction. Construct the planes II to the plane MN at the dis- 
tance r ; also construct the spheres with O x and 2 as centres and B l + r 
and .fl, + r as radii, respectively. The spheres having as centres the 
points common to either of the two planes and both the constructed 
spheres, and the given radius r, will be tangent to the plane MN and 
the sphere O l and O r 

Proof. Each of these spheres will be tangent to the plane MN, since 
by construction r is the perpendicular distance of its centre from this 
plane. Each will be tangent to the spheres O x and 0„ since the dis- 
tances of its centre from O x and O, are Bj^ + r and i2, + r respectively. 

Discussion. If the given spheres are not on opposite sides of the given 
plane there may be two, one, or no solutions. If the given spheres are 
on opposite sides of the given plane the problem is impossible, except 
when they are tangent to the given plane at the same point, when there 
are two solutions. If one sphere is within the other the problem is 
impossible, except when the given plane is tangent to or cuts the greater 
sphere. If the intersection of the constructed spheres O x and O s coin- 
cides with either plane II to MN, the problem is indeterminate. 

Ex. 677. Find the area of a solid generated by an equilateral triangle 
turning about one of its sides, if the length of the side is a. 



Let ABC be an equilateral A whose sides are each a. It is required 
to find the area of the solid generated by the revolution of this A about 
BC as an axis. 
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Solution. Let fall the ± from A to the side BC\ then, since the A 

ABC is equilateral, 

DB=$a, (Ex.16) 

and AD = VZs"-5S 2 = J aV§. (g 339) 

Now it is evident that the area of the solid generated by the revolu- 
tion of the A ABC about BC is twice the convex surface of the cone 
generated by the revolution of the rt. A ABD about BD. 

Let 8 denote the convex surface of any cone of revolution, R the 
radius of its base, and L its slant height; then by § 671 we have 

S=*RL. (1) 

Here L = o, and R «= J a VS. Substituting these values in (1), we 
obtain #= },ra a \/3. 

Hence the area of the surface of the solid generated by the revolution 
of the A ABC about BC as an axis equals ira 2 V3. 

Ex. 678. Find the centre of a sphere whose surface shall pass through 
three given points and shall touch a given plane. 




Let A t B, and C be any three given points in space, and MN any 
given plane. It is required to find the centre of a sphere whose surface 
shall pass through A t B, and C, and be tangent to the plane MN 

Analysis. The centre must be equally distant from A and B\ hence 
it must be in the plane ± to the line AB at its middle point. For like 
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reason it most be in the plane ± to BC at its middle point. Therefore 
the centre is in the line of intersection of these two planes. 

Again, the centre must be equally distant from the point C and the 
plane MN\ hence it is the point in this intersection that is equally 
distant from the point C and the plane MN, 
F 




Consteuctiok. Draw AB and BC, and bisect each of them. Through 
the middle points D and E pass the planes SOF and ZOF JL to AB and 
BC respectively. Let FP be the intersection of these planes, which 
meets MN in K. Through FP pass a plane ± to the plane MN, inter- 
secting it in KB. Draw CK, and from any point Pin KF draw PH± 
to KB. With Pas a centre and a radius equal to PH, strike an arc in 
plane FKC, cutting KC in the points I and Q. Join P and I. Through 
Cdraw CO II to IP, and let be its intersection with FP\ then O is the 
centre of the spherical surface through A, B, and C t and tangent to the 
plane MN, and OC is its radius. 

Proof. The point is equally distant from the points A, B, and C 
(any point in a plane _L to a line at its middle point is equally distant 
from its extremities). From draw OL ± to KB ; then will it be ± 
to the plane MN(% 515). The lines Pfl*and OL will be parallel ({ 100). 
Hence the A 2TP2T and KOL are similar, and we have 



KP:KO=PH:OL. 
The ▲ KPI and KOC are also similar ; hence 
KP:KO = PI:OC. 



(1) 
(2) 
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Since PH = PI, from (1) and (2) we have 
OL = oa 

Hence the spherical surface with the centre 0, and with the radius 
OL or 0C % will pass through the three points A, B % and C, and be tan- 
gent to the plane MN. 

Discussion. There is no solution if two points are in the plane or on 
opposite sides of it. When one point, as A, is in the plane, there is one 
or no solution, according as the line ± to MN at A cuts or does not cut 
the intersection of the planes ± to AB and BC at their middle points. 

When the three points are on the same side of the plane there will be 
two, one, or no solution, according as the Z CKF is less, equal to, or 
greater than the Z FKR. 

Ex. 679. Find the centre of a sphere whose surface shall touch two 
given planes and also pass through two given points which lie between 
the planes. 

Let A and B be any two points between the planes MN and PQ ; it 
is required to find the centre of a spherical surface which shall pass 
through the points A and B and be tangent to the planes MN and PQ. 

Analysis. The centre must be equally distant from A and B, and 
therefore in the plane ± to AB at its middle point. The centre must 
be equally distant from the planes MN and PQ, and therefore in the 
plane bisecting the dihedral Z included between them. Hence the 
centre is in the line of intersection of these two planes. 

Again, the centre must be equally distant from the point B and the 
plane MN; hence it is the point in this line of intersection that is 
equally distant from the point B and the plane MN. 

Construction. Bisect the Z between the planes, draw AB, and bisect 
it with a perpendicular plane. Let FK be the intersection of this plane 
with the plane bisecting the dihedral Z between the given planes. Find, 
as in Ex. 678, the point in FK at equal distances from B and the 
plane MN; then is the centre of the spherical surface through the 
points A and 2?, and tangent to the planes MN&nd PQ. 

Peoof. Since is in the plane bisecting the Z included between the 
given planes, it is equally distant from these planes (J 525). 

Since is in the plane J_ to AB at its middle point, it is equally dis- 
tant from A and B (§ 482). 

By construction is equally distant from the point B and the 
plane MN. 
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Hence is equally distant from the points A and B and the planes 
JOT and PQ, and is therefore the centre of the spherical surface which 
passes through A and B and is tangent to the planes ifZVand PQ. 

Discussion. If the given planes are parallel, instead \>f the bisecting 
plane, we draw a plane midway between the parallel planes. As in 
Ex. 678, when the points are all on the same side of the plane, there 
may be two, one, or no solution. 

Ex. 680. Through a given point to pass a plane tangent to a given 
circular cylinder. 

Case I. When the given point it in the curved surface of the cylinder. 




Let AC be a given circular cylinder, and let the given point be a 
point in the element AA / ; it is required to pass a plane tangent to the 
cylinder and embracing the element AA / . 

Construction. Draw the radius OA t and A T tangent to the base; 
and pass a plane BT through A A' and AT. The plane BT? is the 
plane required. 

Proof. Through any point P in this plane, not in the element AA' % 
pass a plane II to the base, intersecting the cylinder in the O MN % and 
the plane BUY in MP, From the centre of the O MN draw QM. MP 
and MQ are II respectively to A T and AO (the intersections of two II 
planes by a third plane are II lines) ; 

.-. A PMQ = Z TAO, (g 498) 

(two A not in the same plane, having their sides II and lying in the same 
direction, are equal). Therefore PM is tangent to the MN at M 
d 239). Therefore P lies without the O MN, and hence without the 
cylinder. Therefore the plane RTY contains the element AA / but does 
not cut the cylinder, and is therefore tangent to it. 
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Case II. When the given point is without the cylinder. 

Let P be the given point ; it is required to pass a plane through P 
tangent to the cylinder. 

Construction. Through P draw the line PT II to the elements of the 
cylinder, meeting the plane of the base at T. From T draw TA and 
TO tangents to the base (g 287). The planes ATP and OTP are the 
required tangent planes. 

Proof. Since AA / is II to PT (cons.), the plane Ml*, passing through 
PT and the point A, will contain the element AA / (two II lines lie 
in the same plane). And, since RT' also contains the tangent AT, it 
is a tangent plane to the cylinder (Case I.). In like manner the plane 
T8 / is shown to be a tangent plane to the cylinder. 

Ex. 681. Through a given point to pass a plane tangent to a given 
circular cone. 
Case I. When the given point is in the curved surface of the cone. 

^k f 



Let S-BD be a given circular cone, and let the given point be a point 
in the element BS\ it is required to pass a plane tangent to the cone 
and embracing the element SB. 

Construction. Draw the radius OB, and the tangent AB to the base 
at B, and pass a plane through SB and AB ; then is the plane ABS 
the plane required. 
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Proof. Through any point P in this plane, not in the element B8, 
pass a plane II to the base, intersecting the cone in the O 6c, and the 
plane AB8 in Pb (JJ 668, 471). 

From the centre Q of the O be draw Qb. Pb and Qb are II respec- 
tively to AB and OB (the intersections of two II planes by a third plane 
are II lines). /# zPbQ = Z ABO. ({ 498) 

Hence Pb is tangent to the be at b (J 239). Whence P lies without 
the O be, and therefore without the cone. 

Hence the plane AB8 contains the element BS but does not cut the 
cone, and is therefore a tangent plane to it 

S R 




Case IL When the given point U without the cone. 

Let P be the given point without the cone S~BD ; it is required to 
pass a plane through P tangent to the cone. 

Construction. Join the vertex 8 and the point P t and produce SP to 
meet the plane of the base in some point, as A. From A draw AB and 
AD tangents to the base, and through 8 A and these tangents pass the 
planes ABS&nd AD8\ then are AB8 a,nd ADS the planes required. 

Proof. Since the lines SB and SD are elements of the cone, each of 
the planes AB8 and ADS is the plane of an element and a tangent to 
the base at the foot of the element. Hence, by the proof in Case I., 
each of these planes is tangent to the cone. 
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Cor. When the given point is without the cone the problem may be 
stated as follows : Through a given line passing through the vertex of a 
cone to pass a plane tangent to the cone. 

Ex. 682. Through a given straight line without a given sphere to 
pass a plane tangent to the sphere. 




Let AB be any given straight line without the sphere whose centre 
is ; it is required to pass a plane through AB tangent to the sphere 
whose centre is and radius OR. 

Construction. Through the line AB and the centre pass a plane. 
Let this plane be represented by the plane of the paper. Its intersection 
with the surface of the sphere will be a great O of the sphere. 

Let FSPR be this great O. From any point N in AB draw NRK, 
a tangent to the O P*SPR. Through iVand draw NOP*, and through 
P / draw FK JL to FN. 

While AB remains fixed, conceive the figure NKP* to revolve about 
NP* as an axis. The semicircle PRI* will generate the given sphere, 
and. the A NKP f will generate the circumscribed circular cone. By Ex. 
681, Cor., through the line AB pass planes tangent to this cone ; then 
will these two planes be the required tangent planes to the sphere. 

Proof. Every element of the cone has one, and only one, point in 
common with the surface of the sphere. Hence any plane tangent to 
the cone and embracing AB and only one of these elements has one, 
and only one, point in common with the surface of the sphere, and is 
therefore, by definition, a tangent plane to the sphere. 
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Ex. 683. The volume of a sphere is two-thirds of the volume of a cir- 
cumscribing cylinder, an£ its surface is two-thirds of the total surface of 
the cylinder. 

Let V denote the volume, and S the surface, of any sphere ; also let 
V denote the volume, and T the total surface, of the circumscribing 
cylinder. It is required to prove that 

V =|F', and S=*$T. 
By il 785, 650, we have, since J7= 2R, 

V =Jxi2 s , and 7' = 2irij« 

. _T jwIP 2 
" F' =, 2iriP = 3 

or F-fF'. 

By {{ 764,648 we have 

fl = 4xiP, and !T=6t2P. 
. 8 4£i? 2 

or S-iT. 

Ex. 684. Given a sphere, a cylinder circumscribed about the sphere, 
and a cone of two nappes inscribed in the cylinder ; if any two planes 
are drawn perpendicular to the axis of the three figures, the spherical 
segment between the planes is equivalent to the difference between the 
corresponding cylindrical and Q t, R 

conic segments. ~" 

Let LFK be any O, RGPQ 
a circumscribed square, RP and 
OQ its diagonals, LK a diam- 
eter of the II to RQ, and AB 
and CD any two lines cutting 
the J- to LK Then, if the 
figure be revolved about LK as 
an axis, the O will generate a 
sphere, the square the circum- 
scribed cylinder, the & ORG 
and OPQ the inscribed cone of 
two nappes, and AB and CD 
the planes JL to the axis LK We are to prove that, when the figure 
is revolved about LK, the spherical segment generated by HFEM is 
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equal to the difference between the cylinder generated by HACM and 
the frustum of a cone generated by HINM. 

Pboof. Let B = OK, a=OH, b = OM. 

The spherical segment generated by HMEF is equal to the difference 
between the spherical segments generated by HKEF and MKE. 

If h denote the altitude of a spherical segment of one base, from \ 790 
we have for the volume of a spherical segment of one base 

V=wh*(B-ih). 
If h = HK=B-a t 

-xCfiF-aiP + Ja 8 ). (1) 

If h = MK=B-b, 

V = *(B-bf[B-i(B-b)} 
= T (§i2»-6i? + J6»). (2) 

Subtracting (2) from (1), we obtain 

Vol HFEM- xi? (b - a) - Jx (6 s - a 8 ). (3) 

Since MC = B, and MH = OM- OH = b - a, we have, by I 650, 

VblIOf<M = xiP(&-a). (4) 

Since PK = Oif, iOf - J/O = 6, and Iff- OH=a. The volume 
generated by HMNI is equal to the cone generated by OMN diminished 
by the cone generated by OKI. 

Cone OMN = J MO X xi^M 2 = J x#». (? 673) 

Cone OITI -iOITx tIH* = Jira 8 . 

.\ Vol HMNI = i ir (6 s - a 8 ). (5) 

From (3), (4), and (5), we obtain 

Vol HFEM - vol HMCA - vol HMNL 

When the planes are on opposite sides of the centre 0, as those gener- 
ated by A'B' and CD, the volume of the spherical segment generated 
by H / F / EM is equal to the volume of the entire sphere diminished by 
the volume of the segments generated by EMK and F'H'L respectively ; 
hence, if OH f = a, we have 

Vol HWEM- \*& - x (f 22 s - a& + i a 8 ) - x (J i? - WP + J J 8 ) 

« xi? (a + 6)- J* (a 8 + 6 s ) 

= vol MH'A'C - vol OJT'I' - vol OMN. 
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Ex. 686. Compare the volumes of the solids generated by a rectangle 
turning successively about two adjacent sides, the lengths of these sides 
being a and b. 

The volume generated in either case will be a cylinder of revolution. 
Let V denote the volume, H the altitude, and R the radius of the base 
of any cylinder ; then, by § 650, we have 

r=»i?X-ff. (1) 

If the rectangle be revolved about the side a, H=a, and B = b; 
hence, denoting the volume generated by V lt from (1) we have 

V x - »&*a. (2) 

If the rectangle be revolved about the Bide b, H=b, and B = a; 
hence, denoting the volume generated by V v from (1) we have 

F a = tra l 6. (3) 

Dividing (2) by (3), we obtain 

V t Ta^a 

Ex. 686. An equilateral triangle revolves about one of its altitudes. 
Compare the convex surface of the cone generated by the triangle and 
the surface of the sphere generated by the circle inscribed in the 
triangle. 

Let HDE be the O inscribed in the equi- 
lateral A ABC, each of whose sides is a ; it 
is required to find the ratio of the surface 
generated by the sides AC and BC to that 
generated by the circumference of the O 
when the figure is revolved about the alti- 
tude CD. ^_ 

Solution. Since the A is equilateral, each D 

of the altitudes is both a medial line of the A and a bisector of an Z. ; 
hence each of the altitudes CD and AE bisects the A and passes through 
the centre of the O. The lines OD and OE are radii drawn to the points 
of contact of the tangents AB and BC (they are lines from the centre JL 

to tangents). 

OD-iCD 

(medial lines of a A trisect each other). 
CD* 




But 
Hence 



OD- 



.'VcB'-DB t = laVZ. 
■iaV3. 



(1) 
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By J 671, if 8 = convex surface, R = radius of base, and L = slant 
height of a cone of revolution, we have 
8 - *RL. 
Here R = J a, and L = a ; hence 

£=}ira 2 . (2) 

By § 764, if ^ = surface, and R = radius, of a sphere, 

8 1 = ^irR i . 
From(l), i2 = iaV3; 

hence $ = 4 w (i a V3)* - J wo 1 . (3) 

Dividing (2) by (3), we obtain 

fL^il^ 3 
8 1 Jrf"2' 
that is, the surfaces are in the ratio 3 : 2. 

Ex. 687. An equilateral triangle revolves about one of its altitudes. 
Compare the volumes of the solids generated by the triangle, the in- 
scribed circle, and the circumscribed circle. 

Let ABC be an equilateral A, each of 
whose sides is a ; and let HDE be the 
inscribed, and ABO the circumscribed O. 
It is required to find the ratio of the solids 
generated by the A, the inscribed O, and 
the circumscribed O, when the figure is 
revolved about the altitude CD. 

We have proved in Ex. 686 that the 
altitude CD bisects the equilateral A and 
passes through the centre of both the ®, 
and that the radius of the inscribed is laVS. 

By § 673, if V denote the volume, R the radius of the base, and H 
the altitude of a cone of revolution, 

F-iiriP-Er. 

Here R = \a, and E=laVZ; 

hence F=^ira 8 V3. (1) 

By § 785, if V denote the volume, and R the radius, of a sphere, 

Let V x denote the volume generated by the inscribed O ; then 
R = $aV3, 
and F,-4irtta\/3)»-:?VV5: (2) 
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Let V s denote the volume generated by the circumscribed O ; then 
R=OB=^Otf + I)& 

and F.-lrttaV^-^?^. 

From (1), (2), and (3), we obtain 
V: V l :V i = &Ta*V3: ^wc^y/3 : *ViraV3 
= 9 : 4 : 32. 

That is, the volumes are proportional to 
9, 4, and 32. 

Ex. 688. The perpendicular let fall from the point of intersection of 
the medial lines of a given triangle upon any plane not cutting the 
triangle is equal to one-third the sum of the perpendiculars from the 
vertices of the triangle upon the same plane. 

M 





Let OO f be the J- from 0, the intersection of the medial lines of the 
A ABC, to the plane MN which does not cut the A, and let AA', BB\ 
and CC be the _[• from the vertices of the A to the same plane ; we are 
to prove that Q(y . j (44/ + ^B' + CC). 



TEACHERS' EDITION. 



253 



Pboop. Suppose CC to be the greatest of these is. Draw DD' JL to 
the plane from the middle point D of the side AB t and through D draw, 
in plane DCC % DK II to the plane MN. 

Now AA' t DD' t and BB' will all lie in the same plane, whose inter- 
section with MNia A'D'B'. In the trapezoid AA'B'B, 
AA'+BB'=*2DD' 
(DD' joins the middle points of its non-ll sides). 
The is DD' t 00', C& all lie in the same plane, and 
2DD' + KC = SHO' 
(lis included between lit are equal). 
KC-SOH 

(A DO H and DCK are similar, and DC =■ 3 DO). 
Hence 

AA' + BB' + CC = 2DD' + KC + CK = Z(HO' + Ofl), 
or 00' - i (AA' + BB' + CV). 

Ex. 689. The perpendicular from the centre of gravity of a tetra- 
hedron upon any plane not cutting the tetrahedron is equal to one- 
fourth the sum of the perpendiculars from the vertices of the tetrahedron 
upon the same plane. 

A 




Let 00 / be the i. from 0, the centre of gravity of the tetrahedron 
ABCD, to the plane MN % which does not cut the tetrahedron, and let 
AA', BB', C(y % and DD' be the is from the vertices of the tetrahedron 
to the same plane. We are to prove that 

00' - \(AA' + BB' + GV + JW>0. 
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Proof. Let H be the intersection of the medial lines of the face BDO; 
then we know (Ex. 648) that the centre of gravity lies on the line 
HA at a distance from if equal to \HA. Through H, in plane HAA' t 
draw HR II to the plane MN cutting OCX at K. 

A 




Now 



(Ex. 688) 



BB' + CV + DD' = ZHH'. 

ZHH' + RA'-IKC 

(IU included between lit are equal). 

AR=±OK 

(A HKO and HRA are similar, and HA = 4 -HO). 

Hence BB' + 0(7 + ZW + AA' - 3 JJIP + RA' + AR 

~4(KO'+OK) = iOO' 9 
or 0(y - J(jL£' + 55' + CC + D2>0. 

Ex. 690. The volume of any polyhedron having for its bases any two 
polygons whose planes are parallel, and for lateral faces trapezoids, is 
the product of one-sixth the distance between the bases into the sum of 
the two bases plus four times a section midway between the bases. 

Let ABB' A' be a lateral face, and CDEFH a section midway between 
the bases of such a polyhedron ; denote its bases by B and o, the dis- 
tance between them by H % and the section midway by B'. We are to 
prove that y „ j E{fi + b + 4 B'). 

Proof. Join S t any point in the section, with the vertices of the poly- 
hedron, thus dividing the solid into as many pyramids as it has faces. 
The volumes of the two pyramids having B and b' as bases are evidently 
equal to \HX B and IHx b t respectively. 
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We next find the volume of the pyramid having the lateral face 
ABB' A' as base and 8 as vertex. From 8 let fall 80 ± to this face, 
through draw MON ± to AB t or its II CD, cutting CD in L, draw 
SL, and draw MK Xto8L. 




Since 80 is JL to face AB\ the dihedral 8-OL-C is a right dihedral 

« 518). 

Hence, as CL is X to MN t CL is ± to the plane MLS (I 515). 

Hence C-L8-M is a right dihedral (2 518). 

Whence MK is X to CDEFH{& 515), and is equal to \H. 

Now Vol S-ABB'A' - 4RB'4' X J Off - 2 0Z) x ZJf X iSO (J 604) 

-ICDxLMxSO. (1) 

The ^4 Zi/iT and 08L are equal (acute ^4 having their sides X re- 
spectively are equal). 

Hence the rt. A LMK and O&L are similar (mutually equiangular 
▲ are similar). 

.\ LM:LS=MK:08 t 

or LMxOS-LSxMK. 

Substituting this value of LM X #0 in (1), we have 
Vol 8- ABB' A' -ICDxLSxMK 

~(iMK)i(CDxiL8) 
-QirmCDxiLS). 
Now CD x \L8 is equal to the area of the A CSD ; hence the volume 
of a pyramid having a lateral face as its base is equal to J H into 4 
times the portion of the section B / that is included within its surface, 
and therefore the sum of the volumes of the pyramids having the lateral 
faces as bases equals J 2T(4 B'). Hence we have 
V-\H(B + b + Bf). 
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Ex. 691. Prove that if the abscissa of a point is equal to its ordinate, 
each is equal to the latus rectum. 



If 


AM = MP, C 


then 


AM=iAF. 


Pboop. 




Since 


MP*=iAFxAM, (J 804) 


if 


MP=AM; 


then 


MP=4AF, D 


or 


AM=MP=1AF. 




Ex. 692. To draw a tangent and a normal at a given point of a 
parabola. 

To draw a tangent and a normal to the parabola AP at any point P. 




(i.) Draw the ordinate PM. Lay off AT- AM, and join PT-, then 
PT\b the tangent required (J 818). 
Draw.PZVl. to PT&t P; then will PZVbe the normal (J 816). 

(ii.) Lay off MN= 2 AF, and join PN; then will PN be the nor- 
mal ({ 819). Draw PT ± to PN at P; then will PT be the tangent 
(i 816). 

(iii.) Join FP, draw PC 1. to DC, and draw PT bisecting the Z FPC; 
then PTis the tangent at P(J 811). 
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Ex. 693. To draw a tangent to a parabola parallel to a given line. 

Let HKbe any line. To draw a tangent to the parabola AP parallel 
to the line HK 

Construction. At ^construct the ZNFP=2ZDHK. 
tangent PT at P. Then will PTbe parallel to HK 

Proof. Z NFP= Z FTP+ Z FTP= 2 Z FTP. 

But ZNFP=2ZDHK. 

Hence, Z FTP=. ZDHK. 

Therefore PTib II to HK. 

\Y 

R 



Draw the 

(i 813) 
(Cons.) 




Ex. 694. Show that the tangents at the ends of the latus rectum meet 
at D. 
Proof. FP= FT. (J 813) 

Now if P is at the end of the latus rectum, 
FP=> 2 X AF. 
.-. FT= 2 x AF= FD. 
Hence the tangents at the ends of the latus rectum both pass through D. 

Ex. 695. Prove that the latus rectum 
is the shortest focal chord. 

In the parabola BAP to prove that 
the latus rectum RL is shorter than any 
other focal chord HFP. 

Proof. Draw PG, LK, HC, and RB % 
± to BG. 

Since GP> CH t FP> FH. 

Hence the middle point of HP lies in 
FP t and therefore to the right of PL. 

Let M be this point. Draw ME ± to 
BG ; then 2 DF< 2 EM. Now LP = 2 FD, and PH 
+ HC=2 EM. .\ LP < PH. 




-FP+FH=PG 
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Ex. 696. The tangent at any point cuts the directrix and the latus 
rectum produced at points equally distant from the focus. 




Let the tangent cut the directrix and latus rectum produced in IT and 
H respectively. 

To prove FK= FH. Let E be the foot of the JL from F to the tan- 
gent FT; then ^ lies in AY(i 815), 

Since AD - AF, KE - EH$ 187). .-. FK= FH ({ 122). 

Ex. 697. The circle whose diameter is FP touches the tangent at A. 
Proof. Let M be the middle point of FP. Draw PC, and MN ± to 
the tangent at A, which is II to CD (J 814). 
Then FP- PC= PK+ KC= PK+ AF=- 2 NM. 

/. FM = NM. 
Hence the whose centre is M t and radius MF % will be tangent to AK 
« 239). 

C 



V 
B 





tor 


p^~*~ 


N 




/ /^ 


A 


/F 






pN^ 





Ex. 698. The directrix touches the circle having any focal chord for 

diameter. 

Let PP / be any focal chord. To prove that the O whose diameter is 
P f P is tangent to the directrix DC. 
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Pboof. 



FP= FF + FP= P*R+ PC 



that is J P f P equals the distance of the middle point of PP from the 
directrix EC (i 191). Hence the O on PP as diameter touches EC 
(i 239). 

Ex. 699. Given two points and the directrix to find the focus. 

Given BC the directrix, and i* and P two points of a parabola, to 
find its focus. 

Construction. From P and F* let fall 
the Al PS and P f C upon the directrix BC. 



t 




Ex.717. To draw a diameter conjugate to a given diameter in a 
giv ; ^ « fc; J K,/ / • 

Ex. 704. To find the locus of the centre of a circle which passes 
through a given point and touches a given straight line. 

Let Pbe any given point, and DB any given line. To find the locus 
of the centre of the O which shall pass through F and be tangent to DB. 



Ex. 700. The ± FE bisects TP. 



Since 



c 






\ 


f\\\ / 




J> 


A 


,f Jk 


r n x 



PP= FT t 
EP=>ET. 



« 813) 
(4 121) 
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Ex. 701. Given the focus and the axis to describe a parabola which 
shall touch a given straight line. 

Having given the focus F t the axis TX, and a tangent TP\ to con- 
struct the parabola. 



B 




P^** 














T D 


A[ 


F 




X 



H respectively. 

To prove FK= FH. Let E be the foot of the X from F to the tan- 
gent PT; then JElies in AY(i 815), 

Since AD - A F, KE - EH® 187). .\ FK- FH ({ 122). 

Ex. 697. The circle whose diameter is FP touches the tangent at A. 
Peoof. Let M be the middle point of FP. Draw PC, and MN± to 
the tangent at A, which is II to CD (J 814). 
Then FP= PC= PK+ KC= PK+ AF= 2 NM. 
/. FM = NM. 
— _xx -u-- -ev-j -~~k*^ ^ m *nA r»^iiia M F will be tangent to AK 



Ex. 702. If PN is a normal, and triangle PNF is equilateral, then 
PF= the latus rectum. 




Proof. If A PNF is equilateral, the J_ PM bisects the base • hence 

FM = MN= semi-latus rectum. 

Hence PF= FN= 2 MN= latus rectum. 
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J^™L^™ a ? arftbola *o. fi°d the directrix, axis, and focus, 
through both P and i*. 



Ex.707. Prove that the ma 
drawn in an ellipse. 




Ex.717. To draw a diameter conjugate to a given diameter in a 
glVf <^/,- 



H/ / 



Ex. 704. To find the locus of the centre of a circle which passes 
through a given point and touches a given straight line. 

Let F be any given point, and DB any given line. To find the locus 
of the centre of the O which shall pass through F and be tangent to DB. 




Pboof. If F'BF=90° t 



ON=#d. 



(3 874) 
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Ex. 705. Given the axis, a tangent, and the point of contact, to con- 
struct the focus and directrix. 



con- 




Given the axis TX t the tan- *^, and a tangent TP; to 

gent TP t and the point of con- 
tact P. To construct the focus 
and the directrix. 

Construction. Bisect TP, at 
E the middle point erect BEF 
± to TP t intersecting TX in F; 
then is F the focus. 

Lay off EB = EF, and draw BD ± t< _ 

Proof. By Ex. 700, the ± which bise 
hence F is .the for.ns. 

_ Since AD=A- ; * 

find the directrix. 

Construction. With p «« 
With *, „ centre , JS&J%* f » -radius, draw arc KB. 




P,W0F - IfAi> ^ i8 ^'^a.,theX^ bi8ect8the 
FM- MN= semi-latus rectum 
Hence PF~ FN= 2MN= ^ ^^ 



base ; hence 
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is BC\ must pass through hoth Pand 2* (§§ 799, 808). For like reason 
the parabola whose focus is F and whose directrix is B'C will pass 
through both P and P'. 

Ex. 707. Prove that the major axis is the longest chord that can be 
drawn in an ellipse. 

G 




Ex. 717. To draw a diameter conjugate to a given diameter in a 



giv*> 



"■ V/.. 




Ex. 708. If the angle F^BFis a right angle, prove that a 1 = 26 1 . 

B 




Pboof. IfP'£P=90°, 



' " UM = a, * ~* 
ON=#d. 
OM: a2V-l:*-a?:aV-a f : A 



« 874) 



1 
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Ex. 709. To draw a tangent and a normal at a given point of an 
ellipse. 
To draw a tangent to the ellipse A' PA at the point P. 

Yl 

G 





T^X 



Construction. Draw the focal radii FP and P P. Produce F*P to 

gent PT\ then -Elies in AY{& 815), - * 

Since AD-AF % KE-EH(\m). /. FK= FH(l 122). * 

— — ■■— — ■■ s 

find the directrix. 

Construction. With P as centre, and PF as radius, draw arc KH. 
With P f as centre, and P'jFas radius, draw arc DE. Draw the common 
tangents BO and B'& ; then BO &nd B'C will be the directrices required. 

In 




Fboof. If A PJVF is equilateral, the J. PM bisects the base ; hence 

FM= MN=* 8emi-latus rectum. 

Hence PF= FN= 2MN=* latus rectum. 
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Proof. By construction PP f is conjugate to BB / ; hence PI" and 
P"F are I! to RR> or its parallel KS(% 877). 

Ex. 711. Given the foci ; it is required to describe an ellipse touching 
a given straight line. 

Given the foci F and F\ and a tangent TP\ it is required to construct 
the ellipse. 



.„ fl r 



u.JSr** f'Zt. 



Therefore 



FBxF'S=F'ZxJ< v S 
-F'A'xF'A 
= (a-c)(a + c) 



ti m 



& Mfi) 



Ex. 717. To draw a diameter conjugate to a given diametur in a 



give 



<*?/, 




{ 



Ex. 712. Prove that OF 1 = OTx ON. 

a 

on= ea. 

:. ONxOT^aW^OF 1 . 



« 874) 
« 874) 



Ex. 713. Prove that OM: 0N= a 2 : c 2 . 
0M= d, 

/. OM: ON~ 1 : e* ~ o a : aV = a* : A 



« 874) 
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Ex. 714. The minor axis is the shortest diameter of an ellipse. 
Let PF be ariy diameter of the ellipse ; then 

^+oF 2 =i{Wp 2 +FP*) am 

= l(a + edr + l(a-edr « 854) 

=* a' + g»<P. 
... QP= Va 2 + e*<P - c*. (1) 




Construction. Draw the focal radii FP and F'P. Produce FP to 
Since 42) = 4.F, J5T.E = .##(J 187). .-. FK-FH (| 122). , 



find the directrix. 

Construction. With P as centre, and PF as radius, draw arc KH. 

With i* as centre, and FFbb radius, draw arc DE. Draw the common 

tangents £Cand B'W • then £Cand B>a will be the directrices required. 

l»_ 



Ex 716. Prove that, if ZB and FS are the perpendiculars dropped 
from the fo.ci to any tangent, FR x F8 = b 2 . 
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Produce SF* to meet the auxiliary circle in Z, and draw RZ. 
By § 867, R and S are on the auxiliary circle ARSA / . 
Since 8 is a right angle, the line RZ must be a diameter (§ 263). 
Hence, in A ORF and 0£P', 

OR=OZ t 
- OF = Oi* 
and Z -TOiS ^ZF^OZ. Therefore the A are equal, and FR = F*Z. 



Therefore 



FRxF'S=F'ZxF'S 
= F'A'xF>A 
=-{a-c)(a + e) 

= 6\ 



(i 345) 



(&M6) 



Ex.717. To draw a diameter conjugate to a given diameter in a 



Construction. At P draw a tangent ; the diameter QOR parallel to 
this tangent will be conjugate to PP, by J 876. 



v 
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Ex.718. Given 2a, 26, one focus, and one point on the curve, to 
construct the curve. 





the focus J", the point P, 2a, and 25, to construct todlipM. 



find the directrix. 



V 



Construction. With P as centre, and PF as radius, draw arc KK i 
With i* as centre, and P / Fslr radius, draw arc BE. Draw the common 
tangents 2?Cand B'C ; then EC and B'& will be the directrices required. 



Ex. 719. If from a point P a pair of tangents PQ and PR be drawn 
to an ellipse, then PQ and PR will subtend equal angles at either focus. 
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Let A'AQ be the ellipse, PQ and PR the tangents from P. To prove 
that ZPF'Q = Z PF'R, and Z PFQ = Z PFR. 

Proof. Draw these tangents according to the method of § 868, and 
draw PF T PF T PG, P& 

Since & = P\3=2a, 

PG - B% and PF? = PP. 
A PF f G and PPT? are equal. (| 100) 

.\ZPF f Q^ZPF*R, 
Also Z POQ = Z P$R. 

Since PO = PF t and Q£ = QF t 

A PGQ and PPQ are equal. (3 160) 

Given the focus P' and the three tangent ED t BG t HI. To construct 
the ellipse. 



I 




Construct ion. Draw the auxiliary circle AQA / . Draw PM X to 
AA', and produce it to meet the auxiliary circle in Q. Join QQ, and 
draw PJVII to AA' t cutting OQ in R. Lay off OP = OR. With P as 
centre, and OA as radius, strike arcs cutting AA' in F and P', which 

.-. CJP f ORF=oh. 
.-. O CDEF= iOP'ORF= 4a6. 
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Ex. 721. To find the foci of an ellipBe, having given the major axi. 

„r,^ « atraieht line which touches the curve. 

and a stra.ght lin. pr> it ig reqmred 

Having given the major axis a. -a , * 

to construct the ellipse. 

C 





3TF 



aha 



find the directrix. 



fr cnfl jr. th e point P, 2a, and 26, to construct the ellipse^ 



Construction. With P as centre, and PF as radius, draw arc KH. , 
With i* as centre, and P*F as radius, draw arc Z)# Draw the common 
tangents JM7and ^ ; then £Cand B>V will be the directrices reaci~-L-» 

Ex. 722. A straight line moves so that its extremities are always in 
contact with two fixed straight lines perpendicular to each other. Prove 
that any point of the moving line describes an ellipse. 

T 

. D 
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Construction. Through A' and F' draw the line AT. Draw F'a ± 
to TP t produce it, and lay off aC= F'a. Lay off A'D = A'F'. Join 
DC, and bisect it with the ± HF, which intersects AA' in F. Lay off 
FA = F'A', and construct the ellipse having F' and F as foci and A' A 
as the major axis, and it will be the curve required. 

Peoof. This ellipse will have F' as a focus, A' as a vertex, and by 
proof in Ex. 711 will be tangent to TP&t P. 

Ex. 726. The area of the parallelogram formed by drawing tangents 
±~ ar \ aiiirkflA fl.t the extremities of any pair of coniugfli^- ^ inTwn * n "" imm 

Ex. 723. To construct an ellipse, having given one of the foci and 
three tangents. 

Given the focus F and the three tangente ED, BG, HI. To conBtrnct 
the ellipse. 



Q 




Proof. Let the tangent at R meet OA produced in T; join P'T. 
Draw the ordinates PM, RN, and P'M'\ then, since RT is II to P'O, 

O P'ORF- 2x A P'OT^ OTx M'P'. (l\ 365, 368) 
Since MP= M'P', we have 

M'P' : ON= b:a. (? 879) 

/. OTx M'P? : OTx ON= b:a-ab:a*. 

But OTx ON= a*. (§ 871) 

.\ OTxM'I* = ab. 

.'. OP'ORF=ab. 

.-. O CDEF= iOP'ORF= 4a6. 



ADVERTISEMENTS. 



MATHEMATICS. 



WENTWORTHS SERIES. 

HPHE extraordinary success of Professor Wentworth's mathe- 
matical text-books must have a cause: the cause assigned by 
those in the best position to judge is that the books are just right. 
The author has aimed for the center of the shield and has struck it. 

Two words indicate the two leading characteristics of these 
remarkable books: scholarship and text-book availability. They 
combine mathematical brilliancy with all the elements of school- 
room popularity. The authors aim was to be helpful. He has 
made a study of his subjects with the psychology and probable 
capacity of the students constantly in mind. His books enable 
the average student not merely to "learn something," but to 
master the study, and at the same time they give the brighter 
ones plenty to exercise their faculties. There is no attempt to 
make a parade of learning. On the other hand, there is no abso- 
lution from solid work. Everything is made simple, practical, 
direct, and thorough. Mental energy is economized. The teacher 
has to use his strength only in the necessary work of teaching, 
and the pupil his only in the necessary work of acquiring. 

To learn by doing, and to learn one step thoroughly before the next 
is attempted, are the chief elements of the method, and yet no 
books give pupil or teacher less of the tread-mill feeling. The 
consciousness of mastery constantly cheers and invigorates the 
student, while the teacher has the satisfaction of wielding an 
instrument fitted to the hand. All will recognize in these char- 
acteristics the marks of ideal text-books. 

At all points one finds not only the proficient mathematician, 
but the practical teacher. Where other books leave teacher and 
pupils to struggle out of difficulties for themselves, one finds evi- 
dence of the most careful study and most thorough work. These 
are some of the characteristics that have made these books both 
taking at first sight and satisfactory in use. 
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Arithmetics for Common Schools. 

For other details, see pages 184-186. 
Wentworth's Mental Arithmetic. 

Mailing price, 35 cents ; for introduction, 30 cents. 
Wentworth's Elementary Arithmetic. 

Mailing price, 40 cents ; for introduction, 30 cents. 
Wentworth's Practical Arithmetic. [Nearly ready. 

Wentwprth and Reed's First Steps in Number. 

For prices of this book, see page 189. 
Wentworth's Primary Arithmetic, 

Mailing price, 40 cents ; for introduction, 30 cents, 
Wentworth's Grammar School Arithmetic. 

Mailing price, 75 cents ; for introduction 65 cents. 

For full description of Wentworth's Common School Arithmetics, see 

Common School Catalogue. 

A High School Arithmetic. 

By G. A. Wentworth, recently Prof, of Mathematics, Phillips Exeter 
Academy, and the late Dr. Thomas Hill, Portland, Me. 12mo. Roan 
back. 367 pages. Mailing price, $1.10; for introduction, $1.00. An- 
swers free, on teachers' order. 

Same. Abridged Edition. For Grammar Schools. 288 pages (includ- 
ing Answers). Mailing price, $1.00; for introduction, 75 cents. 

rPHIS book is intended for high and normal schools and acade- 
mies, It is particularly adapted to general mental discipline, 
to preparation for higher studies, business, or professional life. 

Wentworth's First Steps in Algebra. 

By G. A. Wentworth, recently Professor of Mathematics in Phillips 
Exeter Academy. 12mo. Half leather, vii + 184 pages. Mailing price, 
70 cents ; for introduction, 60 cents. 

rpHIS book is specially prepared for pupils in the upper grades 

of grammar schools and high schools. 

A. Newton Ebaugh, Professor of 
Mathematics, Polytechnic Institute, 
Baltimore, Md. : It is well adapted 
to the work of the first year and is 
sufficiently comprehensive to give all 
the essentials and at the same time 
not cloud and bewilder the studeat 
with non-essentials. 



W. B. Sutliff , Professor of Mathe- 
matics, State Normal ScJiool, Blooms- 
burg, Pa. : It is a very carefully 
prepared work and will meet with 
hearty approval by all teachers of 
the grade lor which it is intended. 
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Wentworth's School Algebra. 

By G. A. Wentwobth, recently Professor of Mathematics, Phillips 
Exeter Academy. Half morocco, v + 362 pages. Mailing price, $1.25 ; 
for introduction, $1.12. Answers in pamphlet form, free, on teachers* 
orders. 

rPHE School Algebra is offered as exactly right for the usual 
high school and academic courses. It gives a thorough and 
practical treatment of the principles of Algebra up to and includ- 
ing the binomial theorem, and is strictly in line throughout with 
the author's College Algebra. For college preparation it is 
particularly well suited. The problems in this book are nearly all 
new, either original or selected from recent examination papers, 
and are graded with the utmost care. 

George W. Price, Teacher of 
Mathematics, High School, Council 
Bluffs, la. : Without doubt the best 
book out for high schools. 

Eraatus Test, Principal Purdue 
University Prep. Dept. : I regard it 
as the ne plus ultra in the line of a 
school Algebra. 

Frank E. Thompson, Principal 
High School, Newport, R.I.: A 
thorough knowledge of the contents 
of the book will enable a pupil to 
pass an entrance examination to 
any college. 

David Eugene Smith, Professor 
of Mathematics, State Normal and 
Training School, Ypsilanti Mich. : 
I have examined it with a good deal 
of care. It seems well adapted to the 
needs of our schools — even better 
adapted than the author's former 
work, which I have used and recom- 
mended. The improvements to be 
found in this work are such as will 
meet the approval of all teachers. 

0. S. Westcott, Principal North 
Division High School, Chicago : The 
student who finishes it will be splen- 
didly prepared to grapple with the 
beautiful discussions of higher Al- 
gebra, 



Theodore L. Sewall, Principal of 
Girls 1 Classical School, Indianapolis : 
An admirable book, like all of the 
Wentworth Series. 

George Gilbert, Principal of Ches- 
ter Academy, Pa.: The best book 
for its. grade yet issued.' 

George E. Gay, Principal of High 
School, Maiden, Mass.: Better adapted 
to use in high schools than any other. 

T. W. Palmer, Prof, of Mathe- 
matics, University of Alabama : An 
admirable work. 

G. D. Schmitt, University of Ten- 
nessee : For the work intended, I do 
not think it can be surpassed. 

L. E. Hunt, Principal of High 
School, Corning, N. Y. : It meets my 
desires completely. 

W. P. Durfee, Prof, of Mathe- 
matics, Hobart College, N.Y.: An 
admirable book for college prepara- 
tion. 

J. S. Slocum, Principal South 
Division High School, Chicago: I 
have used it in connection with the 
preparation of a class for college 
and have been pleased with its clear 
definitions, logical arrangement, and ' 
happy selection of both examples 
and problems. 



80 



MATHEMATICS. 



Wentworth's Higher Algebra. 

By G. A. Wentworth, recently Prof, of Mathematics, Phillips Exeter 
Academy. Half morocco. 528 pages. Mailing price, $1.56 ; for intro- 
duction, $1.40. Answers in pamphlet form, free, on teachers' orders. 

rPHIS work is designed to prepare thoroughly for colleges and 

scientific schools, and to furnish in addition what is needed for 

the general student in such institutions. It provides in a single book 

a complete course parallel to the course provided by the School and 

College Algebras together. 

Preparatory schools and academies of high grade, especially such 

as give the pupils a thorough preliminary drill in arithmetic, 

normal schools, seminaries, and many colleges, will find it specially 

suited to their requirements. 

Davis Garber, Professor of Mathe- 
matics and Astronomy, Muhlenberg 
College, Allentown f Pa.: It meets 
the wants of a general college course 
fetter than any of the author's other 
works on the same subject. 

David Eugene Smith, Professor of 



Mathematics, State Normal School, 
Ypsilanti, Mich. : As a one-volume 
work, intended for advanced stu- 
dents, I do not think that it has any 
superior. It embodies all of the sub- 
jects of general algebra that are 
really necessary for higher work. 



Wentworth's College Algebra. 

By G. A. Wbntworth, recently Prof, of Mathematics, Phillips Exeter 
Academy. Half morocco. 500 pages. Mailing price, $1.65 ; for intro- 
duction, $1.50. Answers in pamphlet form, free, on teachers' orders. 

rpHIS is what its name indicates, a text-book for colleges and 
scientific schools. The first part is simply a concise review 
of the principles of Algebra preceding quadratics, with enough 
examples to illustrate and enforce the principles. Room is thus 
left for a full discussion of the higher topics. The endeavor has 
been to give in matter and methods the best training in algebraic 
analysis at present attainable. The work covers a full year, but 
by omitting starred sections and problems, the instructor can 
arrange a half-year course. 



William Beebe, Assistant Prof, 
of Mathematics and Astronomy, Yale 
College: I find it characterized by 
the clearness and method of all Pro- 
fessor Wentworth's books, and am 
particularly struck with the amount 
of matter in the Algebra. 



Dascom Greene, Emeritus Prof. 
of Mathematics, and Astronomy, 
Rensselaer Polytechnic Institute, 
Troy, N.Y.: To the student well 
grounded in the elements it fur- 
nishes an excellent practical course 
in the higher branches of the subject. 
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Wentworth's Elements of Algebra. 

By G. A. Wentworth, recently Professor of Mathematics, Phillips 
Exeter Academy, aiid author of Geometry, Trigonometry, etc. Half 
morocco, x + .'S25 pages. Mailing price, $1.25 ; for introduction, $1.12. 
Answers bound separately in pamphlet form, 

'PHIS book is designed for high schools and academies, and con^ 
tains an ample amount for admission to any college. In grade 
and amount it is exactly equivalent to the School Algebra, and as 
the problems are entirely different, it may be used as an alterna- 
tive when a change of problems is found desirable. 

Wentworth's Complete Algebra. 

Includes the subjects usually taught in Colleges. Half morocco. 525 
pages. Mailing price, Si. 55; for introduction, $1.40. Answers bound 
separately in pamphlet form. 

rpHIS work consists of the author's Elementary Algebra, with 
about one hundred and eighty-five pages additional. 

Wentworth's Shorter Course in Algebra. 

Half morocco. 258 pages. By mail, $1.10; for introduction, $1.00. 
Answers in pamphlet form, free, on teachers* orders. 

HP HIS book was prepared and is recommended only for a special 
use. It was based upon the authors Elements of Algebra, 
and contains all the essential subjects treated in that book, but 
with fewer examples, so as to make a one-year's course. 



Algebraic Analysis . 



By G. A. Wentworth, A.M., recently Prof, of Mathematics, Phillips 
Exeter Academy ; J. A. McLellan, LL.D., Inspector of Normal Schools, 
and Conductor of Teachers' Institutes for Ontario, Canada ; and J. C. 
Glashan, Inspector of Public Schools, Ottawa, Canada. Part I. con- 
cluding with Determinants. 12mo. Half leather, x + 418 pages. By 
mail, $1.60; to teachers and for introduction, $1.50. 

HP HIS work is intended to supply students of Mathematics with 
a well-filled storehouse of solved examples and unsolved exer- 
cises in the application of the fundamental theorems and processes 
of pure Algebra* 
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Wentworth's New Plane Geometry. 

By G. A. Wentworth, recently Professor of Mathematics, Phillips 
Exeter Academy. 12mo. x + 242 pages. Mailing price, 85 cents; for 
introduction, 75 cents. 

Wentworth's New Plane and Solid Geometry. 

By G. A. Wentworth. 12mo. Half morocco, xi + 386 pages. Mailing 
price, $1.40 ; for introduction, $1.25. The book now includes a treatise 
on Conic Sections (Book IX.). 

A LL the distinguishing characteristics of the first edition have 

"^ been retained. The subject is treated as a branch of practical 

logic, the object of which is to detect and state with precision the 

successive steps from premise to conclusion. 

In each proposition a concise statement of what is given is 
printed in one kind of type, of what is required in another, and 
the demonstration in still another. The reason for each step is 
indicated in small type between that step and the one following; 
and the author thus avoids the necessity of interrupting the process 
of demonstration to cite a previous proposition. The number of 
the section on which the reason depends is, however, placed at the 
side of the page; and the pupil should be prepared, when called 
upon, to give the proof of each reason. Each distinct assertion in 
the demonstrations and each particular direction in the construc- 
tion of the figures begins a new line, and in no case is it necessary 
to turn the page in reading a demonstration. 

In the new edition will be found a few changes in the order of 
the subject-matter. Some of the demonstrations have been given 
in a more concise and simple form. The diagrams, with which 
especial care was taken originally, have been re-engraved and mate- 
rially improved. The shading, which has been added to many of 
the figures, has proved a great help to the constructive imagination 
of pupils. The theory of limits — the value of which the author 
emphasizes — has been presented in the simplest possible way, and 
its application made easy of comprehension. 

But the great feature of this edition is the introduction of nearly 
seven hundred original exercises, consisting of theorems, problems 
of construction, and problems of computation, carefully graded and 
adapted to beginners in Geometry. 
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W. A. Moody, Prof, of Mathemat- 
ics, Bowdoin College: I consider it 
an improvement on the old edition, 
noticeably in the better figures and 
general finer appearance of the book 
and in the numerous "original" 
exercises. 

George W. Sawin, late Instructor 
in Mathematics in Harvard College: 
I have always regarded the old edi- 
tion of Wentworth's Geometry, as, 
on the whole, the best text-book of 
its kind in English. The new edition 
is, in my opinion, a far better book 
than the old. It may interest you to 
learn that I recently found that out 
of a class of one hundred and ten in 
Solid Geometry, one hundred and 
one had been prepared in Went- 
worth's Plane Geometry. 

J. B. French, Prof, of Mathemat- 
ics, Syracuse University: It seems 
to be a great improvement upon the 
former edition. We shall doubtless 
continue using it. 

W. C. Bartol, Professor of Mathe- 
matics, Bucknell University: I be- 
lieve it is a decided improvement on 
the old edition, and shall use it in 
my classes. 

Lyman Hall, Prof, of Mathemat- 
ics, Georgia School of Technology : I 
find the new edition of Wentworth's 
Geometry admirably adapted to our 
needs here. I think the author has 
accomplished the great end of giv- 
ing clear and concise proofs in the 
minimum of space, and has materi- 
ally improved, without rendering too 
difficult, the original exercises and 
numerical examples. 

W. Hoover, Prof, of Mathematics, 
Ohio University: I have introduced 
into my classes the new edition of 
Wentworth's Geometry, and find it 
very much of an improvement upon 
the old. ... I never had such good 
results in my geometry classes. 



E. Miller, Prof, of Mathematics, 
University of Kansas : The book is 
a very superior one, and grows in 
our estimation because it is exactly 
suited to our needs. It is a book 
that compels a student to think and 
invent new methods and demonstra- 
tions. 

J. M. Taylor, Prof, of Mathemat- 
ics, University of Washington, Seat- 
tle : The best book on geometry has 
been made better by the revision. 

Fred T. Wright, Principal of 
High School, Jackson, Mich. : I know 
of no other text-book in Geometry 
that I would wish to substitute for 
it, simply because I know of no book 
which is its equal. 

Ella I. Harris, Teacher of Mathe- 
matics, St. Mary's Hall, Indianapo- 
lis : For the past four years I have 
been using it in my classes, and find 
it for clearness and simplicity, and 
for original work offered, superior 
to any class book it has been my 
privilege to examine. 

F. L. Morse, Professor of Mathe- 
matics, Hanover College, Hanover, 
Ind. : There is no text-book on the 
subject that has given me as much 
satisfaction. It stands the test of 
the recitation room. 

W. N. Ferris, Principal of In- 
dustrial School, Big Rapids, Mich. : 
For more than one year I have been 
using it. The work is unexcelled. 
It has more than met our most san- 
guine expectations and my students 
invariably pronounce it the best 
geometry. 

J. Fred Smith,PrtncipaZ of Acad- 
emy, Iowa College, Grinnell, Iowa : 
It has long been the text-book in the 
Academy. We have especially prized 
it for accuracy of statement, clear- 
ness with brevity, and for the impor- 
tant place given to original work on 
the part of the student. 
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Wentworth's Trigonometries . 

By G. A. Wentworth. 
Plane and Solid Geometry, and Plane Trigonometry. 

12mo. Half morocco. 490 pages. Mailing price, $1.55; for intro- 
duction, $1.40. 

New Plane Trigonometry. 

12mo. Paper. 134 pages. Mailing price, 45 cents; for introduction, 
40 cents. The old edition is still issued. 

New Plane Trigonometry, with Tables. 

8vo. Cloth. 249 pages. Mailing price, $1.00; for introduction, 90 
cents. The old edition is still issued. 

New Plane and Spherical Trigonometry. 

12mo. Half morocco. 214 pages. Mailing price, 95 cents ; for intro- 
duction, 85 cents. The old editiou is still issued. 

New Plane and Spherical Trigonometry t with Tables. 

8vo. Half morocco. 315 pages. Mailing price, $1.30 ; for introduction, 
$1.20. The old edition is still issued. 

New Plane Trigonometry, and Surveying, with Tables. 

8vo. Half morocco. 305 pages. Mailing price, $1.30; for introduc- 
tion, $1.20. 

New Plane and Spherical Trigonometry and Surveying, with Tables. 
8vo. Half morocco. 368 pages. Mailing price, $1.50; for introduc- 
tion, $1.35. 

New Plane and Spherical Trigonometry, Surveying, and Navigation. 

12mo. Half morocco. 412 pages. Mailing price, $1.30; for intro- 
duction, $1.20. 

rPHE aim has been to furnish just so much of Trigonometry as 

is actually taught in our -best schools and colleges. The 

principles have been unfolded with the utmost brevity consistent 

with simplicity and clearness, and interesting problems have been 

selected with a view to awaken a real love for the study. Much 

time and labor have been spent in devising the simplest proofs for 

the propositions, and in exhibiting the best methods of arranging 

the logarithmic work. Answers are included. 

The New Plane Trigonometry gives sufficient practice in the 
radian as the unit of angular measure, in solving simple trigono- 
metric equations, in solving right triangles without the use of 
logarithms, and in solving problems in goniometry. 

It also contains the latest entrance examination papers of some 
of the leading colleges and scientific schools ; and a chapter on 
the development of functions of angles in infinite series. 



